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ABSTRACT 

A NONPARAMETRIC TEST FOR DEVIATION FROM RANDOMNESS 

Alicia Graziosi Strandberg 

Doctor of Philosophy 

Temple University, 2012 

There are many existing tests used to determine if a series consists of a random sample.  

Often these tests have restrictive distributional assumptions, size distortions, or low power 

for key useful alternative situations.  The interest of this dissertation lies in developing an 

alternative nonparametric test to determine whether a series consists of a random sample.  

The proposed test detects deviations from randomness, without a priori distributional 

assumption, when observations are not independent and identically distributed (i.i.d.), 

which is suitable for our motivating stock market index data.  Departures from i.i.d. are 

tested by subdividing data into subintervals and then using a conditional probability 

measure within intervals as a binomial test.  This nonparametric test is designed to detect 

deviations of neighboring observations from randomness when the data set consists of 

time series observations.  Simulation results confirm correct test size for varied 

distributions and good power for detecting alternative cases.  This test is compared to a 

number of other popular methods and shown to be a competitive alternative.  Although the 

proposed test may be applicable to multiple areas, this dissertation is mostly interested in 

applications to stock market and regression data.  The proposed test is effectively 

illustrated with the common three stock market index data sets using a newly created 

transformation, and shown to perform exceptionally well. 
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CHAPTER 1 
INTRODUCTION 

 

Consider the series Y1, Y2, Y3, …, YN.  Interest centers on determining whether this series 

consists of a random sample. That is, are these random variables independent and identically 

distributed (i.i.d.).  Deviations from the i.i.d. case can consist of independent observations that 

have differing location or scale or both.  Alternatively, they may be dependent.  If dependent, 

there are many ways that this can happen.  The classic book on ARIMA models by Box and 

Jenkins (1976) studied a variety of ways to investigate and model dependency structures between 

time series observations.   

There are many existing tests used to determine if a time series consists of a random 

sample.  Often these tests have restrictive distributional assumptions, size distortions, or low 

power.  The interest of this dissertation lies in developing an alternative nonparametric test to 

determine whether a series consists of a random sample.  A competitive and technically 

relatively simple nonparametric test is proposed for testing departures from i.i.d. variables.  The 

proposed relatively simple procedure is surprisingly shown to work well for varied symmetric 

and skewed distributions with reliance on an upper and lower percentile and straightforward 

conditional binomial probability, without a priori distributional assumption.  The proposed test is 

then empirically compared with popular existing tests and shown to be nicely competitive.  In 

our comparison varied sample sizes and distributional models will be considered.  Existing 

research comparing similar tests often compares each test to a specific stock or index, see for 

example Charles and Darné (2009) and Al-Khazali, Ding and Pyun (2007).  This dissertation 

adds to the discussion by comparing each considered test to a variety of known distributions and 

models, thus independently evaluating their effectiveness. 
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There are many tests that can be used to determining whether a series consists of a 

random sample.  A well known classical test to determine departures of regression residuals from 

i.i.d. was introduced by Durbin and Watson (1950).  Although this test is still popularly used, it 

has drawbacks consisting of its restricted conditions of normality and serial correlation.  Ali and 

Sharma (1993) showed the Durbin and Watson test procedure does not meet the size requirement 

when the data are heavily skewed.  Our independent investigation confirmed this finding.  As an 

alternative to the Durbin and Watson test, one can also consider the Box and Pierce (1970) or 

Ljung and Box (1978) tests of the adequacy of a specific ARIMA model.  However both tests 

assume the residuals of the ARIMA model are normally distributed.  In addition there are a 

number of variance ratio tests found in the economic and finance literature, such as Lo and 

MacKinlay (1988), Wright (2000) and Chen and Deo (2006).  These variance ratio tests are 

reviewed in Charles and Darné (2009).  However variance ratio tests are often based on a 

random walk which assumes the conditional mean and variance are linear in time, a condition 

that may not always be reasonable.  In addition, most variance ratio tests are based on an 

asymptotic normal distribution, yet the sampling distribution of the variance ratio test statistic is 

known to be skewed (Chen and Deo, 2006, Charles and Darné, 2009).  The proposed test is 

nonparametric and designed to work well for time series data sets, specifically stock market data.   

The proposed test will be evaluated in an applied application using stock market index 

data.  These data are not normally distributed; rather they are nonstationary with typically an 

increasing long term trend.  These data are unique because such data often consists of structural 

breakdowns where a relatively large number of time series observations follow a regular pattern 

for periods of time followed by highly irregular periods with changes in mean and variance (Chu, 

Stinchcombe and White, 1996 and Bandyopadhyay, Biswas, and Mukherjee, 2008).  Sometimes 
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the causes for such irregularities are easily understood, such as after 9/11 – the September 11, 

2001 terrorist attacks caused global stock markets to decrease in value, when US markets 

reopened on September 17, 2001 stock prices were decreasing.  For example, the Dow Jones 

Industrial Average, DJIA, experienced a drop of 14.3% during the week following its reopening.  

Although, for other times such insights are more difficult, as during October 1987 when stock 

markets worldwide quickly and dramatically decreased in value; as on October 19, 1987, when 

the DJIA dropped by 22.6%.  Even after making a practical transformation the distributions of 

these stock market index data sets are often noticeably skewed.   

The dissertation test is especially suitable for such situations as it is based on unusual 

rather than typical observations.  This test subdivides data into subintervals with equal number of 

time series observations, such as trading weeks for stock market data, and then utilizes a 

conditional probability measure within intervals as a binomial test for departures from 

randomness.  The proposed test assumes constant mean and variance but will not require a 

normality assumption or a priori knowledge of the distribution generating these data.  Our 

motivating application involves large N consisting of daily closing stock market index data.  

Large sample data sets are becoming more common in other statistical areas, such as regression 

and linear and nonlinear models.  We also apply the proposed test to the standardized residuals 

of ordinarily least square regression models.  In this application the proposed test continues to 

perform well.  Somewhat surprising for an asymptotic based test, the size requirements of the 

proposed procedure are shown to be met for sample –sizes as low as 100. 

In addition to the proposed test, a new data transformation appropriate for stock market 

closing values is also introduced.  This transformation is a modified measure of percent change 

(MMPC), similar to a stock return.  In our stock index data analysis study, the proposed 
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transformation, MMPC was the only considered transformation that led to consistently rejecting 

the null hypothesis with high power for all tests and stock market indices.   

This dissertation is organized as follows.  In Chapter 2 a literature review is given.  

Section 2.1 discusses the random walk model, Sections 2.2 to 2.5 explain relevant tests, then 

Section 2.6 details the g- and -h distribution and stock market data is discussed in Section 2.7.  In 

Chapter 3 the proposed test is presented with some basic results along with a new proposed data 

transformation.  Details about the proposed test and simulation result comparisons with the 

popular Lo and MacKinlay (1988) M2 test are given in Sections 3.1 and 3.2, respectively.  The 

proposed data transformation is further explained in Section 3.3, followed by a stock market data 

analysis in Section 3.4.  In Chapter 4 a detailed comparison study is preformed that includes a 

number of existing tests.  First, in Section 4.1, simulation results are discussed. Then Section 4.2 

details a stock market data analysis.  In Chapter 5 our proposed test is applied to the standardized 

residuals of ordinarily least square regression models.  Finally, in Chapter 6 a summary of our 

results and future research is discussed. 
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CHAPTER 2 
LITERATURE REVIEW 

 

In this chapter, both statistical and financial research is briefly reviewed as it pertains to the 

proposed test and dissertation.   

 

2.1 RANDOM WALK MODEL 

 

When studying deviations from randomness in financial research, applications involving stock 

market data are often considered to determine the market’s predictability.  Most investors believe 

that if evidence of non-randomness exists, greater returns can be realized without taking on 

greater risks.  Many researchers considered methods based on historical data to forecast future 

returns, this approach is known as a technical analysis (Fama, 1965, Malkiel, 2003).  If stock 

market’s returns fluctuate randomly, future values are unpredictable; hence future stock market 

returns are independent of past returns.  Stock market returns that fluctuate randomly follow the 

efficient market hypothesis (EMH).  According to Jensen (1978) “a market is efficient with 

respect to information set t if it is impossible to make economic profits by trading on the basis 

of the information set t.”  In a technical analysis, t is the information contained in historical 

data of the market at time t.  When the EMH is not rejected, investors are unable to earn above-

average returns without incurring above-average risks.  Therefore, a technical analysis cannot 

successfully predict future stock market returns since future returns are independent of past 

returns.   
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Evidence of the EMH can be studied using a random walk model (Working, 1934).  The 

term random walk was first introduced by Pearson (1905).  Earlier Brown (1828) defined 

Brownian motion, the random movement of tiny particles suspended in fluid, and Einstein 

(1905) used Brownian motion to develop a mathematical theory that provides powerful evidence 

for the existence of atoms (Ruppert, 2004).  Even before Einstein, Bachelier’s (1900) dissertation 

studied random processes to model financial speculation.  Unfortunately his work was 

overlooked for over 50 years until rediscovered, translated into English, and published in a book 

of collected papers in The Random Character of Stock Market Prices (Cootner, 1964).  

Consider the following random walk model 

ttt YY   1          (1) 

where Yt is the value of an index at time t,   is an unknown arbitrary drift parameter and εt is a 

disturbance term.  Using Campbell, Lo, and MacKinlay’s (1997) notation, the simplest version 

of a random walk, version RW1, is when εt is i.i.d.(0, 2

 ).  The assumptions on εt in RW1 are 

relaxed in RW2, such that these εt are independent but not identically distributed.  This allows 

for unconditional heteroscedasticity in the εt’s, or time variation in volatility of stock market 

index returns (Campbell, Lo and MacKinlay, 1997).  The RW3 model further relaxes the 

assumptions about the distribution of εt , such that dependent but uncorrelated increments are 

allowed.  A time series defined in (1) where   0, kttCov  for all k ≠ 0, but   0, 22 kttCov  for 

some k ≠ 0 has dependences with uncorrelated increments in the family of RW3 models.   All 

random walk versions detailed above support the EMH and have conditional mean and variance 

at time t defined as   tYYYE t  00|  and   tYYVar t

2

0|  , respectively, where Y0 is an initial 

value at t = 0.  A random walk is often used to test the EMH.   
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Variance ratio tests of the random walk model are often used to test for evidence of 

predictability in financial markets – see Lo and MacKinlay (1988), Chow and Denning (1993), 

Wright (2000), and Chen and Deo (2006).  In our research we have found variance ratio tests, 

specifically the ones considered in this dissertation, as being the most commonly used methods 

for testing deviations from randomness in financial studies.  In addition to variance ratio tests, 

other methods can be used to test for lack of randomness including more traditional statistical 

tests such as Durbin and Watson (1950) and Ljung and Box (1978).  In the remainder of this 

chapter, details about existing methods that influenced the proposed test are given.  We consider 

these tests competitors of the proposed test even though the variance ratio tests are based on 

random walk models, while the other considered tests are based on a random sample null 

hypothesis.  All of these tests will be compared to the proposed test in Chapter 4. 

 

2.2 INDIVIDUAL VARIANCE RATIO TESTS 

 

A number of the tests considered in this section are of the variance ratio type to determine lack of 

randomness of a series, Y1, Y2, ...,YN, by comparing the variance of the k-period return with k 

times the variance of the one-period return, that is Var(Yt – Yt-k) = k Var(Yt – Yt-1).  The variance 

ratio of the k-period return is defined as 
 
 

 
i

k

itt

ktt

k
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YYVar

kYYVar
kV 
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21
/

)(  where ρi is the 

i
th
 lag autocorrelation coefficient or rather, a linear combination of the first k – 1 autocorrelation 

coefficients, with linearly declining weights (Charles and Darné, 2009).  When V(k) = 1, ρi = 0 

for all i, then returns are serially uncorrelated.  Likewise when V(k) ≠ 1, at least one ρi ≠ 0. Then 
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some autocorrelations between observations exit.  Often test statistics are constructed based on 

an estimator,  

)1(ˆ

)(ˆ
)(

2

2



 k
kVR          (2) 

where )(ˆ 2 k  is the estimator of the k-period returns variance, defined as 






 
N

kt

ktt kYYmk 212 )ˆ()(ˆ   with )1)(1( 1 kNkNkm  for k ≥ 1, and ̂ , the estimated 

mean, defined as    0

1

1

1

1ˆ YYNYYN N

N

t

tt  





  .  These tests have the potential advantages 

of being robust under homoscedasticity and heteroscedasticity, and have reasonable power 

against a wide range of alternative hypotheses.  However some potential disadvantages exist.  

