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ABSTRACT 

 

Several efforts have been made in the past half century to characterize the behavior of 

brain tissue under different modes of loading and deformation rates; however each 

developed model has been associated with limitations. This dissertation aims at 

addressing the non-linear and rate dependent behavior of brain tissue specially in high 

strain rates (above 100 s
-1

) that represents the loading conditions occurring in blast 

induced neurotrauma (BINT) and development of a universal constitutive model for brain 

tissue that describes the tissue mechanical behavior from medium to high loading rates.. 

In order to evaluate the nature of nonlinearity of brain tissue, bovine brain 

samples (n=30) were tested under shear stress-relaxation loading with medium strain rate 

of 10 s
-1

 at strain levels ranging from 2% to 40% and the isochronous stress strain curves 

at 0,1 s and 10 s after the peak force formed. This approach enabled verification of the 

applicability of the quasilinear viscoelastic (QLV) theory to brain tissue and derivation of 

its elastic function based on the physics of the material rather than relying solely on curve 

fitting. The results confirmed that the QLV theory is an acceptable approximation for 

engineering shear strain levels below 40% that is beyond the level of axonal injury and 

the shape of the instantaneous elastic response was determined to be a 5
th

 order odd 

polynomial with instantaneous linear shear modulus of 3.48±0.18 kPa. 

To investigate the rate dependent behavior of brain tissue at high strain rates, a 

novel experimental setup was developed and bovine brain samples (n=25) were tested at 

strain rates of 90, 120, 500, 600 and 800 s
-1

 and the resulting deformation and shear force 

were recorded. The stress-strain relationships showed significant rate dependency at high 

rates and was characterized using a QLV model with a 739 s
-1

 decay rate and validated 
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with finite element analysis. The results showed the brain instantaneous elastic response 

can be modeled with a 3
rd

 order odd polynomial and the instantaneous linear shear 

modulus was 19.2±1.1 kPa. 

A universal constitutive model was developed by combining the models 

developed for medium and high rate deformations and based on the QLV theory, in 

which the relaxation function has 5 time constants for 5 orders of magnitude in time 

(from 1 ms to 10 s) and therefore, is capable of predicting the brain tissue behavior in a 

wide range of deformation rates. Although the universal model presented in this study 

was developed based on only shear tests and the material parameters could not be found 

uniquely, by comparing the results of this study with previously available data in the 

literature under tension unique material parameters were determined for a 5 parameter 

generalized Rivlin elastic function (C10=3.208±0.602 kPa, C01=4.191±1.074 kPa, 

C11=79.898±18.974 kPa, C20=-37.093±7.273 kPa, C20=-37.712±5.678 kPa).  

The universal constitutive model for brain tissue presented in this dissertation is 

capable of characterizing the brain tissue behavior under large deformation in a wide 

range of strain rates and can be used in computational modeling of Traumatic Brain 

Injury (TBI) to predict injuries that result from falls and sports to automotive accidents 

and BINT. 
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CHAPTER 1.  

INTRODUCTION 

 

 

Brain tissue material properties are essential in predicting the mechanisms and thresholds 

for Traumatic Brain Injury (TBI), developing finite element models of the head, 

designing tissue engineered neural constructs, and simulating brain surgeries. Better 

understanding of these properties may aid in the treatment of a variety of brain injuries 

and diseases. However, characterizing these properties is challenging because in most 

common causes of TBI (automotive accidents, falls , sports and blast induced 

neurotrauma) brain tissue undergoes large deformations (10-30% strain) at high rates (10 

to 1000 s
-1

). Although the material properties of brain tissue have been studied since 

1960’s, there are some limitations associated with the current understanding of brain 

mechanical behavior namely: 

1. Brain tissue is nonlinear; however, there is a controversy on the threshold of its 

nonlinearity.  

2. Brain tissue is highly rate dependent; however at strain rates above 100 s
-1

 its rate 

dependency is not well understood. 

3. Currently there is no unified model that describes the behavior of the tissue from 

low to high strain rates. 

This dissertation aimed at addressing the above limitations and examined the hypothesis 

that brain tissue nonlinearities with respect to strain and strain rate in loading conditions 

that cause TBI are significant and can be characterized with a nonlinear viscoelastic 

constitutive equation. 
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This dissertation covers the following main subjects in three chapters: 

1. Investigation of the nonlinearity of brain tissue with respect to the strain level at 

medium strain rates through shear stress-relaxation experiments by forming 

isochronous curves of stress vs. strain. Validity of Quasi-Linear Viscoelastic 

(QLV) theory for brain tissue was investigated and a constitutive model that could 

address the spatial nonlinearities was developed (Chapter 2). 

2. Investigation of rate dependency of the brain tissue in high strain rates between 

100 to 800 s
-1

 that correspond to the loading conditions experienced in blast 

trauma by development of a novel experimental test setup capable of applying 

high rate shear deformation using an impact mechanism. A constitutive model for 

brain tissue at high strain rates was developed and validated through finite 

element simulations (Chapter 3). 

3. Development of a universal constitutive model that can predict the behavior of the 

brain tissue in a wide range of the strain rates. The developed model is a 

combination of the QLV models developed in previous chapters with time 

constants as low as 1 ms and generalized to multiaxial deformations (Chapter 4). 

 

1.1 Significance of This Study 

This dissertation ameliorates the understanding of the behavior of brain tissue under large 

deformations and improves the prediction of stress levels in large ranges of strain rates 

that cover the incident of different levels of injury from sports and falls to automobile 

accidents and blast injuries. The overall workflow of this study and how it relates to 

better prediction of brain injury due to trauma is depicted in Figure 1.1. 
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Figure 1.1. Overall Workflow of this study 
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CHAPTER 2. 