Variance ratio tests often use over lapping intervals when computing the long-horizon return, 

)(ˆ 2 k  in (2), as suggested by Lo and MacKinlay (1988).  Although this can improve power, it 

also makes determining the exact distribution very difficult.  Therefore asymptotic distributions 

are used.  Most variance ratio tests are based on an asymptotic normal distribution, yet the 

sampling distribution of the test statistic can be skewed for small sample sizes.  This has 

potential for leading to size distortions, low power and misleading inferences (Chen and Deo, 

2006, Charles and Darné, 2009).  Chen and Deo (2006) attempt to address this issue by 

suggesting a power transformation to better approximate the normal distribution, while Wright 

(2000) considers nonparametric tests with exact sampling distributions.  These issues will be 

further clarified in our extensive simulation study summarized in chapter 4.    

 

2.2.1 LO AND MACKINLAY (1988) 
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Lo and MacKinlay (1988) is the most referenced of the variance ratio tests found in the 

literature.  They consider the relation between observations to be a random walk as defined in (1) 

with Var(εt) = 2

 .  They developed two variance ratio tests, M1 and M2.  Under the null 

hypothesis both tests assume the random walk model in (1).  M1 assumes ),0(... 2

 Ndiit , while 

M2 allows for changes in variance of εt as long as the increments are uncorrelated, E(εt εt-h) = 0 

for any nonzero h, such as in a RW3 model.  Since M2 does not require a normal distributional 

assumption or i.i.d. observations for εt, it is considered a more robust test.   Both tests are based 

on the same variance ratio estimator, VR(k) in (2), resulting in the following test statistics: 

2
11

)(

1)(

k

kVR
M




         (3) 

2
12

)(*

1)(

k

kVR
M




         (4) 

where M1 = M2 = 0 for k = 1,  
kN

kk
k

3

)1)(12(2
)(
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  for k > 1(Lo and MacKinlay, 

1988, Charles and Darné,  2009).  Under the null hypothesis, both M1 and M2 follow the standard 

normal distribution asymptotically. 

 

2.2.2 WRIGHT (2000) 
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Wright (2000) created non-parametric variance ratio tests using ranks and signs with exact 

sampling distributions, therefore asymptotic distributions are not needed.  For each test Wright 

uses a martingale difference sequence to define the null hypothesis, such that for a time series of 

asset returns, Y1, Y2, ..., YN,   

Yt = µ + Zt          (5) 

where Zt = σtεt.  Under the null hypothesis for the rank-based tests, R1 and R2, Zt is i.i.d. but with 

no additional distributional assumptions.   These tests do not allow for any conditional 

heteroscedasticity and are comparable to the assumptions of M1.  The sign-based tests, S1 and S2, 

allow for conditional heteroscedasticity under the null hypothesis, but require conditional 

symmetry of εt given {Yt, Yt-1, Yt-2, ..., Y2, Y1}, with mean equal to zero (Wright, 2000).  This 

assumption allows S1 and S2 to be robust for many forms of conditional dependence, similar to 

the assumptions of M2.  In fact for both rank and sign-based tests, Wright claims his assumptions 

are neither stronger nor weaker than those of Lo and MacKinlay.   

The rank-based test statistics, R1 and R2, are defined as 
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where )(k is defined in (3) and the 

standard ranks r1,t and r2,t are given as 
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,2   NYrr tt , where 
1 is the inverse of the standard normal cumulative distribution 
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function and r(Yt) is the rank of Yt for N observations among the series Y1, Y2, Y3, ..., YN, such 

that under the null hypothesis  r(Y) is a random permutation of the numbers of 1, ..., N with 

equal probability (Wright, 2000).  Both r1,t and r2,t are common transformations for ranks of a 

series.  The critical values of these tests can be obtained by simulating their exact distributions. 

When conditional heteroscedasticity exists, the exact distributions of R1 and R2 are 

unknown and a small amount of size distortion can exist.  Although Wright shows both tests are 

still reasonable when testing alternatives with conditional heteroscedasticity, exact tests were 

developed using the signs of returns.  Wright introduced two procedures, S1 and S2 analogous to 

R1 and R2 but found in simulation studies that S2 was very conservative with low power and size 

distortion, see Wright (2000).  Therefore only S1 is considered here. 

 The sign-based test statistics, S1, is defined as 

   
21

1

21

1

2

1

1

1 )(1 
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, where )(k is given in (3), and 










otherwise

Yif
s

t

t
1

01
.  S1 is a driftless model. Therefore, in addition to the requirements of its 

null hypothesis, µ = 0 in (5). Similar to R1 and R2, the exact critical values of S1 can be obtained 

through simulation.   

  

2.3 MULTIPLE VARIANCE RATIO TESTS 

 

Variance ratio tests can be sensitive to the value chosen for k. Often low values, such as k = 2 are 

used as large values of k make the test statistic biased – since the variance ratio defined in (2) has 
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a lower bound of zero.  Therefore, when k is large most rejections of the test are due to the upper 

tail (Lo and MacKinlay, 1989).  In practice, an individual test, designed to test only one value of 

k, may be repeated multiple times with different values of k.  This can lead to an over rejection of 

the null hypothesis and an increased type I error.  When using multiple k values for individual 

tests the joint test size of the estimates must be controlled using multiple testing techniques.  

Chow and Denning (1993) and Chen and Deo (2006) developed multiple variance ratio tests that 

consider multiple k values and return one test statistic adjusted for the joint test size. 

 

2.3.1CHOW AND DENNING (1993) 

 

Chow and Denning (1993) developed two simple multiple variance ratio tests that consider 

multiple values of k and returns one test statistic properly adjusted for test size based on the 

Hochberg (1974) multiple comparison procedure.  Their tests are an extension of the Lo and 

MacKinlay (1988) test statistics, such that they consider a set of m test statistics where m is the 

number of values of k.  The two test statistics for the multiple joint hypothesis are 

1
1

1 max MMV
mi

  and 2
1

2 max MMV
mi

  , where M1 and M2 are defined in (3) and (4) respectively.  

To test the joint null hypothesis for a set of m test statistics, the null hypothesis is rejected if any 

one of the estimated variance ratio tests is significantly different from one.  Using the Sidak 

(1967) probability inequality, the null hypothesis is rejected at the α level of significance if the 

variance ratio statistic is greater than the [1 − (α
*
/2)] percentile where α

*
 = 1 − (1 − α)

1/m
.  Both 

test statistics, MV1 and MV2, follow the Studentized Maximum Modulus (SMM) distribution, 

SMM(α, m, N) with m and N degrees of freedom.  As N→∞, SMM(α, m, N) → Zα/2, that is, the 
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asymptotic SMM critical value can be calculated from the standard normal distribution (Chow 

and Denning, 1993).   

 

2.3.2 CHEN AND DEO (2006) 

 

Chen and Deo (2006) consider power transformation of the variance ratio statistic when k is not 

too large compared to N, such as k/N ≤ 0.125.  This transformed test statistic helps resolve the 

skewness problem of the sampling distribution, and results in a better approximation to the 

normal distribution.  Similar to M2 and S1 their individual variance ratio test is robust to 

conditional heteroscedasticity.  Under the null hypotheses, Chen and Deo consider the random 

walk model in (1) where the disturbances, εt, are a martingale differences sequence with 

conditional heteroscedasticity such that εt and εt-k are roughly independent for large k lags.  They 

then expand their individual test to consider multiple values of k by proposing a joint variance 

ratio test.  Chen and Deo showed that their joint variance ratio test is able to obtain higher power 

than their individual tests. This joint test is labeled QP and used in our simulations and data 

analysis studies.  We found this procedure far more complex and computer time consuming 

compared to other studied tests. Consequently, for our simulation study, using the vrtest package 

of R (Kim, 2010), we were able to simulate 100 replications per case with some difficulty versus 

10,000 replication with ease for other tests.  Inspection of the limited results did not provide 

evidence of special advantages of his procedure. As a result, we decided not to use these entries 

in the simulation study in Section 4.1, but do provide entries in the stock market data analysis in 

Section 4.2.  
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2.4 DURBIN AND WATSON (1950) 

 

Durbin and Watson (1950) test for non-randomness in the residuals of an ordinary least squares 

regression equation with the test statistic, 
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 ,        (6) 

where et is the t
th
 residual and N is the number of observations.  This test assumes i.i.d. N(0, σ

2
) 

errors.  The test statistic, d, is asymptotically normal with mean of 2 and variance of 4/N 

(Harvey, 1990).  When data are positively (negatively) serially correlated, d will have a value 

that tends to zero (four).  Although this test was designed for residuals of least squares 

regression, it can be used to test time series data such as Y1, Y2, Y3, ..., YN,  by substituting Yt = et 

in (6), assuming the assumption of i.i.d. N(0, σ
2
) is valid.   

  

2.5 LJUNG AND BOX (1978) 

 

The Ljung and Box test is used to determine if a specific ARIMA model fits. The test statistic is  
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, et is the residual associated with the observation at time t and h is 

the number of lags being used.  For large N, Q is distributed as
2

h  for et i.i.d. N(0, σ
2
) .  This test 

can be sensitive to the chosen value of h in (7). 
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2.6 THE G- AND -H DISTRIBUTIONS 

 

In Section 3.2 and 4.1, random samples are simulated.  For this purpose, Tukey’s g- and -h 

family of distributions will be used for some of the cases (Tukey, 1977).  The g- and -h 

distributional family discussed by Hoaglin (1985), Martinez and Iglewicz (1984), MacGillivray 

(1992) and others, can be used to create common distributional shapes.  For Z a standard normal 

random variable, A, B, g and h specified constants, the g- and -h family of distributions is 

defined by the random variable )(, ZBTAY hg where  

2

,

21
)( hZ

gZ

hg e
g

e
ZT 







 
 , – ∞< g < ∞, and 0 ≤ h.    (8) 

The parameters g and h allow this family to span over a wide region of skewness and kurtosis 

values, where g controls the skewness and h the kurtosis (Hoaglin, 1985).  The parameters A and 

B account for location and scale, respectively.   

Many known distributions can be approximated by the Tg,h(Z) family.  For example, 

when g = h → 0 equation (8) simplifies to T0,0(Z) = Z.  This can easily be proven by considering 

the expansion of 






 

!3!2

1 322 ZggZ
Z

g

egz

.  When only h = 0, equation (8) yields a one 

parameter subfamily, the g-distributions 






 


g

e
ZT

gZ

g

1
)(0, , which are asymmetric with 

increasing skewness as |g| increases.  Note that )()( 0,0, ZTZT gg  , therefore changing the sign 

of g does not change the level of skewness, only the direction (Hoaglin, 1985).  When g is 

constant and positive, g-distributions are lognormal distributions. 
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When only g → 0, equation (8) yields the one parameter subfamily, the h-distributions, 

2

,0

2

)( hZ

h ZeZT  , which are symmetric with increasing heavy tails, as h increases, as compared 

to the normal distribution (Martinez and Iglewicz, 1984).  When h is restricted to only non 

negative real numbers, this provides a transformation that is monotonic for all Z.  It is possible to 

use h < 0 in equation (8), but special consideration is needed because the monotonicity of Tg,h(Z) 

fails when hZ 12  and the transformation is no longer one to one (Hoaglin, 1985).  However 

for small negative values of h, say, – 0.08 ≤ h < 0, the result is Z
2
 ≥ 12.5 or |Z| > 3.5, which may 

not be a serious constraint.   

Due to its versatility, the g- and -h distribution is well-situated for simulation studies.  

Many known distributions can be approximated by the Tg,h(Z) family.  A list of some popular 

distributions is included in Table 1 with corresponding g and h estimated values.  Simulations in 

Sections 3.2 and 4.1 will utilize the g- and -h distributions guided by selections from Table 1. 

 

Table 1: Values of Location, Scale, Skewness and Kurtosis for Selected g- and –h Distributions 

Approximate Distribution A B g→ h 

Z 0.000 1.000 0.000 0.000 

t with df=3 0.000 1.064 0.000 0.244 

t with df=10 0.000 1.000 0.000 0.058 

Heavy-Tailed Distribution 0.000 1.000 0.000 0.400 

Chi Square with df=4 3.360 2.544 0.502 -0.046 

Chi Square with df=6 5.348 3.237 0.406 -0.033 

Lognormal 0.000 1.000 1.000 0.000 

df = degrees of freedom, Martinez and Iglewicz (1984) Hoaglin (1985) 

 

2.7 STOCK MARKET INDEX DATA 
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In an applied example, this dissertation will use stock market data obtained from three indices, 

the Dow Jones Industrial Average (DJIA), the Standards & Poor's 500 (S&P 500), and the 

National Association of Securities Dealers Automated Quotation System (Nasdaq).  Stock 

indices are comprised of stocks from multiple companies.  Therefore, pooling stocks in this 

manner helps ensure that investments are representative of the market rather than a few 

exceptional stocks.  These specific stock indices were selected based on their popularity, 

longevity, and well established reputations.  Also these data sets are large, not normally 

distributed, authentic and readily available, thus results can be reproduced by readers.  Often 

these indices set benchmarks to track the performance of a collection of investments.  Sizeable 

investments in retirement and other funds are modeled after these considered indices, thus 

making the study of these data especially relevant.   

Yet each index is unique.  The DJIA, the oldest index of the three and is available since 

October 1, 1928, consisting of 30 major American companies.  By reputation it is considered the 

most conservative; that is, the least volatile.  The S&P 500, started on January 3, 1950, consists 

of 500 leading companies in varied industries of the U.S. economy.  With the addition of more 

diverse industries, this index is considered less conservative than the DJIA and a higher level of 

risk is perceived.  The Nasdaq, the newest stock index of these three, available since February 5, 

1971, incorporates over 3,000 newer, mostly high tech companies.  Therefore, it has the 

reputation of being the least conservative of the three indices.  It should be noted that only the 

Nasdaq does not have recorded closing values for September 26, 1973, October 7, 1974, and 

October 16, 1975.  We only consider data for full 5 day weeks, with data ending on December 

18, 2009. 
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CHAPTER 3 
PROPOSED TEST AND SOME BASIC RESULTS 

 

In this chapter, the proposed test is explained in detail and basic simulation results show its 

potential to be competitive with the Lo and MacKinlay M2 test.  A new proposed stock market 

data transformation is also explained and applied to both the proposed test and M2.  The work in 

this chapter follows closely the material of a paper accepted for publication in Communications 

in Statistics- Simulations and Computation (Strandberg and Iglewicz, 2012).   

 

3.1 THE PROPOSED TEST 

 

A procedure with minimal assumptions was an important consideration when developing the 

proposed test.  Since data distributions are often unknown, developing a test that does not require 

a normality assumption or a priori knowledge of the distribution generating these data was highly 

desirable.  Having a competitive yet technically relatively simple test was also important.  

Therefore the proposed test is based on a straightforward conditional binomial probability and 

test statistic that converges in distribution to the standard normal distribution.  In addition, 

concentrating on observations outside upper and lower percentiles allows the proposed test to 

focus on tail observations, which are of special interest in the stock market investigations, rather 

than on the entire data set.  

Let Y1, Y2, Y3, …., YN be the considered series consisting of N observations and let Y = 

{Y1, Y2, Y3 , …., YN}  be the set of these N observations.  Notice that while we are dealing with 

a series, Y is a set.  Consider a region R, such that Y* ={Yt : Yt R} and Y** is the complement 

of  Y*.  Assume that the null hypothesis, that these observations constitute a random sample, is 
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true.  Let N(Y**) be the number of elements of Y** and Pr(YtR) = π.  We can estimate π by 

̂ = N(Y**)/N.  Although we investigated a fair number of choices for the region R, we settled 

on the simple interval [Y{p}, Y{1-p}], where Y{p} is the p
th
 sample percentile. Considerable 

simulations based on varied unimodal generating distributions showed that [Y{0.025}, Y{0.975}] 

works well in terms of providing the appropriate significance level.  Other chosen percentiles 

resulted in lower power and overly conservative test results, as seen in Table 2.  Note that this 

choice of percentile is not directly related to the common significance level of α = 0.05. 

Next subdivide the N time series observations into M consecutive intervals each having 

an equal number of K observations, such that  KNM / intervals, where    is the floor 

(largest integer) function and K is an integer that is small relative to N.  If N/K – M ≠ 0, then 

using M intervals leaves out K(N/K – M) = b observations. We then recommend ignoring the 

first b observations in the time series.  These b observations are considered an incomplete group 

of size less than K.  Since N is large relative to K, having b ≠ 0 should not be a problem.  

However, if it is believed critical time points are in the first few b observations, we would then 

suggest instead ignoring the last b observations.  For our motivating example, we will consider 

complete weeks consisting of K = 5 days.  Then N/K will always be an integer.  For simplicity 

assume b = 0.  For i = 1, 2, …, K, j = 1, ..., M, denote Yi
(j)

 = YK(j-1) + i as the i
th
 observation in the 

j
th
 interval.  For j = 1, ..., M, let Wj = 




K

i

j

iYI
1

)(( Y**), where  I is the indicator function.  

Under the null hypothesis that Y1, ..., YN are i.i.d., we have W1, ..., WM i.i.d. Binomial (K,  ).  It 

follows that  

K

K

jj

K
WWP

)1(1

)1(
)0|1(

1












, j = 1, ..., M.    (9) 
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We denote the above conditional probability in (9) by D.  This suggests we consider all the 

intervals such that Wj > 0.  Denote L =  



M

j

jWI
1

0 and L1 =  



M

j

jWI
1

1 , where I is the 

indicator function.  Thus in L out of the M intervals, we have Wj greater than 0, or at least one 

observation within the jth interval belongs to the set Y**.  Similarly there are L1 out of the M 

intervals, where exactly one observation belongs to the set Y**.   

Notice that the j
th

 interval with Wj = 1must also satisfy Wj > 0.  Thus we can rewrite L1 as 

L1=  



L

j

jj WWI
1

0|1 .  Under the null hypothesis, it follows that  0|1  jj WWI  is a 

Bernoulli random variable with success probability D =  0|1  jj WWP .  Consequently, L1 

follows Binominal (L, D).  For large L, by central limit theorem, we know 
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1
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where “ d ” means converge in distribution.  For moderate L, the 

binomial approximation can be improved by using a correction factor with modified test statistic   
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where 
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 and 

L

c
 is the useful correction factor needed to prevent the proposed 

test from being too conservative.  Several different values of c were considered with results 

displayed in Table 3.  This table can be used as a guide for choosing the constant c appropriate 

for a considered sample size.  From this table we notice that c = 0.5 or 0.55 is typically a good 

choice, but smaller values of c are recommended for values of  N in the interval 500 ≤ N ≤ 5000.  
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3.2 COMPARISON OF THE PROPOSED TEST WITH THE LO AND  

      MACKINLAY M2 TEST 
 

As an alternative to the proposed test, we considered the popular robust test of Lo and 

MacKinlay (1988), M2, detailed in Section 2.2.1.  We performed simulations using the common 

choice of k = 2.  We additionally added a few entries for higher values of k for several correlated 

cases.  For the proposed test we will be using K = 5 to mimic stock market data with full 5 day 

trading weeks, with the interval [Y{0.025}, Y{0.975}] and c = 0.55 as these were shown to be 

reasonable values in Tables 2 and 3 respectfully.  The value c = 0.55 is only used in this chapter 

and this is replaced with c = 0.50 in future chapters. 

For our basic simulation study, we consider random samples generated from a variety of 

distributions.  Some common distributional cases will be simulated using Tukey’s g- and -h 

distributional family (Tukey, 1977) as detailed in Section 2.6.  For our initial set of simulations 

using the proposed and M2 tests, we will consider the g- and -h distributions detailed in Table 1.  

We will also consider mixtures of normal distributions.  For theses mixture distributions, let 

f(y) = (1 – p)f1(y) + pf2(y).       (11) 

Let f1(y) be N(0, 1) and f2(y) be a normal distribution with mean 0 and standard deviation 10, i.e. 

N(0, 10
2
) with p = 0.01 and 0.05.  This model incorporates a small proportion of possible outliers 

but is still expected to meet the required test size.   

In addition to the known distributions and models expected to preserve the test size, 

several alternative data models are also considered.  We considered a model where 30% of 

observations follow f1(y), then 40% follow f2(y), and the remaining 30% follow f3(y).  A model 

with constant mean and changing variance is created by letting, f1(y) be N(0, s1
2
), f2(y) be N(0, 

1
2
), and f3(y) be N(0, s2

2
), while a model with constant variance and changing mean is created by 
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letting f1(y) be N(-t, 1
2
), f2(y) be N(0, 1

2
), and f3(y) be N(t, 1

2
).  Here we consider the cases s1 = 

0.80, s2 = 1.20, then s1 = 0.75, s2 = 1.25, and t = 2 and 3.  We consider another model where 

distributions of observations differ while the means and variances are constant and the 

observations are independent.  The first model, D1, considers three distributions such that 30% 

of observations are N(0,1
2
), another 30% are χ

2
3, and the remaining 40% are from t4.  The second 

case, D2, considers four distributions such that 20% of observations are N(0,1
2
), 40% are χ

2
3, 

30% are t3, and the remaining 10% are χ
2

5.  The χ
2
 and t distributions are standardized before 

each test is preformed.   

Next we consider three correlated cases, C1, C2, and C3.  For these cases, motivated by 

stock market weekly data, observations are simulated from complete trading weeks where weeks 

with market closures or holidays are not included.  Each correlated model is designed such that 

90% of these weeks have observations that are i.i.d. N(0,1
2
) and a correlation structure exists for 

the remaining 10% of these weeks.  Consider a typical member of the 10% correlated weeks.  

Let Y
M

 be the Monday value coming from N(0, 10
2
). The other generated values are Y

j
, j = T, 

W, Th, F.  For C1, Y
T
 = ρY

M
 + ε where ε is N(0,1

2
) and the remaining three days are from i.i.d. 

N(0, 1
2
).  For C2, Y

F
 = ρY

M
 + ε and the remaining three days are from i.i.d. N(0, 1

2
).  For C3, Y

j
 

= ρY
M

 + ε, where j is randomly chosen from T, W, Th, F and the remaining three days are from 

i.i.d. N(0, 1
2
).    In all three correlated cases we consider ρ = 0.90 and 0.80. 

Table 4 summarizes the simulation results for the proposed test and also for the M2 test, 

each based on simulated cases of 10,000 replications with 10,000 observations.  The rejection 

rate is the percentage of tests out of 10,000 where p-value < 0.05.  For the null cases, since the 

significance level is set at 5.00%, we expect rejection rates to be close to 5.00%.  With 10,000 

replications, the standard error of a 0.05 proportion of rejections, under the null hypothesis, 
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is   0022.01000095.005.0  , therefore rejection rates in the range of  

  1000022.096.105.0   %43.5%,57.4 are expected.  All considered null cases for the 

proposed test are within this range and therefore are reasonably close to the desired 5.00% 

rejection rate.  For M2 one considered case, the lognormal, is higher than the expected rejection 

rate range.  For this heavily skewed lognormal case, M2 is anti-conservative.  In summary, all the 

null cases met the required α = 0.05 for both SI and M2, excluding the heavily skewed lognormal 

case where M2 is noticeably anti-conservative. 

When considering alternative cases, the proposed test provided high power, while M2 was 

unable to do so for two situations, the case with changing variances and C2.  Here, the latter case 

is most disturbing.  For the correlated cases, similar results were realized between SI and M2 

only for C1 and C3 – although for C3 power is noticeably lower for M2.  For C2 only SI was able 

to show considerable power to correctly reject the null hypothesis, while rejection rates for M2 

where in the same range as the null cases.  Only after increasing k in (4) from k = 2 to 5 does M2 

show reasonable power against the null hypothesis, however stronger evidence is still realized 

with SI.  In this case, choosing the popular k = 2 option leads to total loss of power for M2, while 

choosing k = 5 restores much of the lost power.  In practice, the k = 2 option will very likely be 

chosen leading to reduction in power if the correlation is not between consecutive days.  In 

summary, the proposed test works well irrespective of the correlation structure following a 

highly volatile day, without a priori knowledge of future dependencies, while procedures with set 

autocorrelation structures may not always be able to retain power in such cases.  

When considering changing means, both SI and M2, as expected, overwhelmingly 

rejected the null hypothesis.  However when considering changing variances, only the proposed 

test was able to show considerable power to reject the null hypothesis, while rejection rates for 



 

24 

 

M2 were in the same range as the null cases.  This is not surprising, as the null hypothesis for M2 

consists of a random walk, thus tolerating changes in variance.  This can be a liability of M2 as 

more recent research suggests variance changes over time in the stock market (Ito, Lyons and 

Melvin, 1998).  Consequently, the differing detection abilities of SI and M2 for this case have 

practical implications for stock market data application and other possible uses.  For two 

considered cases, D1 and D2 – where distributions differ but means and variances are the same – 

the powers are close to null case, however for D2 the power is somewhat elevated for SI.  In 

summary, the proposed method works well for varied null and alternative situations, providing 

excellent power against a variety of alternatives to the null hypothesis. 