MATERIAL PROPERTIES IN MEDIUM RATE DEFORMATIONS 

 

2.1 Introduction 

Brain tissue material properties are essential in predicting the mechanisms and thresholds 

of Traumatic Brain Injury (TBI), developing finite element models of the head (Zhang et 

al., 2001), evaluating tissue engineered neural constructs (Evans, 2000), and brain 

surgery simulations (Brett et al., 1996, Kyriacou et al., 2002). Previous studies show that 

brain material is highly rate dependent and its mechanical behavior can be modeled using 

viscoelastic constitutive models. The Quasi-Linear Viscoelastic (QLV) theory proposed 

by Fung has been shown to be applicable to large deformations of brain tissue in stress 

relaxation (Arbogast et al., 1995, Prange and Margulies, 2002, Takhounts et al., 2003), 

creep (Galford and McElhaney, 1970), and oscillatory (Darvish and Crandall, 2001) 

experiments.  To date, the developed models based on different test modes and strain 

rates are not conclusive and provide a wide range of material constitutive parameters. 

This study aims at developing a constitutive model for brain tissue based on stress 

relaxation tests in shear and explaining the variability that has been observed in this test 

mode in the literature.  Since brain tissue is almost incompressible, characterizing its 

shear behavior is of primary interest.  Based on injury evaluation experiments (Bain and 

Meaney, 2000), TBI can result from large deformations in brain tissue at high rates. The 

goal of this study was to test brain tissue in strains and strain rate that are associated with 

TBI.  

Much effort has been invested toward characterizing the mechanical properties of 

brain tissue in shear stress relaxation experiments. Arbogast et al. (1995) tested porcine 
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brainstem samples with strain rate of  >1s
-1

 in 3 Lagrangian strain levels of 2.5, 5 and 

7.5% in 2 different orientations (transverse to axonal fibers and parallel to predominant 

fiber) and studied the directional dependency of tissue material properties. They 

developed a QLV model with a 3
rd

 order polynomial instantaneous elastic response and 

determined the parameters of the reduced relaxation function. Their results showed no 

directional dependency in the material properties and the linear shear modulus to be 

3.73±0.17kPa. 

Prange and Margulies (2002) applied shear stress-relaxation to fresh porcine cubic 

samples (10×5×1mm) from white matter and gray matter and studied the homogeneity 

and anisotropy of brain tissue. They applied Lagrangian shear strains of 2.5, 5, 10, 20, 30, 

40 and 50% with ramp time of 60ms which resulted to strain rates ranging between 0.42 

to 8.33s
-1

 and hold time of 60s. In their approach, a first-order Ogden hyperelastic 

material was considered and the time dependency was accounted for using a time 

dependent shear modulus. Their results also showed that gray (thalamus) and white 

matter (corpus callosum) have inhomogeneous and anisotropic behavior. Their 

instantaneous linear shear modulus was in the range of 130 to 300Pa while the average 

value for Corona Radiata samples (a mixture of white and gray matter) was 254.2Pa.  

A rigorous study on the material properties of brain tissue under shear stress-

relaxation is by Takhounts et al. (2003) in which they applied Lagrangian shear strains to 

human and bovine cylindrical samples at 12.5, 17.5, 20, 25, 30, 32.5, 37.5 and 50% with 

strain rates of 0.5 to 4s
-1

. In their analysis they considered the relaxation section of 

experimental stress and showed a linear viscoelastic model is sufficient to model the 

tissue behavior for strain levels below 20% with 1.4±0.25kPa instantaneous shear 
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modulus. For strains above 20% a QLV model with a 3
rd

 order odd polynomial 

instantaneous elastic response was considered. They also showed there was no significant 

difference between the material properties of human and bovine brain tissues.  

The variability of brain material properties reported in the studies discussed above 

can be associated with differences in the experimental method (i.e., strain rate, strain 

level, and sample size) and modeling techniques used to obtain the constitutive 

parameters. In this study, the nature of nonlinearity of brain tissue was evaluated based 

on the isochronous curves formed at various times. This approach enabled us to verify the 

applicability of the QLV theory to brain tissue and derive its elastic function based on the 

physics of material rather than relying solely on curve fitting techniques. The time scale 

of this study is about 10ms to 20s that has application in brain injuries associated with 

automotive accidents, sports, and falls. In part II of our effort to develop a universal 

constitutive model for brain tissue the time scale will be expanded to sub-milliseconds 

that include blast rate loadings. 

 

2.2 Sample Preparation 

Fresh bovine brains were used as test specimens because of their availability, having 

similar material properties as human brain (Takhounts et al., 2003), and their large size 

which makes extracting homogeneous samples more practical. The specimens were 

obtained from a local slaughter house with no visible damage to the brains (J.W. Treuth 

& Sons, Inc., Baltimore, MD). For maintaining their ionic balance and water content, the 

brains were kept in PBS solution immediately after purchase and kept at 0-5ºC before 

testing that was conducted 3 to 6 hours post-mortem. 
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Cylindrical samples (n=30) were excised from 4 brain specimens from the Corona 

Radiata region approximately along the direction of axon fibers using a 12mm diameter 

boring tool (Figure 2.1). Homogeneous samples with mainly white matter were selected 

for this study with approximately 8mm height.  