Although this binomial based test is justified for large samples, surprising it meets size 

requirements and shows reasonable power for relatively small sample sizes, as seen in Table 5 

when the proposed test is compared to M2 with N = 300.  Again here, for the null cases, we 

expect rejection rates to be close to 5.00%.  In general the proposed test is slightly conservative 

for the considered null cases, while M2 has a high rejection rate for the lognormal case.   

When considering the alternative cases listed in Table 5 when N = 300, the proposed test 

is able to show greater power for all the correlated cases, C1, C2, and C3,while M2 has very low 

power for C2 and C3 and only modest power for C1.  SI is also able to show some power for 

cases with changing variances, while as expected M2 considers these null cases.  M2 is able to 

show high power for alternative cases with changing means while at this small sample size, SI 

lacks power.  Overall when N = 300 the proposed test does well, however some null cases are 

slightly conservative and SI exhibits noticeably lower power than M2 in models with changing 

means; while for M2 there is modest or no power for all alternative cases except models with 

changing means.   
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3.3 MODIFIED MEASURE OF PERCENT CHANGE TRANSFORMATION 

 

We consider here the daily closing values of the DJIA, S&P 500, and Nasdaq as detailed in 

Section 2.7.  Due to the nature of these data, it is more appropriate to not directly study the daily 

closing values, but rather a daily percentage changes.  It is tempting to consider the commonly 

used daily percent change transformation given by 
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where Yt(i) is the daily closing price for index i on day t (Cizeau, Potters and Bouchaud, 

2001, Bandyopadhyay, Biswas and Mukherjee, 2008, Mukherjee and Bandyopadhyay, 2011), i = 

1, 2, 3, for DJIA, S&P 500, and Nasdaq, respectively.  The problem is that ri(t) and ri(t - 1) have 

Yt-1(i) in common, thus these transformed data are not independent.  As an alternative we propose 

a modified measure of percent change,  

MMPC = 
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where MA is a delayed moving average of q observations such that 
q

Y
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1

2

)1:2(
.  Data 

used in this moving average are q or more observations before Yt(i); we suggest setting q = 10 for 

large N, which provides a q = 10 washout period and a baseline moving average value replacing 

the previous observation.  Consequently, it would be reasonable to test whether these 

transformed observations constitute a random sample.  These considered data consist of full five 
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day weeks only, excluding weeks containing holidays or having the market closed for other 

reasons.  Due to the way we use moving averages, we lose 20 days, four weeks, at the beginning 

of the series.  Since the first full week of DJIA data start on October 1, 1928, M = 3,462 weeks.  

Similarly, S&P 500 data start on January 9, 1950 with M = 2,581 weeks, and Nasdaq data start 

on February 8, 1971 with M = 1,696 weeks.  The last considered observation for all three indices 

is December 18, 2009 (Yahoo! Finance 2010a,b,c). 

 

3.4 BASIC STOCK MARKET DATA ANALYSIS 

 

We use SI and M2 to test the null hypothesis that these observations, transformed using the 

MMPC, constitute a random sample.  Results are provided in Table 6.  From Table 6 notice the 

very high absolute Z values for all considered cases resulting in p-values below 0.0001.  (Exact 

p-values are not included in Table 6 because we do not claim that level of accuracy.)  The null 

hypothesis is easily rejected for each of the three stock market indices and for both SI and M2.  

Furthermore, Z values for SI are all negative, while Z values for M2 are positive.  The negative Z 

values from SI indicate that more than expected multiple unusual percent changes tend to occur 

within weeks containing at least one unusual percent change.  The positive Z values for M2 

indicate that the variance of two time periods (since k = 2) is higher than expected.  In summary, 

the proposed test worked nicely for each of these three data sets, as did the M2, and showed 

conclusively that these modified measures of percent change do not constitute random samples.    
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Table 2: Percentage of Tests with p-value < 0.05 for Standard Normal 
Observations with Given  Percentiles for Region R [Y{p} , Y{1-p}] 

P Percentage of Test with p-value < 0.05 

0.005 4.52% 

0.025 5.10% 

0.050 3.55% 

0.100 2.01% 
For each percentile 10,000 trials of 10,000 Standard Normal 
observations was generated.  

  
 

Table 3: Percentage of Tests Out of 10,000 Trials with p-values < 0.05 for Given Correction Factor, c, and Distribution 

 c = 0.0 c = 0.1 c = 0.2 c = 0.3 c = 0.4 c = 0.5 c = 0.55 c = 0.6 c = 0.7 

Standard Normal Distribution 

N = 100 1.97% 2.28% 2.27% 2.48% 3.51% 3.26% 3.42% 35.19% 36.73% 

N = 300 3.99% 4.14% 4.16% 4.19% 3.99% 4.21% 4.25% 4.29% 17.44% 

N = 500 3.39% 3.34% 3.50% 3.32% 3.35% 10.67% 10.77% 10.58% 11.39% 

N = 1,000 2.07% 4.74% 5.65% 8.20% 8.40% 8.35% 8.46% 8.07% 8.15% 

N = 2,000 2.82% 4.25% 5.52% 6.77% 6.61% 6.44% 7.21% 6.63% 6.75% 

N = 5, 000 4.04% 3.83% 3.85% 4.13% 4.79% 5.40% 5.60% 5.56% 5.64% 

N = 10,000 3.42% 4.21% 4.03% 4.64% 4.47% 4.98% 5.10% 5.37% 5.29% 

t with 3 degrees of freedom 

N = 100 2.34% 2.30% 2.48% 2.01% 3.47% 3.49% 3.69% 35.41% 35.63% 

N = 300 4.14% 4.01% 4.32% 4.02% 4.27% 4.06% 4.36% 4.20% 16.94% 

N = 500 3.44% 3.69% 3.55% 3.37% 3.29% 10.66% 10.53% 10.34% 11.88% 

N = 1,000 2.17% 4.84% 5.33% 8.17% 8.37% 8.09% 8.56% 8.01% 8.18% 

N = 2,000 2.59% 4.34% 5.32% 6.94% 7.16% 7.00% 6.94% 6.82% 6.43% 

N = 5, 000 4.07% 4.10% 4.14% 4.23% 4.60% 5.16% 5.16% 5.12% 6.33% 

N = 10,000 3.61% 3.96% 4.18% 4.61% 4.25% 4.86% 4.67% 5.26% 5.37% 

Chi Square with 4 degrees of freedom 

N = 100 2.14% 2.50% 2.49% 2.33% 3.67% 3.67% 3.36% 35.79% 35.58% 

N = 300 4.15% 3.95% 4.04% 4.26% 3.77% 4.36% 4.53% 4.50% 16.71% 

N = 500 3.74% 3.43% 3.84% 3.36% 3.52% 10.34% 10.56% 10.40% 12.27% 

N = 1,000 2.24% 4.49% 5.65% 8.18% 8.05% 8.06% 8.29% 8.09% 8.32% 

N = 2,000 2.46% 4.17% 5.83% 6.57% 6.94% 6.40% 6.46% 6.67% 6.59% 

N = 5, 000 3.85% 4.02% 3.56% 3.82% 4.50% 4.92% 5.69% 5.43% 5.57% 

N = 10,000 3.76% 3.86% 4.24% 4.46% 4.75% 5.28% 4.90% 4.77% 4.99% 
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Table 4:  Simulation Rejection Rates of 10,000 Trials for Selected Distributions and Models when N = 
10,000, c = 0.55 and k = 2 

Null Distribution Cases     Rejection Rate 
SI           M2 

Z     5.10%      4.68% 
t with df=3     4.67%      5.29% 
t with df=10     5.12%      5.05% 
Wide-tailed distribution     4.61%      4.73% 
Chi Square with df=4     4.90%      4.89% 
Chi Square with df=6     4.87%      5.00% 
Lognormal     4.93%      5.81% 
 
Non g- and -h Null Distributions Cases 

Mixture Model with p = 0.01 5.12%      4.66% 
Mixture Model with p = 0.05 5.09%         4.62% 
 
Alternative Distribution Cases 

Changing Variance with s1 = 0.80, s2 = 1.20 76.70%      4.64% 
Changing Variance with s1 = 0.75, s2 = 1.25 95.39%      5.28% 
Changing Mean with t = 2 99.18% 100.00% 
Changing Mean with t = 3 99.43% 100.00% 
C1 - Monday and Tuesday Correlated in 10% of total weeks ρ=0.9 100.00% 100.00% 
C1 - Monday and Tuesday Correlated in 10% of total weeks ρ=0.8 100.00% 100.00% 
C2 - Monday and Friday Correlated in 10% of total weeks ρ=0.9 100.00%      5.26% k=2 

  88.36% k=5 
C2 - Monday and Friday Correlated in 10% of total weeks ρ=0.8 100.00%      5.17% k=2 

  88.23% k=5 
C3 - Monday and Random Day Correlated in 10% of total weeks ρ=0.9 100.00%   97.48% 
C3 - Monday and Random Day Correlated in 10% of total weeks ρ=0.8 100.00%   97.43% 
D1 -Changing Distribution with 3 Standardized Distributions 4.88%     5.10% 
D2- Changing Distribution with 4 Standardized Distributions 10.08%     5.18% 
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Table 5:  Simulation Rejection Rates of 10,000 Trials for Selected Distributions and Models when N 
= 300, c = 0.5 and k = 2 

Null Distribution Cases     Rejection Rate 
SI    M2 

Z     4.21% 5.36% 
t with df=3     4.06% 5.20% 
Chi Square with df=4     4.36% 5.20% 
Lognormal     4.21% 7.78% 
 
Non g- and -h Null Distributions Cases 

Mixture Model with p = 0.01 3.86% 5.04% 
Mixture Model with p = 0.05 4.42% 5.12% 
 
Alternative Distribution Cases 

Changing Variance with s1 = 0.80, s2 = 1.20 10.52% 5.28% 
Changing Variance with s1 = 0.75, s2 = 1.25 13.63% 5.08% 
Changing Mean with t = 2 16.20% 100.00% 
Changing Mean with t = 3 17.05% 100.00% 
C1 - Monday and Tuesday Correlated in 10% of total weeks ρ=0.9 92.77% 14.91% 
C1 - Monday and Tuesday Correlated in 10% of total weeks ρ=0.8 91.41% 15.05% 
C2 - Monday and Friday Correlated in 10% of total weeks ρ=0.9 93.21% 6.33% 
C2 - Monday and Friday Correlated in 10% of total weeks ρ=0.8 91.59% 5.50% 
C3 - Monday and Random Day Correlated in 10% of total weeks ρ=0.9 92.99% 4.00% 
C3 - Monday and Random Day Correlated in 10% of total weeks ρ=0.8 91.58% 3.84% 

 

 

 

 

Table 6: Z Values for Stock Index Test Results  
 DJIA S&P 500 Nasdaq 

SI (c =0.55) -25.97 -26.37 -29.01 
M2 (k =2) 36.09 43.73 38.62 
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CHAPTER 4 
DETAILED COMPARISON STUDY 

 

In this chapter we review and compare a number of existing tests for detecting randomness in 

time series data, with emphasis on stock market index data.  The investigated tests, detailed in 

Chapter 2, and the proposed test, are compared over a diverse group of distributions, models, and 

stock market applications.  We will view these tests as competitive, even though the variance 

ratio tests are based on random walk models, thus not sensitive to changes in variance, while the 

other considered tests are based on a random sample null hypothesis.  Since in practice most 

practitioners will not know the true distribution of their data, methods that perform well for a 

variety of distributions are preferred.  This study will give researchers and practitioners added 

information about each considered test, so that they may make better informed decisions when 

deciding between methods.   In our stock market data analysis, we will show that the choice of 

data transformation can have a noticeable effect on test results.   

 

4.1 SIMULATION RESULTS 

 

In this section the basic simulation results discussed in Section 3.2 are now expanded and applied 

to all the tests detailed in Chapter 2.  We will consider random samples of N = 100, 300, and 

10,000 observations and will again consider the g - and - h distributions, and a mixture of normal 

distributions. Using the g- and -h distributional family we obtain or approximate five 

distributions:  Z, t3, lognormal,
2

4 , and a heavy-tailed distribution with g → 0 and h = 0.40.  

Unlike in Section 3.2, here the lognormal and 2

4  distributions are standardized before 
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performing each test.  For the mixture of normal distributions, let f1(y) be N(0, 1
2
) and f2(y) be 

N(0, 10
2
), with p = 0.30 in (11).  Next we will consider a new mixture of normal distributions 

that represent a symmetric bimodal distribution.  For this purpose, let f1(y) be N(-1.5, 1
2
),  and 

f2(y) be N(1.5, 1
2
) with p = 0.50 in (11).  Although these mixture models are not generating 

observations from the same distribution parameters, they are still expected to meet the required 

test size for all tests.   

As in Section 3.2, in addition to the known distributions and models expected to preserve 

the test size, several alternative data models are considered.  From section 3.2 we consider the 

following models: constant mean and changing variance (s1 = 0.75 and s2 = 1.25); constant 

variance and changing mean (t = 2); C1; C2; C3; D1; D2.  A new correlated case, C4, is also 

considered.  Here the correlation structure is present over two weeks, such that Y
M

 in the first 

week, Y1
M

, has a value from N(0, 2
2
).  Two days are correlated observations, such that Y

j
 = ρY

M
 

+ ε, where j is randomly chosen twice with replacement from T1, W1, Th1, F1, M2, T2, W2, Th2, 

F2, the remaining days are generated from i.i.d. N(0, 1
2
).   In all four correlated cases ρ = 0.90 

with Y
M

 as N(0, 2
2
). 

In addition to the models detailed in Section 3.2, two models by other authors are 

included.  The first model, A1, is a stochastic volatility model of conditional heteroscedasticity 

considered by Wright (2000) and Lo and MacKinlay (1989).   Here t

h

t
teY 2 where 11 h , 

ttt hh  195.0  for 1t , t ~i.i.d. N(0, (1/10)
2
), and εt ~i.i.d. N(0, 1

2
).  In previous simulations, 

A1 has shown results similar to the null case for most of the variance ratio tests considered.  The 

second model, A2, is an alternative mean reverting process from Chen and Deo (2006) and Lo 

and MacKinlay (1989), where 11 Y , ttt YY  192.0 for 1t and  εt ~i.i.d. N(0, 1
2
).  In previous 



 

32 

 

simulations, most of the variance ratio tests considered show reasonable power against mean 

reverting processes – where, for example, stock prices return or revert eventually to the average 

price over time. 

For each simulation we generated 10,000 random samples of  N = 100, 300, and 10,000 

for the given distribution or model.  Each individual variance ratio test is evaluated with k = 2, 5, 

and 10, likewise, each multiple variance ratio test is evaluated with m = 3 where the three values 

selected for k are 2, 5, and 10.  The Ljung and Box test is evaluated at h = 2, and 5.  A third value 

of h ≈ ln(N) is also evaluated as suggested by Tsay (2001).  Although the variance ratio tests are 

designed not to be sensitive to variance changes, we will still consider the studied tests 

comparable. 

 Tables 7, 8 and 9 list the simulation results for the distributions and models expected to 

meet the required test size for the null hypothesis when N = 100, 300 and 10,000, respectively.  

For emphasis some noteworthy results are in bold.  Since we set tests at 5% significance level, 

we expect these table entries to be close to 5.00%.  In general most of the tests considered meet 

this requirement, with some exceptions. Of note are the very high entries for skewed 

distributional cases of the Wright (2000) S1 procedure and the slightly anticonservative entries 

for the Lo and MacKinlay (1988) M2 lognormal cases when N = 100.  Additionally, the Chow 

and Deming (1993) MV1 and MV2 entries are a bit conservative.  In summary, excluding the S1 

test for some skewed cases, the considered tests work reasonably well at meeting test-size 

requirements. 

 Tables 10, 11 and 12 summarize the simulation results for the alternative models 

considered when N = 100, 300 and 10,000, respectively.  As before, some noteworthy results are 

in bold.  As expected, greater power is generally seen as N increases, however power can differ 
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considerably across alternatives.  Only one test, the proposed test, is able to show considerable 

power against changing variances and the stochastic volatility model, A1, especially for large 

values of N.  This is not surprising, as the null hypothesis for variance ratio tests allows for 

changes in variance and conditional heteroscedasticity.  It should be noted that information 

regarding short term changes in variance can be informative in short term and options trading. 

Although the Durbin and Watson (1950) and Ljung and Box (1978) tests do show modestly 

elevated rejection rates for these variance changing cases, only SI shows high rejection rates, 

especially when N is large. For the changing means case, all test do well with the exception of 

SI, which does poorly when N =100.  When considering differing distributions with constant 

means and variances and N large, most procedures consider these as null cases, with the 

exception of S1, with large N, that provides reasonable power and R1 that provides modest 

power. For the four considered correlated cases with larger values of N only SI maintains high 

power for each case, with MV1 and MV2 providing reasonable power. The exception is the 

serially correlated C1 case with large sample sizes, where all but S1 provide high power. Overall, 

S1 does poorly for these correlated cases.  For the stochastic volatility (A1) and mean reverting 

process (A2) models, only SI, with N large, has reasonable power for the A1 case, while all 

considered tests have high power for A2. 

In summary, when N is small, all considered procedures, excluding SI, have high power 

to detect changes in mean, while all tests have low power for other cases.  As N becomes large, 

the SI test is the only procedure with high power for all alternative cases, excluding the two 

consisting of random observations from different distributions.  In particular, if detecting 

changes in variance is a concern, the SI test should be used.  In addition to SI for correlated 

cases, MV1 and MV2 do reasonably well.  However we do not find evidence that Wright’s exact 
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tests are more powerful than asymptotic variance ratio tests against models with serial 

correlations as suggested by Charles and Darné (2009).  

 

4.2 STOCK MARKET DATA ANALYSIS 

 

As an alternative comparison of the considered tests, we summarize an analysis of daily closing 

values of stock market indices using the DJIA, S&P 500 and Nasdaq as detailed in Sections 2.7 

and 3.4.  In this section we evaluate randomness of each index using three different 

transformations, which include two common transformations and our proposed transformation.  

Consider the following transformations:  lag 1 closing daily stock market index differences, Yt – 

Yt-1; daily percentage change, as defined in (12); the proposed MMPC transformation defined in 

(13).  Results are included in Table 13.  To assist in the readability of Table 13, after each test 

statistics * is added if significance is at the 10% level, ** is added if significance is at the 5% 

level and *** is added if significance is at the 1% level.  Extremely high test statistic values 

contain only *** with blanks for associated numbers. 

In Table 13, test statistics differ between transformations and indices, with the exception 

of SI which is significant at the 1% level for all indices and transformations.  Also, S1 is 

significant at the 1% level for all cases when k = 2, but can be non significant at 10% for several 

other values of k. The latter is not entirely surprising since S1 is based on signs.  Among 

transformations, only the MMPC results in consistently rejecting the null hypothesis at the 1% 

significant level for all tests, while the other two transformations show inconsistent rejection 

levels among tests and indices.   A smaller number of rejected cases are seen with QP.  M1 and 

M2 have somewhat similar results with M1 showing slightly more rejected tests and higher 
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rejection levels.  As expected, this is also true for MV1 and MV2.  R1, R2, and S1 often show 

rejection at 1%, but can have conflicting results depending on the chosen value of k. 

In summary, it is interesting to observe that for most tests, results can differ depending on 

the transformation used and that test results based on the MMPC transformation are all 

significant at the 1% level.  If early stock market studies used the third rather than the first 

transformation, it is possible that some non significant conclusions would have been declared as 

significant.  The only test that does not show evidence of this concern in this study is the SI test 

as it rejects the null hypothesis at the 1% significance level for all transformations.   

As seen in both our simulations and applied results, individual variance ratio tests can 

show very different results depending on the chosen value of k.  This is also true for the Ljung 

and Box test with respect to the chosen value of h.  The only transformation that shows 

consistent results among individual tests for each considered data set is the MMPC.  All other 

tests and transformations had inconsistent results among the considered cases.  In summary, 

when dealing with financial data, the test procedure used and choice of transformation can play a 

key role in resulting conclusions.
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Table 7:  Simulation Rejection Rates Comparisons for Null Cases N=100 

  SI DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Distribution Cases from the g-  and -h distribution 

Z 3.40% 5.21% h = 2 4.89% 2.82% 3.09% k=2 5.02% 5.78% 5.06% 5.36% 4.37% 

 

  h = 5 4.92% 

  

k=5 4.65% 4.97% 4.95% 4.83% 4.84% 

 

  h ≈ ln(N) 5.35% 

  

k=10 2.41% 3.04% 5.38% 5.21% 4.73% 

t3 3.40% 4.91% h = 2 4.20% 2.51% 3.43% k=2 4.45% 5.51% 5.23% 5.27% 4.95% 

 

  h = 5 5.05% 

  

k=5 3.94% 5.74% 5.23% 5.29% 5.14% 
   h ≈ ln(N) 4.24% 

  

k=10 2.20% 4.10% 4.67% 5.35% 4.59% 

Lognormal  3.28% 5.23% h = 2 3.82% 2.64% 8.69% k=2 4.08% 8.49% 5.25% 5.16% 29.90% 

Standardized 
  

h = 5 4.07% 
  

k=5 3.43% 10.32% 4.97% 5.11% 60.87% 

   

h ≈ ln(n) 4.24% 
  

k=10 1.76% 10.98% 5.12% 5.32% 73.74% 

Heavy-tailed 
Distribution 

3.52% 4.64% h = 2 4.00% 2.95% 5.03% k=2 4.63% 5.19% 5.29% 4.88% 4.32% 

  h = 5 4.17% 

  

k=5 4.43% 6.62% 4.98% 4.68% 5.42% 

 

  h ≈ ln(N) 4.39% 

  

k=10 1.99% 7.00% 5.24% 5.38% 4.48% 

X2
4 Standardized 3.64% 4.68% h = 2 4.60% 2.40% 3.77% k=2 4.87% 6.06% 4.94% 5.00% 6.68% 

   

h = 5 4.76% 
  

k=5 4.10% 5.37% 5.29% 4.93% 10.73% 

      h ≈ ln(n) 4.43%     k=10 2.36% 3.98% 4.96% 5.36% 14.83% 

Model Cases                         

Mixture Model 4.95% 5.03% h = 2 4.88% 2.99% 2.79% k=2 5.18% 4.71% 4.99% 5.40% 4.34% 

 

  h = 5 4.84% 

  

k=5 4.07% 5.44% 5.20% 5.00% 4.80% 

 

  h ≈ ln(N) 4.74% 

  

k=10 2.34% 4.11% 5.13% 5.54% 4.55% 

Bimodal 3.28% 4.89% h = 2 4.67% 2.82% 2.98% k=2 5.83% 4.89% 5.52% 4.90% 4.38% 

 

  h = 5 5.39% 

  

k=5 4.21% 4.65% 5.04% 5.13% 5.21% 

    h ≈ ln(N) 5.47% 
  

k=10 2.30% 2.98% 5.04% 5.34% 4.69% 
SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test,  
MV1 and MV2 are tests from Chow and Denning (1993), M1 and M2 are test from Lo and MacKinlay (1988), R1, R2, and S1 are tests from Wright (2000) 
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Table 8:  Simulation Rejection Rates Comparisons for Null Cases N=300 

  SI  DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Distribution Cases from the g  and h distribution 