 

 

Figure 2.1. The sample extraction from the Specimen. 
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2.3 Experimental Setup 

Samples were tested under shear deformation with a custom-made testing device that 

consisted of two parallel plates with the lower plate attached to a high-speed linear 

actuator (WM60, PT-USA, VA; 95UMB300 and MD-404, Emerson, MO) and the upper 

plate attached to a precision load cell (GSO10, Transducer Technique,  CA). A step-and-

hold input was applied and the displacement and resulting shear force were recorded.  

No-slip boundary condition was achieved by gluing samples to the plates with a thin 

layer of commercial cyanoacrylate glue (Figure 2.2) and to assure full contact between 

samples and plates approximately 10% compression was applied and its effect was 

accounted for in subsequent analyses. Samples were tested at engineering shear strain 

levels ranging from 2% to 40% at the strain rate of approximately 10s
-1

 and hold time of 

20 s. This strain range significantly exceeds the threshold of axonal injury of 18% tensile 

strain reported by Bain and Meaney (2000). 

 

Figure 2.2. Experimental setup to test the brain tissue under low/medium rate shear deformation. 



9 

 

2.4 Data Analysis 

The relationship between the measures of stress (t) and strain (t) were modeled using 

QLV theory (Fung, 1993) which can be written as: 

 (1.1) 

where e
() is the instantaneous elastic function and G(t) is the reduced relaxation 

function.  A discrete spectrum approximation was assumed for G(t): 

 (2.2) 

with Gi and βi representing the amplitudes and decay rates of relaxation respectively. 

Since the duration of hold time was 20s and ramp time was 30ms, four constant decay 

rates were chosen corresponding to time constants on the orders of magnitude of 0.01, 

0.1, 1.0 and 10s. 

To define the instantaneous elastic response and reduced relaxation function, a 

direct numerical integration approach can be used in which the stress response to an 

arbitrary strain input at each time t+dt is calculated based on the stress at time t with 

addition/subtraction that occurred during dt (Simo and Hughes, 1998). The sum of 

squared errors (SSE) between the model and experimental forces is minimized to find the 

material parameters. In this approach, the mathematical form chosen for the 

instantaneous elastic response function is critically important. Experience with several 

samples, as it will be demonstrated later, showed that curve fitting of the whole relaxation 

curve was not sensitive enough to yield the physically meaningful degree of nonlinearity 

of the elastic response. As an alternative approach, the mathematical form of the elastic 

function was derived from the viscoelastic isochronous curves at different strain levels. 
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Isochronous curves are stress versus strain curves at a particular instant of time in 

stress relaxation data (Figure 2.3). At subsequent times, due to relaxation, the 

isochronous curve stiffness reduces. Linear isochronous curves indicate a linear 

viscoelastic material. In the QLV model the isochronous curves are nonlinear but their 

Figure 2.3. The isochronous curves at 3 different times and the shape of the curves for linear, quasi-

linear and nonlinear viscoelastic material. 
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ratio stays constant. In a fully nonlinear viscoelastic material, the ratio of isochronous 

curves is not constant because the relaxation is dependent on the strain level. 

The sample deformation was assumed to be a combination of simple shear and 

uniaxial compression (preload) with the following deformation gradient: 

 (2.3) 

where k is the amount of shear, 2 is the stretch ratio corresponding to constant 

compression in X2 direction and 1 is the stretch ratio in directions X1 and X3 (Figure 2.4) 

and due to incompressibility 1
2 2=1. In assuming simple shear, the effect of free lateral 

boundary is considered to be small since for small aspect ratios used in this study (about 

0.6) a large portion of the material undergoes the applied nominal shear strain.  In 

subsequent analyses, the effect of inertia, which appears as vibration near the peak stress, 

was ignored and only the viscoelastic behavior was modeled.   

 

Figure 2.4. Schematic of the deformed sample. 
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Assuming samples to be homogenous and isotropic, a generalized Rivlin model was 

assumed for the strain energy function as: 

 (2.4) 

in which I1 and I2 are the invariants of the Right Cauchy-Green strain tensor.  In this 

study, the first Piola-Kirchhoff shear stress P12 was used as the measure of stress and the 

amount of shear k was used as the measure of strain. For zero compression P12 can be 

written as: 

 (2.5) 

 

And for the applied 10% compression preload P12 becomes: 

 (2.6) 

The above form shows that the instantaneous elastic function is an odd order 

polynomial function of k. All the material parameters cannot be determined uniquely 

from shear tests but the order of the polynomial and their combinations can. The 

coefficients of k in Equation (2.6) were determined based on the isochronous curves.  

The stress vs. strain isochronous curves were formed at 0.1, 0.5, 1, 5 and 10s after 

the peak stress. It was assumed that with a 30 ms ramp time, the effect of the ramp was 

negligible after 0.1s. The isochronous curves were fitted with 1
st
, 3

rd
, and 5

th
 order odd 

polynomial functions using nonlinear regression analysis and the best fit was determined 

based on F-test.  The average ratio between 0.1s and 10s isochrons was compared with 

the standard errors of each isochron to validate the QLV assumption. Accepting the 
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assumption of QLV, the instantaneous elastic function was written as the 0.1s isochron 

multiplied by a scale factor K: 

 (2.7) 

in which the coefficients A, B, and C are determined based on the isochron curve fits.  

Equations (2.1), (2.2), and (2.7) were used to calculate the total stress of the QLV model  

and by optimizing the model results with respect to the experimental ramp and relaxation 

data, the scale factor K and the reduced relaxation amplitudes Gi were determined. It is 

important to note that the form of e
 was determined from the isochronous curves, i.e., 

parameters A, B, and C were not included in the optimization process. 

 

2.5 Statistical Analysis 

To compare the fits to isochron data with 1
st
, 3

rd
, and 5

th
 order odd polynomial functions 

and quantify the goodness of fit an F-test was performed. The F-test evaluates the 

significance of the differences between the simpler model (the null hypothesis) and the 

more complicated model (alternative model) by comparing the ratio of sum of squared 

errors (SSE) and the degrees of freedom (DF) of the two models as defined below 

(Motulsky and Christopoulos, 2003): 

 (2.8) 

p<0.05 was chosen to indicate a significant difference between the two models. 
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2.6 Results 

Stress time histories at different strain levels are shown in Figure 2.5. As it can be noted, 

since the strain rate was constant (10 s
-1

), for a higher level of strain it took longer for 

stress to rise to its peak. Linear, 3
rd

 order odd and 5
th

 order odd polynomial fits to 0.1 s 

isochron data (Figure 2.6), as expected, resulted in slight increase in R
2
. F-test results 

showed that the linear and 3
rd

 order fits were not significantly different (p=0.09), while 

the 5
th

 order fit was significantly different from the other two (p<0.01). Therefore, the 5
th

 

polynomial fit was chosen and its coefficients (A, B, and C) were determined (Table 2.1).  
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Figure 2.5. Stress time histories at different strain levelss 

A 62.208 ± 19.980 kPa G ∞ 0.173 ± 0.022

B -10.017 ± 4.018 kPa G 1(b 1=0.1/s) 0.095 ± 0.013

C 1.259 ± 0.156 kPa G 2(b 2=1/s) 0.102 ± 0.014

G 3(b 3=10/s) 0.171 ± 0.025

K 2.302 ± 0.186 G 4(b 4=100/s) 0.459 ± 0.060

Instantaneous Elastic Response Reduced Relaxation Function

Table 2.1. The parameters of instantaneous elastic response and reduced relaxation function for 

brain tissue. 
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The 5
th

 order isochronous fits at the two ends of isochron times (0.1s and 10s) 

clearly followed the same trend (Figure 2.7). To investigate the validity of the QLV 

Figure 2.6. Shows the isochron data and linear fit (R
2
=0.75), 3

rd
 order odd fit (R

2
=0.80) and 5

th
 order 

off fit with standard error (R
2
=0.84). F-test confirms that the 5

th
 order odd fit is significantly 

different from the other two fits. 

Figure 2.7. The isochronous curves at 0.1 and 10 s after peak force with standard error. 
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assumption, the two isochron stresses (fits) were plotted versus each other with their 

corresponding standard errors (Figure 2.8). The original experimental data were also 

added to the figure to clarify how the two fits represented the actual data. The results 

showed deviation from the QLV model (a straight line) starting from about 200 kPa on 

the 0.1s isochron which corresponds to about 22% shear strain (Figure 2.8). However, a 

straight line with the slope of average ratio of the two isochron stresses (about 2) lies 

within the standard errors (Figure 2.8). This straight line corresponds to a QLV 

approximation and indicates that within the variation of the experimental data, it is an 

acceptable approximation for strain levels up to 40%. 

The parameters of the isochronous curves at 0.1s were used to determine the scale 

factor K and the amplitudes of the reduced relaxation function. As it was mentioned 

before, in the process of optimization constants A, B and C were the average values 

Figure 2.8. The ratio of isochron stresses at 0.1 and 10 s and the average experimental data ratio 

between them. The error bars are the standard error. 
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determined from the 0.1s isochron (Table 2.1). The results showed that the instantaneous 

elastic function 
e
 is 2.3 times the 0.1s isochron, the steady state elastic function is 0.17 

times 
e
 and the highest relaxation amplitude (0.46) happened at the time scale of 10ms. 

A representative curve fitting to the stress history is shown in Figure 2.9 which 

indicates the isochron-based model peak stress is smaller than the experimental data 

while the overall fit gives a high R
2
 (0.988). This model is contrasted with a fit in which 

the elastic function parameters were not constrained. In this case, the best fit was a linear 

elastic function which could predict the experimental peak stress closely and resulting in 

a higher R
2
 (0.998). 

 

 

Figure 2.9. An example of how models based on curve fitting (R
2
=0.998) only and isochons (R

2
=0.988) 

can replicate the experimental data (strain is 30%). 
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2.7 Discussion 

In this study, the QLV assumption for brain tissue was validated by forming isochronous 

curves at different engineering strain levels from 2% to 40%. Although some deviation 

from the QLV theory was observed for strain levels higher than 20%, considering the 

variability of experimental data, it was shown QLV is an acceptable approximation for 

the strain levels of this study. 

In contrast to previous studies of brain tissue behavior in shear stress relaxation, 

this study uses the isochronous curves to determine the shape of the elastic response 

function. It was shown that when the elastic function is unconstrained, it resulted to a 

linear response function that was not consistent with the isochronous curves which 

clearly showed a 5
th

 order odd polynomial behavior. Although it was shown that the fit 

with isochronous curves did not capture the peak experimental stresses, it is believed that 

this model is superior to the unconstrained model. Since the peak experimental stress is 

partly affected by sample inertia that a viscoelastic model should not capture it. The 

influence of peak stress has a misleading effect that results to a non-physical elastic 

function.  On the contrary, the isochronous curves, starting from 0.1s after peak stress, 

are not influenced by sample inertia and therefore are considered to be closer to the tissue 

physical behavior.  