Z 4.21% 5.12% h = 2 4.75% 3.02% 3.34% k=2 5.18% 5.22% 4.83% 4.89% 3.98% 

   
h = 5 5.13% 

  
k=5 4.64% 5.01% 5.32% 4.78% 4.56% 

   
h ≈ ln(n) 5.11% 

  
k=10 4.13% 4.61% 5.10% 5.04% 4.75% 

t3 4.06% 4.94% h = 2 5.05% 3.52% 3.40% k=2 4.85% 4.79% 4.78% 4.85% 3.75% 

   
h = 5 4.89% 

  
k=5 4.74% 4.94% 4.94% 4.81% 4.53% 

   
h ≈ ln(n) 5.14% 

  
k=10 3.98% 5.10% 5.33% 5.29% 4.97% 

Lognormal Standardized 4.17% 4.50% h = 2 4.29% 3.71% 8.56% k=2 4.11% 8.41% 4.51% 4.80% 64.60% 

   
h = 5 5.00% 

  
k=5 4.16% 9.11% 4.60% 4.49% 95.15% 

   
h ≈ ln(n) 5.33% 

  
k=10 3.70% 8.41% 4.78% 5.14% 99.39% 

Heavy- Tailed Distribution 4.11% 5.08% h = 2 4.27% 3.62% 4.01% k=2 4.45% 4.60% 4.90% 4.93% 3.83% 

   
h = 5 4.78% 

  
k=5 4.36% 5.68% 4.95% 4.80% 4.69% 

   
h ≈ ln(n) 5.11% 

  
k=10 4.28% 6.12% 5.25% 4.92% 4.73% 

X2
4  Standardized 4.22% 4.78% h = 2 4.76% 3.30% 4.09% k=2 4.90% 5.87% 4.62% 4.46% 7.94% 

   
h = 5 5.00% 

  
k=5 4.61% 5.06% 4.36% 4.80% 18.11% 

      h ≈ ln(n) 4.91%     k=10 3.91% 4.54% 4.93% 5.16% 31.22% 

Model Cases                         

Mixture Model 4.23% 5.21% h = 2 4.89% 3.61% 3.04% k=2 5.30% 4.91% 4.87% 5.00% 3.72% 

   
h = 5 4.85% 

  
k=5 4.82% 5.11% 5.22% 5.08% 4.66% 

   
h ≈ ln(n) 4.83% 

  
k=10 4.39% 4.87% 5.33% 4.77% 4.97% 

Bimodal 3.94% 5.10% h = 2 5.06% 3.65% 3.72% k=2 5.16% 5.25% 4.64% 4.56% 4.02% 

   
h = 5 5.25% 

  
k=5 4.83% 4.83% 4.76% 4.92% 4.88% 

  
  

h ≈ ln(n) 5.11% 
  

k=10 3.89% 4.89% 4.92% 5.29% 4.76% 
SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test, MV1 = the Chow and Denning (1993) 
MV1 test, M1 = the Lo and MacKinlay (1988) M1 test, R1 and S1 are tests from Wright (2000) 
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Table 9:  Simulation Rejection Rates Comparisons for Null Cases N=10,000 

  SI DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Distribution Cases from the g-  and -h distribution 

Z 5.29% 4.86% h = 2 4.78% 3.73% 3.56% k=2 5.21% 4.68% 5.04% 5.88% 5.11% 

 

  h = 5 4.55%   k=5 4.74% 5.19% 5.00% 5.31% 4.96% 

 

  h ≈ ln(N) 5.21%   k=10 5.01% 4.72% 5.24% 5.28% 4.99% 

t3 4.96% 4.93% h = 2 5.27% 3.44% 3.86% k=2 5.07% 5.29% 4.80% 5.14% 5.17% 

 

  h = 5 5.15%   k=5 5.06% 4.95% 5.44% 4.96% 4.41% 
   h ≈ ln(N) 5.24%   k=10 4.80% 4.97% 5.68% 5.44% 4.89% 

Lognormal  4.91% 4.96% h = 2 5.05% 3.79% 4.57% k=2 5.00% 5.70% 4.52% 5.39% 100.00% 

Standardized   h = 5 5.24%   k=5 4.64% 5.58% 5.67% 4.77% 100.00% 

 

  h ≈ ln(n) 5.68%   k=10 4.90% 5.39% 5.58% 4.90% 100.00% 

Heavy-tailed 
Distribution 

4.94% 4.22% h = 2 4.71% 3.71% 3.38% k=2 4.16% 4.73% 5.33% 5.05% 5.08% 

  h = 5 5.33%   k=5 4.60% 4.91% 5.09% 5.31% 5.05% 

 

  h ≈ ln(N) 5.97%   k=10 4.22% 4.93% 5.50% 4.81% 4.70% 

X2
4 Standardized 4.91% 4.92% h = 2 5.03% 3.86% 3.94% k=2 4.96% 5.31% 5.27% 5.05% 92.93% 

   

h = 5 4.65% 
  

k=5 5.15% 4.79% 5.74% 5.27% 100.00% 

      h ≈ ln(n) 5.19%     k=10 4.84% 4.81% 5.37% 4.99% 100.00% 

Model Cases                           

Mixture Model 4.77% 5.24% h = 2 4.96% 3.94% 3.62% k=2 5.00% 4.97% 5.14% 5.49% 4.67% 

 

  h = 5 4.88%   k=5 5.00% 4.80% 5.21% 5.23% 5.12% 

 

  h ≈ ln(N) 5.16%   k=10 4.72% 5.20% 5.73% 5.39% 5.14% 

Bimodal 4.99% 5.23% h = 2 4.68% 3.61% 3.86% k=2 5.02% 5.27% 4.95% 5.09% 5.29% 

 

  h = 5 5.45%   k=5 4.73% 5.32% 5.42% 5.47% 4.82% 

      h ≈ ln(N) 4.80%     k=10 5.28% 4.72% 5.61% 5.44% 4.61% 
SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test,  
MV1 and MV2 are tests from Chow and Denning (1993), M1 and M2 are test from Lo and MacKinlay (1988), R1, R2, and S1 are tests from Wright (2000) 
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Table 10:  Simulation Rejection Rates Comparisons for Alternative Cases N=100  
     SI DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Changing Variance 7.91% 6.61% h = 2 6.60% 4.04% 2.51% k=2 6.43% 5.48% 5.58% 6.34% 4.52% 

 

  h = 5 8.15% 

  
k=5 5.58% 4.27% 5.61% 5.82% 4.48% 

 

  h ≈ ln(N) 7.77% 

  
k=10 2.68% 2.52% 5.30% 5.96% 4.43% 

Changing Mean 6.41% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

 

  h = 5 100.00% 
  

k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

 

  h ≈ ln(N) 100.00% 
  

k=10 100.00% 100.00% 100.00% 100.00% 100.00% 

D1 3.07% 4.57% h = 2 4.53% 2.83% 3.01% k=2 4.87% 6.05% 5.86% 5.56% 4.49% 

 

  h = 5 4.88% 

  
k=5 4.17% 4.96% 5.89% 5.02% 6.72% 

 

  h ≈ ln(N) 4.53% 

  
k=10 2.39% 3.83% 5.83% 5.14% 6.90% 

D2 2.96% 4.87% h = 2 4.64% 2.65% 3.20% k=2 5.15% 5.84% 5.62% 5.76% 5.37% 

 

  h = 5 4.91% 

  
k=5 3.99% 5.06% 5.80% 5.13% 7.53% 

 

  h ≈ ln(N) 4.77% 

  
k=10 2.50% 3.85% 5.58% 5.34% 8.55% 

C1 6.89% 12.68% h = 2 7.75% 4.69% 2.57% k=2 8.87% 3.96% 5.63% 7.36% 4.06% 

 

  h = 5 8.56% 

  
k=5 5.60% 4.09% 6.36% 6.39% 4.94% 

 

  h ≈ ln(N) 7.63% 

  
k=10 3.05% 2.70% 5.50% 5.99% 4.67% 

C2 6.43% 6.11% h = 2 5.57% 3.16% 4.03% k=2 6.22% 6.85% 5.42% 5.32% 4.45% 

 

  h = 5 9.02% 

  
k=5 4.52% 4.60% 5.34% 5.45% 5.26% 

 

  h ≈ ln(N) 7.48% 

  
k=10 2.56% 2.93% 5.03% 5.07% 4.71% 

C3 6.17% 7.06% h = 2 6.55% 3.62% 3.08% k=2 5.74% 5.25% 5.99% 5.96% 4.41% 

 

  h = 5 7.06% 

  
k=5 4.54% 4.25% 5.52% 5.32% 5.14% 

 

  h ≈ ln(N) 7.35% 

  
k=10 2.73% 2.67% 5.01% 5.37% 4.52% 

C4 3.61% 6.05% h = 2 5.81% 3.19% 3.53% k=2 5.83% 0.01% 5.29% 6.31% 4.34% 

 

  h = 5 6.60% 

  
k=5 5.43% 0.01% 5.54% 5.48% 4.84% 

 

  h ≈ ln(N) 6.25% 

  
k=10 2.76% 0.01% 5.44% 5.91% 4.20% 

A1 9.07% 6.87% h = 2 6.59% 3.93% 2.71% k=2 6.99% 5.87% 6.06% 6.27% 4.59% 

   

h = 5 7.20% 
  

k=5 5.56% 4.42% 5.31% 5.57% 4.82% 

   

h ≈ ln(N) 6.59% 
  

k=10 2.98% 2.27% 5.01% 5.71% 4.59% 

A2 47.63% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

   

h = 5 100.00% 
  

k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

      h ≈ ln(N) 100.00%     k=10 99.98% 99.97% 100.00% 100.00% 99.98% 
SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test, MV1 and MV2 are tests from Chow and Denning (1993),  
M1 and M2 are test from Lo and MacKinlay (1988), R1, R2, and S1 are tests from Wright (2000) 
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Table 11:  Simulation Rejection Rates Comparisons for Alternative Cases N=300 

  SI DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Changing Variance 15.83% 6.87% h = 2 6.94% 4.87% 3.32% k=2 6.53% 4.77% 5.55% 6.13% 3.56% 

   
h = 5 8.30% 

  
k=5 6.24% 4.40% 5.60% 5.97% 4.63% 

   
h ≈ ln(n) 8.36% 

  
k=10 5.59% 3.95% 5.55% 6.47% 4.72% 

Changing Mean 13.81% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

   
h = 5 100.00% 

  
k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

   
h ≈ ln(n) 100.00% 

  
k=10 100.00% 100.00% 100.00% 100.00% 100.00% 

D1 3.82% 4.44% h = 2 4.66% 4.13% 3.91% k=2 4.94% 5.18% 5.73% 5.69% 4.42% 

   
h = 5 5.27% 

  
k=5 4.80% 5.17% 5.32% 4.82% 6.51% 

   
h ≈ ln(n) 4.86% 

  
k=10 4.42% 4.63% 6.65% 5.18% 10.70% 

D2 4.94% 4.43% h = 2 5.06% 2.91% 3.87% k=2 5.01% 5.39% 5.37% 4.96% 5.61% 

  
  

h = 5 4.90% 
  

k=5 4.90% 4.89% 6.03% 5.31% 9.53% 

   
h ≈ ln(n) 4.83% 

  
k=10 4.59% 4.93% 6.65% 5.22% 16.34% 

C1 17.43% 22.81% h = 2 15.09% 12.96% 5.66% k=2 18.40% 19.20% 7.25% 12.29% 3.98% 

   
h = 5 14.94% 

  
k=5 11.47% 10.51% 6.67% 8.59% 4.33% 

   
h ≈ ln(n) 14.40% 

  
k=10 7.80% 7.69% 6.35% 7.25% 4.98% 

C2 16.84% 6.28% h = 2 6.42% 5.01% 4.59% k=2 6.34% 6.48% 4.77% 5.31% 3.78% 

   
h = 5 15.47% 

  
k=5 5.47% 5.70% 5.28% 5.44% 4.40% 

   
h ≈ ln(n) 15.32% 

  
k=10 6.24% 6.42% 5.61% 6.49% 5.41% 

C3 17.21% 7.50% h = 2 7.84% 6.50% 4.81% k=2 6.79% 7.08% 5.50% 5.86% 3.63% 

   
h = 5 9.92% 

  
k=5 7.44% 7.24% 5.52% 7.03% 4.63% 

   
h ≈ ln(n) 9.75% 

  
k=10 7.09% 6.99% 5.67% 7.22% 5.05% 

C4 8.18% 7.01% h = 2 7.25% 5.54% 4.67% k=2 6.11% 6.14% 5.20% 5.20% 3.71% 

   
h = 5 7.72% 

  
k=5 7.08% 7.48% 5.31% 6.46% 4.63% 

   
h ≈ ln(n) 8.24% 

  
k=10 6.90% 6.67% 5.83% 6.59% 4.84% 

M1 13.11% 6.57% h = 2 6.59% 4.48% 3.13% k=2 6.95% 5.50% 5.11% 5.39% 3.75% 

   
h = 5 7.37% 

  
k=5 5.90% 5.26% 5.27% 5.73% 4.46% 

   
h ≈ ln(n) 8.27% 

  
k=10 5.69% 4.36% 5.41% 5.60% 5.04% 

M2 96.70% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

   
h = 5 100.00% 

  
k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

      h ≈ ln(n) 100.00%     k=10 100.00% 100.00% 100.00% 100.00% 100.00% 

SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test, MV1 = the Chow and Denning (1993) MV1 test, M1 = the 
Lo and MacKinlay (1988) M1 test, R1 and S1 are tests from Wright (2000) 
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Table 12:  Simulation Rejection Rates Comparisons for Alternative Cases N=10,000  
     SI DW   LB MV1 MV2   M1 M2 R1 R2 S1 