The instantaneous elastic response found in this study is higher than previous 

studies. The predicted elastic responses by Arbogast et al. (1995) and Takhounts et al. 

(2003) lay between the instantaneous and steady state elastic responses determined in this 

study (Figure 2.10) which can be attributed to the higher ramp rates applied (10s
-1

 versus 

0.5-4.0s
-1

). The instantaneous elastic response reported by Prange and Margulies (2002) 
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is lower than the steady-state response of this study and it is almost linear for engineering 

strains below 40% (Figure 2.10) which can be the result of their small sample thickness 

(1 mm) and potential mechanical damages that resulted in reducing tissue stiffness.  

Similar reduction in tissue stiffness due to mechanical injury is reported by Shafieian et 

al. (2009). 

The 5
th

 order odd polynomial for elastic response determined in this study is in 

agreement with the trends of results of Arbogast et al. and Takhounts et al. experimental 

data (Figure 2.10). It appears that the experimental results from Takhounts et al. are an 

extension to the results of Arbogast et al. and together they follow the same trend as the 

elastic response determined in the present study. This finding is consistent with the fact 

that these studies used similar ramp rates. A significant difference was observed between 

the polynomial proposed by Takhounts et al. and their actual experimental data for 

engineering strain below 40% since their model was highly affected by the values of the 

stress at higher strains (Figure 2.10). 

The nonlinear behavior of brain tissue reported in this study is consistent with 

Darvish and Crandall (2001) who observed nonlinear hysteresis curves in oscillatory 

shear tests from 7.5% engineering strain. They found the linear shear modulus at 10% 

engineering strain and frequency of 50Hz to be about 1.6kPa which is in close agreement 

with the results of this study (1.7kPa) for shear modulus at the same strain after 0.02s 

relaxation.  

In this study, to simplify the analysis of the relaxation behavior, the decays rates  
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were considered constant. The results of 5 representative samples with variable decay 

rates showed no statistical significance (F-test) in predicting the corresponding stress 

time histories.  

Figure 2.10. A) The instantaneous elastic response and steady state response found in this study in 

comparison with previous studies. B) A detailed view of A for lower stresses. 
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It was shown that from shear tests only a combination of material coefficients 

could be determined. Another mode of testing like compression is needed to uniquely 

define these coefficients. However by adopting a few additional constraints as in Miller 

and Chinzei (1997) C10=C01, C20=C02, C11=0, the material parameters become 

C10=C01=0.870kPa, C20=C02=-3.621kPa which results in a linear shear modulus 

=2(C10+C01)=3.48±0.09kPa in close agreement with Arbogast et al. (3.74±0.17kPa). 

This study quantitatively showed QLV theory is an acceptable approximation to 

describe the mechanical behavior of brain tissue for TBI modeling applications. The 

tissue elastic response was improved from previous studies based on the physics of the 

material to cover a wide range of strains up to 40%. 
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CHAPTER 3.  

MATERIAL PROPERTIES IN HIGH RATE DEFORMATIONS 

 

 

3.1 Introduction 

Recently the need for understanding the material properties of brain tissue in high loading 

rates has been increased. While Traumatic Brain Injury (TBI) continues to be the leading 

cause of accidental fatality (CDC 2010), over the past decade there has been a significant 

increase in the number of TBI incidents among military combat personnel (Tanielian and 

Jaycox, 2008) as a result of prominent use of Improvised Explosive Devices (IEDs). The 

Department of Defense reported that over 5,500 soldiers had suffered Blast-Induced 

Neurotrauma (BINT) as of January 2008 (Congressional Research Service, 2008).  

Blast-induced trauma is a result of several mechanisms including primary injury 

which is due to overpressure wave, secondary injury which is the result of propelled 

objects hitting the individual, tertiary injury which is caused by the individual blown into 

solid objects, and miscellaneous injuries, e.g., burns and inhalation of toxic materials   

(DePalma et al., 2005). The effects of secondary and tertiary injuries are similar in nature 

to the ones resulting from automotive accidents (Adams et al. 1982) which include 

diffuse axonal injury, subdural hematoma, and focal contusions; the mechanisms of 

which have been extensively studied over the past several decades (Smith et al., 2003). 

However the mechanisms of primary blast injury and how overpressure wave affects the 

brain is not completely understood at present (Elder et al. 2010).   Recent studies suggest 

that the blast overpressure wave affect the brain tissue at the rate of 0.5-1.5 kHz (Cernak 
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and Noble-Haeusslein, 2010) which requires a material test methodology with loading 

duration of about 1 ms.  

A common experimental method to characterize brain tissue in high strain rates is 

oscillatory loading (e.g., Shuck and Advani, 1972 and Darvish and Crandall, 2001) but 

the frequency of loading has been limited to about 300 Hz due to inertial effects and the 

strain amplitude in higher frequencies were infinitesimal. Step and hold experiments were 

generally conducted with 10 s
-1

 or lower ramp rates (e.g., Arbogast et al., 1995 and 

Prange and Margulies, 2002) and resulted in viscoelastic time constants of 20 ms and 

higher.  Donnelly and Medige (1997) showed that high rate ramp tests are more 

appropriate to characterize the material properties of brain tissue at strain rates above 10 

s
-1

. They tested cylindrical fresh cadaveric samples in a custom made shear device at 

strain rates of 0 (quasi-static), 30, 60, and 90 s
-1

 up to 50% Lagrangian shear strain and 

reported stress versus strain responses and clearly observed a rate dependent behavior.  