Changing Variance 95.32% 6.89% h = 2 7.27% 5.52% 3.83% k=2 7.43% 5.28% 5.35% 6.54% 5.42% 

 

  h = 5 8.38% 

  
k=5 7.14% 4.96% 5.89% 6.63% 5.21% 

 

  h ≈ ln(N) 9.94% 

  
k=10 6.98% 4.91% 5.86% 6.37% 5.00% 

Changing Mean 99.24% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

 

  h = 5 100.00% 
  

k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

 

  h ≈ ln(N) 100.00% 
  

k=10 100.00% 100.00% 100.00% 100.00% 100.00% 

D1 4.82% 4.98% h = 2 4.93% 3.69% 3.86% k=2 5.32% 5.10% 7.35% 5.72% 29.50% 

 

  h = 5 4.96%   k=5 5.15% 4.77% 13.48% 5.65% 70.97% 

 

  h ≈ ln(N) 4.93%   k=10 4.77% 5.04% 21.93% 5.31% 93.83% 

D2 6.58% 4.65% h = 2 4.88% 3.79% 3.80% k=2 5.05% 5.18% 10.10% 5.57% 58.54% 

 

  h = 5 5.00%   k=5 4.87% 5.19% 21.95% 6.00% 96.50% 

 

  h ≈ ln(N) 4.77%   k=10 4.70% 4.99% 38.92% 6.16% 99.91% 

C1 99.83% 100.00% h = 2 100.00% 99.97% 99.95% k=2 100.00% 100.00% 83.84% 99.91% 27.70% 

 

  h = 5 99.93% 

  
k=5 99.26% 98.63% 57.17% 95.49% 17.25% 

 

  h ≈ ln(N) 99.80% 

  
k=10 86.99% 83.72% 34.74% 73.57% 11.08% 

C2 99.85% 6.73% h = 2 7.55% 44.79% 39.32% k=2 7.10% 5.07% 4.98% 6.55% 5.07% 

 

  h = 5 99.92% 

  
k=5 21.36% 19.75% 9.33% 17.43% 6.28% 

 

  h ≈ ln(N) 99.81% 

  
k=10 57.84% 51.64% 19.09% 42.71% 8.32% 

C3 99.74% 37.63% h = 2 50.89% 72.64% 66.32% k=2 36.15% 30.65% 11.65% 26.04% 5.92% 

 

  h = 5 70.04% 

  
k=5 78.62% 74.63% 27.68% 63.60% 9.74% 

 

  h ≈ ln(N) 61.78% 

  
k=10 74.56% 70.36% 25.35% 58.20% 9.27% 

C4 65.96% 26.80% h = 2 34.48% 64.71% 60.61% k=2 25.40% 21.18% 8.94% 18.36% 5.98% 

 

  h = 5 47.92% 

  
k=5 55.90% 52.45% 16.53% 42.32% 7.01% 

 

  h ≈ ln(N) 52.78% 

  
k=10 75.48% 73.22% 25.03% 60.24% 8.63% 

A1 76.87% 6.11% h = 2 6.52% 5.27% 3.83% k=2 6.12% 5.15% 5.66% 6.43% 5.21% 

   

h = 5 7.00% 
  

k=5 6.49% 5.01% 5.25% 5.91% 4.93% 

   

h ≈ ln(N) 7.48% 
  

k=10 6.22% 4.60% 5.66% 5.72% 4.91% 

A2 100.00% 100.00% h = 2 100.00% 100.00% 100.00% k=2 100.00% 100.00% 100.00% 100.00% 100.00% 

   

h = 5 100.00% 
  

k=5 100.00% 100.00% 100.00% 100.00% 100.00% 

   

h ≈ ln(N) 100.00% 
  

k=10 100.00% 100.00% 100.00% 100.00% 100.00% 
SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test, MV1 and MV2 are tests from Chow and Denning (1993),  
M1 and M2 are test from Lo and MacKinlay (1988), R1, R2, and S1 are tests from Wright (2000) 
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Table 13:  Test Statistics for Stock Market Indices Application Results 

DJIA  SI DW   LB QP MV1 MV2   M1 M2 R1 R2 S1 

Yt - Yt -1   -34.47*** 2.11*** h = 2 ***   6.39**)0    8.12*** 2.26*000 k=2   -7.44***  -2.23**0    3.14*** 0.42000    5.04*** 

   

h = 5 *** 
   

k=5   -8.12***  -2.26**0 0.30000    -1.99**0 1.09000 

   

h ≈ ln(N) *** 
   

k=10   -6.67***  -1.82*00 -0.26000    -2.11**0 0.70000 

100((Yt/ Yt -1) -1)    -16.79*** 1.99    h = 2 5.85*** 0.3600)) 0.7000)) 0.330000 k=2 0.70000 0.33000    6.76***     5.03***    5.04*** 

   

h = 5 10.64*** 
   

k=5 0.09000 0.04000    2.49**0     2.16**0 1.09000 

   

h ≈ ln(N) 24.62*** 
   

k=10 0.31000 0.14000 1.42000 1.45000 0.70000 

100((Yt /MA)-1)    -36.64*** 0.07*** h = 2 *** *** *** 87.92*** k=2 *** 36.09*** *** *** *** 

   

h = 5 *** 
   

k=5 *** 64.09*** *** *** *** 

   

h ≈ ln(N) *** 
   

k=10 *** 87.92*** *** *** *** 

S&P 500 

Yt - Yt -1    -28.01*** 2.11*** h = 2 69.06***       8.03**    7.55***     2.46** k=2    -6.23***  -2.13**     2.21**0 -0.44000   7.69*** 

   

h = 5 73.17*** 
   

k=5    -7.45***  -2.44** -0.84000  -3.11***   3.88*** 

   

h ≈ ln(N) *** 
   

k=10    -7.55***  -2.46**0    -1.76*00  -3.99***   3.17*** 

100((Yt/ Yt -1) -1)    -11.93*** 1.94** h = 2 29.16*** 4.27))    3.00*** 1.4400 k=2   3.00*** 1.44ooo    8.97***    7.48***   7.69*** 

   

h = 5 29.72*** 
   

k=5 0.00000 0.00000    4.44***    3.62***   3.88*** 

   

h ≈ ln(N) 59.78*** 
   

k=10 -1.11000 -0.52000     2.34**0 1.41000   3.17*** 

100((Yt /MA)-1)   -30.85*** 0.08*** h = 2 *** *** *** *** k=2 *** 43.73*** *** *** 97.00*** 

   

h = 5 *** 
   

k=5 *** 77.73*** *** *** *** 

   

h ≈ ln(N) *** 
   

k=10 *** *** *** *** *** 

Nasdaq 

Yt - Yt -1   -18.71*** 1.98 h = 2 1.2700 3.5200))   2.62**0 0.78000 k=2 1.03000 0.35000    8.99***    6.38***   12.97*** 

   

h = 5 12.17** 
   

k=5 0.60000 0.19000    7.79***    4.95***   13.22*** 

   

h ≈ ln(N) *** 
   

k=10    -2.62*** -0.78000    7.29***    4.10***   13.90*** 

100((Yt/ Yt -1) -1)   -14.59*** 1.87*** h = 2 32.55*** 10.49***0    5.68***  3.10*** k=2     5.68***   3.10***   13.94***   11.32***   12.97*** 

   

h = 5 42.89*** 
   

k=5     5.39***   2.80***   12.34***    9.92***   13.22*** 

   

h ≈ ln(N) 57.91*** 
   

k=10     3.48***   1.81*00   10.79***    8.23***   13.90*** 

100((Yt /MA)-1)   -26.34*** 0.06*** h = 2 *** *** *** 95.76*** k=2   89.22*** 38.62***   89.19***   89.38***   80.29*** 

   

h = 5 *** 
   

k=5 *** 68.98*** 155.39*** 156.20*** *** 

   

h ≈ ln(N) *** 
   

k=10 *** 95.76*** *** *** *** 
The test statistics show *** if significant at the 1% level, ** if significant at the 5% level and * if significant at the 10% level.  Test statistics greater than 100 or less than -100 are not 
shown since they are highly significant at the 1% level:  SI = Strandberg and Iglewicz (2012) test with c = 0.5, DW = Durbin and Watson (1950) test, LB = Ljung and Box (1978) test, QP = 
Chen and Deo (2006) test, MV1 and MV2 are tests from Chow and Denning (1993), M1 and M2 are test from Lo and MacKinlay (1988), R1, R2, and S1 are tests from Wright (2000) 
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CHAPTER 5 
REGRESSION APPLICATIONS 

 

This chapter is an investigative introduction to applying the proposed test to problems in simple 

linear least square regression.  While the emphasis of this dissertation is on developing a 

competitive procedure for testing randomness in stock market index data, this newly developed 

test has the potential of far wider applications.  In this chapter standardized residuals of small 

and large sample ordinary least square (OLS) regression models are tested for randomness of the 

error terms.  When the assumption of i.i.d. errors is not met, the OLS regression model can result 

in loss of efficiency, biased estimators, and invalid inferences.  Therefore tests such as the 

Durbin and Watson (1950) test – as detailed in Section 2.4 – and the Breusch and Pagan (1979) 

test are often used.  In most statistics software packages, the Durbin and Watson test is the 

default test for testing correlation among error terms as the alternative to random errors; see for 

example SAS.  The proposed test can also be used in this context.   

We will here concentrate on the simple linear regression model when testing for 

independent errors of OLS models.  Consider the simple linear regression model,  

Y = β0 + β1X + ε        (14)   

where Y is the observed dependent variable, X is the independent variable, β0 is the intercept 

term, β1 is an unknown coefficient parameter, and ε is an unobservable disturbance (error) such 

that εt is assumed to be i.i.d. t = 1, ..., N, and X and ε are independent.  Since the OLS regression 

model is sensitive to outliers and correlation among error terms, it is appropriate to test ε for 

deviations from randomness, namely i.i.d.  Regression models where errors are independent and 

identically distributed from normal and non normal distributions, along with cases were 

dependent structures exist, will be considered in a simulated study.  Each case is simulated using 
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the proposed test, the Durbin and Watson (1950) test and the Breusch and Pagan (1979) test.  

Comparison between tests and considered cases are discussed in detail. 

Breusch and Pagan (1979) test for the heteroscedasticity of the ε in an OLS regression 

model as given in (14).  This test considers the null hypothesis of homosecedasticity such that σt
2 

= σ
2 

is constant for all εt.  In this test, heteroscedasticity is determined if the estimated variance 

of ε is dependent on the values of the independent variable.  This is tested by regressing the 

estimated squared residuals on the independent variables, namely ttt uXe  *

1

2  ; note that the 

value of *

1 will be different than the value of 1 calculated in the regression model for Y.  The 

null hypothesis is rejected if too much of the variance of ε is explained by X.  Under the null 

hypothesis the test statistic follows a chi-squared distribution with p degrees of freedom, where p 

is the number of regressors in the model, here p = 1.   

When generating simulated OLS regression models we start by assuming a bivariate normal 

model where X and Y are dependent observed values of random variables with Cor(X, Y) = ρ.  

Then  X

X

Y
Y XXYE 




 )|(  (Casella and Berger, 2002).   For simplicity we will set 

0 YX  , yX   and   21XY  with ρ = 0.90, and defined as i.i.d. N(0, 1
2
).  

This is our first simulated case, case 1.  Next we then modify the distribution of only  and 

consider cases 2 thru 8.  Cases 2 and 3 maintain the correlation structure ρ = 0.90 but are no 

longer bivariate normal, while cases 4 to 6 consider more complicated correlation structures by 

using ARIMA models; however in all cases 1 thru 8 X and   are independent.  The following 

distributions and models for   are considered for cases 2 thru 8:  (2) i.i.d. t3; (3) i.i.d. χ
2

3 

standardized; (4) ARIMA(0,1,1) which corresponds to serial correlation and is equivalent to 

http://en.wikipedia.org/wiki/Heteroscedasticity
http://en.wikipedia.org/wiki/Linear_regression
http://en.wikipedia.org/wiki/Heteroscedasticity
http://en.wikipedia.org/wiki/Variance
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simple exponential smoothing; (5) ARIMA(1,1,0) which is a differenced first-order 

autoregressive model; (6) ARIMA(1,1,1) which is a mixed model that includes features of both 

autoregressive and moving average models; (7) errors with changing variance such that 30% of 

the errors are distributed as N(0, 0.75
2
), 40% as N(0, 1

2
) and the remaining 30% as N(0, 1.25

2
); 

(8) errors with changing mean such that 30% of the errors are distributed as N(-2, 1
2
), 40% as 

N(0, 1
2
) and the remaining 30% as N(2, 1

2
).     

In addition to these cases, four other cases are also considered.  For cases 9, 10, 11, and 12, X 

and Y are dependent, however the correlation structure may not be ρ = 0.90.  For cases 9 and 10, 

X ~ N(0, 1
2
) but X and   are dependent, such that   21XY  with  defined as 

2

2 ttt XX   for t =3, ..., N, and  2

tt X  for t = 1, 2, in case 9 and 32

2 tttt XXX    for t 

=3, ..., N, and  32

ttt XX   for t = 1, 2, in case 10.  For cases 11 and 12, X and   are 

independent and an ARIMA(0,1,1) model is considered.  For both cases   21XY .  

Case 11 is similar to case 4 with generated randomly from an ARIMA(0,1,1) model, but now X 

~ t3.  In case 12, X is defined as an ARIMA(0,1,1) model, and 2

3~  that has been standardized.  

For all simulated cases, R software is used to randomly generate X and  , and then calculate Y; 

next, the full regression model defined in (14) is applied and the standardized residuals are 

tested.  Note that when 0 YX  , β0 = 0 and the regression equation is through the origin.  In 

our considered cases even when 0 YX  we still apply the full regression model in our 

simulations.   

Tables 14, 15, and 16 shows the rejection rates for each considered case when testing the 

standardized residuals for N = 100, 300, 5,000.  Each case was repeated 10,000 times and the 
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rejection rate is the percentage of tests that rejected the null hypothesis.  For the proposed test, K 

in (9) was set equal to 5, 8, and 10. 

 

Table 14: Rejection Rates of Standardized Residuals N = 100 

 
DW BP SI K = 5 SI K = 8 SI K = 10 

Case 1 4.65% 4.61% 3.52% 7.41% 10.70% 

Case 2 4.51% 4.96% 3.70% 7.39% 9.77% 

Case 3 4.67% 5.46% 3.46% 6.73% 9.44% 

Case 4 100.00% 5.23% 69.03% 67.75% 71.84% 

Case 5 100.00% 5.73% 71.51% 69.24% 74.57% 

Case 6 100.00% 5.38% 74.18% 73.30% 77.90% 

Case 7 6.24% 4.57% 8.63% 13.70% 19.82% 

Case 8 100.00% 4.98% 6.05% 14.56% 22.46% 

Case 9 3.91% 17.39% 15.38% 21.50% 23.89% 

Case 10 4.33% 83.83% 6.86% 10.52% 13.91% 

Case 11 100.00% 4.49% 68.75% 68.21% 71.86% 

Case 12 4.81% 5.17% 5.11% 9.36% 12.33% 

 

Table 15: Rejection Rates of Standardized Residuals N = 300 

 
DW BP SI K = 5 SI K = 8 SI K = 10 

Case 1 4.64% 5.27% 4.02% 14.14% 9.26% 

Case 2 4.94% 5.35% 3.94% 14.06% 10.20% 

Case 3 4.59% 5.70% 4.24% 14.19% 9.58% 

Case 4 100.00% 4.72% 99.75% 96.51% 89.70% 

Case 5 100.00% 5.03% 99.80% 96.63% 90.09% 

Case 6 100.00% 5.59% 99.79% 96.84% 91.47% 

Case 7 6.36% 5.25% 13.43% 24.55% 20.60% 

Case 8 100.00% 5.16% 16.68% 28.80% 29.18% 

Case 9 7.13% 23.39% 8.92% 16.38% 11.32% 

Case 10 4.38% 89.73% 5.58% 14.55% 10.05% 

Case 11 100.00% 4.10% 99.80% 96.14% 89.76% 

Case 12 4.88% 0.74% 10.07% 25.77% 28.04% 
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Table 16: Rejection Rates of Standardized Residuals N = 5,000 

 
DW BP SI K = 5 SI K = 8 SI K = 10 

Case 1 5.08% 4.75% 5.02% 4.30% 3.56% 

Case 2 4.69% 5.15% 5.90% 4.27% 3.73% 

Case 3 5.27% 5.14% 4.91% 4.36% 3.72% 

Case 4 100.00% 5.01% 100.00% 100.00% 100.00% 

Case 5 100.00% 4.89% 100.00% 100.00% 100.00% 

Case 6 100.00% 4.82% 100.00% 100.00% 100.00% 

Case 7 6.52% 4.87% 74.74% 85.05% 87.28% 

Case 8 100.00% 4.58% 87.10% 97.14% 98.90% 

Case 9 43.42% 29.53% 23.49% 15.80% 18.27% 

Case 10 12.17% 99.83% 9.41% 6.44% 6.32% 

Case 11 100.00% 4.97% 100.00% 100.00% 100.00% 

Case 12 4.27% 0.00% 78.99% 82.60% 71.50% 

 

In general, results for the Durbin and Watson and Breusch and Pagan tests are consistent 

among sample sizes.  For the Durbin and Watson test, cases 1, 2, 3, 7 and 12 have results similar 

to a null case, while cases 4, 5, 6, 8 and 11 show high power to reject the null hypothesis.  These 

results are consistent with the simulation results seen in Chapter 4 – the Durbin and Watson test 

is able to detect the studied ARIMA models and changing means in standardized residuals.  

However this test is not able to detect changes in variance as rejection rates for case 7 are only 

slightly above the null rate of 5.00%.  The Breusch and Pagan test considers every case, except 

cases 9, and 10 as a null case regardless of sample size with rejection rates reasonably close to 

5.00%.  This is not surprising since in these cases X and ε as defined in (14) are independent. 

For the proposed test, differences exist among sample sizes.  In general cases 1, 2, and 3 

are considered null cases. When N is small; results are conservative for K = 5 and 

anticonservative for K = 8 and 10.  In these cases, small sample sizes with larger K are not 

recommended.  However when N = 5,000, test results for these cases are closer to the desired 

5.00% rejection rate and become conservative as K increases.  For cases 4, 5, and 6 the proposed 
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test shows power to reject the null hypothesis for all considered values of K and as expected, 

power increases as N increases.  For cases 7 and 8 weak power is seen when N is small although 

power does increase as K and N increases.  When N = 5,000 high power is seen for cases 4 thru 

8 with increasing power as K increases. 

In cases 9 and 10 X and ε as defined in (14) are dependent.  For case 9 the Breusch and 

Pagan and proposed test show modest power.  Lower power is seen with the Durbin and Watson 

test when N is small, however when N = 5,000 the Durbin and Watson test has the highest 

power.  For case 10, Breusch and Pagan is the only considered test to show high power for each 

sample size, while the proposed and the Durbin and Watson tests show modest power at best. 

Although case 11 does not follow the bivariate normal model, when errors follow an 

ARIMA(0,1,1) model, as in this case and case 4, both the Durbin and Watson and proposed test 

show high power, similar to case 4, to detect the ARIMA model.  As similar to the results in case 

4, only the Breusch and Pagan test considers case 11 a null case.  However in case 12 when the 

ARIMA(0,1,1) model is used to define X, none of the considered tests show consistent high 

power to reject the null hypothesis.  In this case only the proposed test is able to show modest 

power that increases as N increase.  The Durbin and Watson test considers this a null case while 

the Breusch and Pagan test grows extremely conservative as N increases.  For both case 11 and 

12, since X and ε are independent it is not surprising that the Breusch and Pagan test shows low 

rejection rates.  For case 12 and large N, only the proposed test shows high power for rejecting 

the null hypothesis.    

In summary, the Durbin and Watson test showed consistent results among the considered 

sample sizes.  This test is able to detect ARIMA models and changes in means in the error term 

even when N is small.  However this test is not recommended for detecting changes in variance 
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or when X and ε are dependent.  The Breusch and Pagan test considered every case, except cases 

9 and 10, a null case regardless of sample size since there is no dependence among the estimated 

variance of the residuals and the independent variable.  As X and ε are dependent for cases 9 and 

10, higher power for the Breusch and Pagan procedure are observed.  The proposed test is not 

recommended when N is small, especially when N is small and K is larger.  When N is large, the 

proposed test is the only test that can detect changes in variance as in case 7 and ARIMA 

dependent variables with chi-square errors as in case 12.  For other considered alternative cases – 

cases 4, 5, 6, 8 and 11 –  the proposed test has comparable power to the Durbin and Watson test 

when N is large.  As in cases 9 and 10 the proposed test shows modest power, it should not be 

recommended for these situations.  Overall the proposed test is a competitor to the Durbin and 

Watson test for testing dependency of errors in simple linear regression, especially when N is 

large.   

http://en.wikipedia.org/wiki/Variance
http://en.wikipedia.org/wiki/Errors_and_residuals_in_statistics
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CHAPTER 6 
CONCLUSION AND FUTURE RESEARCH 

 

In this dissertation, a nonparametric test for determining whether a series constitutes a random 

sample is proposed.  The method is unique because it is based on a simple test statistic that 

surprisingly works well for varied null and alternative models with very minimal assumptions.  

Although this is an asymptotic based test, it is also shown to be a valid procedure for modest 

sample sizes.  Since our method is not based on autocorrelations or related measures it is shown 

to have high power for detecting correlated structures not only between consecutive observations 

but also over longer lags.  Through extensive simulations, it is also shown that the proposed test 

meets the size requirements under a wide variety of null cases and has power to detect 

meaningful deviations from the null hypothesis in alternative cases.   

In this dissertation we summarize and compare the proposed test with popular tests for 

detecting randomness in time series data, including comparisons in analyzing stock market index 

data, and for testing the error term in ordinary least square regression models.  Our choice of 

tests, distributions, alternative distribution choices, and practical applications, makes this the 

most extensive comparison of such procedures.  When deciding among tests, consideration must 

not only be given to meeting size requirements for the null hypothesis, but also the possible 

alternative hypotheses choices as power can differ considerably across alternatives.  In our 

simulation study we considered a number of alternative cases to show the advantages and 

disadvantages of each of the studied tests.   

For our stock market index data analysis we additionally review and compare multiple 

transformations and demonstrate that the choice of transformation can have a noticeable effect 

on test results.  Of the studied tests, only the proposed test has power to detect changes in 
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variance and the stochastic volatility model when N is large.  In addition only the proposed test 

has high power for all four studied correlated cases when N is large, although respectable power 

is seen with the MV1 and MV2 tests. 

In our application study, a modified formula for percent daily changes, MMPC, is 

introduced and the resulting transformed data are used to perform the tests.  In this study, only 

the MMPC results in consistent rejection of the null hypothesis with high power for all tests and 

stock market indices, while the proposed test is the only test that is able to strongly reject the null 

hypothesis for all three studied indices and considered transformations.  We note with interest 

that for most considered tests, results can differ greatly depending on the transformation used.  

The only test that does not show evidence of this concern is the proposed test.  Most individual 

variance ratio tests show reasonable results in these applications but can have conflicting 

conclusions depending on the chosen value of k.  Other tests show inconsistent results. In 

summary, we believe that these comparisons and results will prove helpful, especially when 

dealing with financial data and tests of randomness. 

In our regression application, when N is large, the proposed test is the only test that can 

detect changes in variance of the error term.  In this study, the proposed test is a competitor to 

the Durbin and Watson test – the default test often used in statistical software packages – for 

testing dependency of errors in simple linear regression, especially when N is large.  Future 

planned research will expand this study to test for randomness of the error terms in multiple 

regression models.  Using a thoughtful selection of multiple regression models, the proposed test 

will be further compared to the traditional Durbin and Watson test.   

Additional future research will include continued investigation of other application areas 

for the proposed test.  Two areas that are of interest are missing data and monitoring structural 
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changes.  Consideration will be given to adjusting the proposed test to consider M intervals 

where data may be missing.  The proposed test could then be applied to stock market data during 

weeks with missing observations due to market closures or holidays.  This will give the test a 

broader range of applications.  Also since the closing values for stock indices differ greatly, and 

increase over long periods of time while fluctuating considerably, they often consist of structural 

changes.  Tests specifically designed for monitoring structural changes of more recent 

observations exists; see for example Andrews (1993) and Chu, Stinchcombe and White (1996).  I 

believe the proposed testing approach has potential applications in this area.   
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