The highest applied strain rates on brain tissue are reported by Pervin and Chen 

(2009) that used a modified split-Hopkinson bar to test thin tissue slices (1.7 mm) in 

compression at strain rates of 1000, 2000 and 3000 s
-1

 and showed significant rate 

sensitivity and at least one order of magnitude higher stiffness compared to the highest 

results of Donnelly and Medige (1997).  Since their test methodology was not validated 

for materials as soft as brain (they only provide validation results for Aluminum) their 

results was treated with caution. 

This study is the second part of our effort to develop a universal constitutive 

model that aims at determining the mechanical behavior of brain tissue at strain rates 

from 100 to 1000 s
-1

. Development of such model ameliorates the understanding of brain 
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tissue behavior under large deformations in a wide range of strain rates and improves the 

prediction of stress in computational simulations of TBI from falls and sports injuries to 

automotive accidents and BINT. 

 

3.2 Sample Preparation 

Cylindrical samples (n=25) were excised from 4 brain specimens from the Corona 

Radiata region approximately along the direction of axon fibers using a 12mm diameter 

boring tool. Homogeneous samples with mainly white matter were selected for this study 

with approximately 8mm height. 

 

3.3 Experimental Setup 

A high-speed linear impact system (Actuator: PT-USA, SpeedLine WH120), capable of 

accelerating and decelerating at 4 G to the velocity of 13 m/s, was utilized to apply high-

rate shear strain to the samples. The linear impact system consists of two 6 m parallel 

tracks, one with an active carriage, driven by an electric servo motor, and one passive 

with 2 freely sliding carriages as shown in Figure 3.1. One free carriage was placed in the 

middle of the passive track (stationary carriage) where the sample was placed as shown in 

the top left corner of Figure 3.2. The other carriage (impact carriage) was pushed by the 

active carriage and released to hit the stationary carriage while the active carriage 

decelerated. Using this method, the peak acceleration of the stationary carriage reached 

about 1200 G in approximately 1 ms. A load cell (Sensotec, model 31, 50 g), connected 

to a vibration isolation structure, was placed above the sample to measure the shear load 

with sampling rate of 20000/s. Samples were attached at top and bottom using 
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cyanoacrylate glue and an initial compression of 10% was applied to ensure a secure 

attachment. An inertia compensation accelerometer (Kistler, model 8636C50, 50G) was 

placed next to the load cell. The stationary carriage displacement after impact was 

recorded using a high-speed camera (Phantom, v4.2) at 10,000 frames/s. The nominal 

Figure 3.2. Detailed view of sample mount. 

Figure 3.1. A schematic of the experimental setup to apply high rate deformation to samples. 
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sample shear strain was calculated based on this displacement divided by the sample 

effective height. In this study, the impact velocities of 0.75, 1, 5, 7.5, and 10 m/s were 

applied that resulted in strain rates of 90, 120, 500, 750 and 800 s
-1

. 

 

3.4 Data Analysis 

Sample shear deformation was modeled assuming a hyperelastic model with 6-term 

generalized Rivlin model for the strain density function: 

 (3.1) 

in which I1 and I2 are the invariants of the Right Cauchy-Green strain tensor.  The first 

Piola-Kirchhoff shear stress P12 was used as the measure of stress and the amount of 

shear k was used as the measure of strain. Considering simple shear deformation with 

10% pre-strain compression, P12 can be written as: 

 (3.2) 

The above form shows that the elastic response is an odd order polynomial function of k. 

For different strain rates the relationship between stress and strain was determined. Any 

rate dependency in the strain-stress relationship was associated with the viscoelastic 

behavior of the material and modeled using the Quasi-Linear Viscoelastic (QLV) theory 

(Fung, 1993) which can be written as: 
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where P12
e
(k) is the instantaneous elastic function. The stress-strain relationship at 800 s

-1 

strain rate,    
    was assumed to be a close approximation of P

e
 related through a scale 

factor K: 

   
        

    (3.4) 

and the reduced relaxation function G(t) was assumed: 

 ( )         (3.5) 

with βH representing the decay rate of relaxation in high rates. Since the duration of the 

applied ramp in this study varied between 1 to 5 ms, this decay rate should be 

approximately in the order of 1000/s. To define this decay rate, the QLV model was fitted 

to the average experimental data at all different strain rates using a direct numerical 

integration approach in which the stress response to an arbitrary strain input at each time 

t+dt is calculated based on the stress at time t with addition/subtraction that occurred 

during dt (Simo and Hughes, 1998). The sum of squared errors (SSE) between the model 

and experimental stress is minimized to find the constant K that defines the instantaneous 

elastic response and H that defines the high rate relaxation function. 

 

3.5 Results 

Stress time histories (averages at two different strain rates as examples shown in Figure 

3.3) showed approximately 2 ms delay in the stress rise due to the time that it takes for 

the shear wave to travel through the sample and reach the other end. The traveling of 

shear wave is demonstrated in Figure 3.4 which shows a sample deformed shape at the 

strain rate of 800s
-1

 at four time points of 0, 0.5, 1 and 1.5 ms. As the bottom plate starts 

to move the shear wave begins to travel in the sample that even after 1.5 ms (125% 
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nominal strain) has not reached the other end of the sample, creating non-uniform lateral 

boundaries. For further analysis and forming stress vs. strain curves, this time delay was 

Figure 3.3. Average experimental stress time histories at strain rates of 90 and 600 s
-1
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Figure 3.4. Deformed shapes of sample at the strain rate of 800 s
-1

 at 4 time points. 
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removed.  

The relationship between experimental strain and stress at strain rate of 90 s
-1

 and 

120 s
-1

 showed almost linear behavior; however at higher strain rates this relationship 

was nonlinear. The experimental stress-strain curves and their averages at four strain 

rates are shown in Figure 3.5. Considering Equation (3.2), 5
th

 and 3
rd

 order odd 

polynomials were fitted to the experimental data at 800 s
-1

 and the models were compared 

using an F-test (Motulsky and Christopoulos, 2003). Both models showed a high 

coefficient of determination (R
2
=0.999 and R

2
=0.998 respectively) and the F-test 

confirmed no significant difference between them. Therefore, the 3
rd

 order odd 

polynomial was chosen for further analysis and its coefficients were characterized at each 

strain rate (Table 3.1). These stress-strain relationships clearly showed a rate dependent 

Figure 3.5. Experimental and average stress vs. strain at different strain rates. 
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behavior. 

 

 

 

 

 

 

The QLV model was fitted to the averages of experimental data at each strain 

rates. The results (Table 3.2) showed high R
2
 for all strain rates (R

2
= 0.994, 0.980, 0.993, 

0.994 and 0.992 for strain rates of 90, 120, 500, 600 and 800 s
-1

 respectively) validating 

the QLV assumption (Figure 3.6). Furthermore, K = 1 confirmed that the 800 s
-1

 stress-

Strain Rate of 90 s
-1

A 3.656 ± 4.871 0.503 ± 3.12 47.714 ± 34.955 64.589 ± 15.379 40.211 ± 9.492

B 10.71 ± 0.541 14.061 ± 0.322 14.704 ± 1.566 10.466 ± 1.708 19.199 ± 1.054

R
2

Strain Rate of 600 s
-1

Strain Rate of 800 s
-1

0.918 0.967 0.884 0.839 0.938

Strain Rate of 120 s
-1

Strain Rate of 500 s
-1

Table 3.1. The parameters of the 3
rd

 order models that characterize the stress-strain relationship at 

different strain rates. 

A (kPa) 40.211 ± 9.492

B (kPa) 19.199 ± 1.054  H  (s
-1

) 738.987 ± 128.634

K 0.994 ± 0.008

Elastic Response Relaxation Function

Table 3.2. The parameters of the QLV model at high strain rates. 

Figure 3.6. The 3
rd

 order hyperelastic model and the overall QLV model at strain rates of 90 s
-1

 and 

800 s
-1

. 
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strain curves was effectively the instantaneous elastic response, the optimized value of 

H=739 s
-1

 indicated relaxation time contanst of 1.4 ms. The highest linear shear modulus 

for brain tissues predicted by this study is therefore 19.199±1.054 kPa. 

 

3.6 Model Verification using Finite Element Analysis  

In order to verify the extent of inertial effect in experimental results, a Finite Element 

(FE) model of the experiment was developed in LSDYNA (Livermore, CA). The mass of 

the load cell mount (35 kg) was modeled as a point mass that was attached to the upper 

plate with a spring element (125 kN/m) representing the load cell (Figure 3.7). 29,456 

hexahedral elements with single point integration and stiffness hourglass control were 

used for brain tissue. The material properties found in this study (Table 3.2) were 

implemented as material number 77 (*MAT_HYPERELASTIC_RUBBER) with 

viscoelasticity.  Since the parameters of Equation (2) could not be uniquely determined 

from only shear tests, the following assumption were made: C30=0 (since the 3
rd

 order 

model could satisfactorily capture the stress-strain relationship), C20=C02=0 and C10=C01. 

Figure 3.7. A schematic of the sample FE model. 
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Considering these assumptions the material parameters were found as C10=C01=4.249 kPa 

and C11=9.056 kPa and the FE model closely followed the average experimental data 

(Figure 3.8) indicating negligible inertial effects other than the wave propagation delay. 

 

3.7 Discussion 

A critical factor in developing computational models of TBI is the material 

properties of brain tissue. Only few studies address the material behavior of brain tissue 

at high rate loading conditions applicable to modeling BINT (Donnelly and Medige, 1997 

and Pervin and Chen, 2009). However, these studies either do not reach blast rate loading 

or lack sufficient validation. The FE models of head in blast loading developed over the 

past decade (Chafi et al. 2010, Taylor and Ford 2009, Roberts et al. 2009) have used 

material properties that were developed for automotive crash applications with 

viscoelastic decay rates below 100 s
-1

, which puts a major limitation on these models.  In 

this study, a novel impact-based experimental setup was utilized to determine the 

material behavior of brain tissue in shear at strain rates from 90 s
-1

 to 800 s
-1

. This range 

Figure 3.8. FE results and average experimental stress at strain rate of 600 s
-1

. 
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is higher than any previous reported results in brain shear deformation and corresponds to 

strain rates experienced in blast injuries. The results showed highly rate dependent 

behavior at strain rates above 100 s
-1

 and confirmed applicability of the QLV theory for 

brain tissue at high strain rates, providing the foundation to develop a universal 

constitutive model for TBI studies in a variety of applications.  

The experimental data showed 1.7 ms delay in the stress rise as a result of shear 

wave propagation (Figure 3.3 and Figure 3.4). This time delay for samples with average 

height of 7.5 mm and density of 1000 kg/m
3
 results in a linear shear modulus of 18.4 kPa 

( 2

sV  ) which is in close agreement with the value of instantaneous linear shear modulus 

of 19.199±1.054 kPa found in this study (Table 3.2).  

The relationship between stress and strain determined in this study is in close 

agreement with the results reported by Donnelly and Medige (1997). The average of 

experimental data reported in this study for strain rates of 90 s
-1

 lay within the variability 

of their reported data for the same strain rate (Figure 3.9). Comparison between the linear 

shear modulus for at 90 s
-1

 (10.71±0.541 kPa) and instantaneous linear shear modulus 

shows approximately a factor of two increase over an order of magnitude of strain rate. 

This result is in contradiction with the results reported by Pervin and Chen (2009) from 

split-Hopkinson bar experiments that give the linear shear modulus of brain tissue at 

strain rate of 1000 s
-1

 to be about 100 kPa and confirms our suspicion about the 

methodology used in their study since their technique was originally developed and 

validated for solid materials much stiffer than brain tissue. 
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The scaling factor K with value of approximately 1 found in this study indicates 

that the stress-strain relationship at strain rate of 800 s
-1

 is very close to the instantaneous 

elastic response of brain tissue which confirms the assumption of Equation (3.4) where 

the form of true instantaneous elastic function P
e
 was considered to be the same as P

800
. 

The optimized value of H  739 s
-1

 corresponds to a physical time constant of 1.35 ms 

which is the smallest time constant reported for brain tissue in shear. This time constant 

confirms that in simulations of BINT viscoelasticity of brain cannot be ignored. 

The limitation of this study is that it characterized the distortional tissue behavior 

through applying shear deformation. However, in blast simulations understanding the 

dilatational tissue behavior, i.e., pressure wave propagation is also of crucial importance 

which would require blast simulating experiments such as shock tube tests on brain 

tissue. 

Figure 3.9. Average experimental data in this study at strain rate of 90 s
-1

 lies within the variability 

of the experimental data reported by Donnelly and Medige (1997). 
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CHAPTER 4. 

THE UNIVERSAL CONSTITUTIVE MODEL 

 

 

4.1 Introduction 

Traumatic Brain Injury (TBI) contributes to a substantial number of deaths and cases of 

permanent disability and approximately 1.7 million people sustain TBI annually (CDC, 

2011). Automotive accidents, sports, falls and most recently blast waves are the most 

common causes of TBI at several time scales. Finite Element (FE) simulations are shown 

to be promising tools to assist in prediction of TBI and to improve prevention and 

treatment strategies (Zhang et al. 2001) making understanding the mechanical behavior 

of brain tissue at different deformation rates extensively important. 

 Several efforts were made in the past half century to characterize the behavior of 

brain tissue under different modes of loading and deformation rates; however each testing 

method was associated with limitations. Stress-relaxation tests could not reach high strain 

rates, e. g. Miller and Chenzei (1997 and 2002) tested the tissue under compression and 

tension with strain rate of 0.64 s
-1

, Arbogast et al. (1995) under shear with strain rate > 1 

s
-1

 and Takhounts et al. (2003) under shear with strain rate of 10 s
-1

. Donelly and Medige 

(1997) tested the tissue under shear in ramp tests and reached strain rate of 90 s
-1

. 

Oscillatory tests were used most commonly to cover a wide range of strain rates, however 

due to inertial effects and the infinitesimal strain amplitudes in higher frequencies the 

frequency of loading has been limited to about 300 Hz (e.g., Shuck and Advani, 1972 and 

Darvish and Crandall, 2001). 
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In previous chapters, the brain material properties were characterized under shear stress-

relaxation tests at strain rate of 10 s
-1 

and shear ramp tests at strain rates ranging from 90 

s
-1

 to 800 s
-1

. In this concluding chapter a universal constitutive model for brain tissue 

that is capable of characterizing the brain tissue behavior under large deformation in a 

wide range of deformation rates is developed by combining the results of the past two 

chapters and additional data from the literature. The results of this study can be used in 

computational modeling of TBI scenarios from falls and sports to automotive accidents 

and Blast Induced Neuro-Trauma (BINT). 

 

4.2 Determination of Universal Elastic Response  

In chapter 2 and 3, shear deformation was modeled assuming a hyperelastic model with 

6-term generalized Rivlin model for the strain density function: 

(4.1) 

in which I1 and I2 are the invariants of the Right Cauchy-Green strain tensor.  The first 

Piola-Kirchhoff shear stress P12 was used as the measure of stress and the amount of 

shear k was used as the measure of strain. Considering simple shear deformation with 

10% pre-strain compression, P12 can be written as: 

 (4.2) 

Considering the above form, the elastic response is an odd order polynomial function of 

k. In chapter 3 it was shown that a 3
rd

 order polynomial can successfully model the 

instantaneous elastic response at high rates. In chapter 2, a 5
th

 order odd polynomial 



37 

 

showed to be a suitable choice for medium rate deformations. However, a 3
rd

 order 

polynomial also modeled the isochronous curves with high coefficient of determination 

(R
2
=0.80 for 3

rd
 order fit vs. R

2
=0.83 for 5

th
 order fit). Furthermore, comparison between 

the instantaneous elastic response at high strain rates with the 3
rd

 order isochronous curve 

at medium rate (Figure 4.1) showed an almost constant ratio between the two curves 

(6.459±0.015). As a result, the instantaneous elastic response of the universal model was 

chosen to be the one at high strain rate (Table 4.1) 

 

 

 

 

 

 

 

 

 

 

 

4.3 Determination of Universal Relaxation Function  

In chapter 2, a 4-term reduced relaxation function was determined at strain rate of 10 s
-1

 

that models the brain tissue relaxation behavior at time scales from 10 ms to 20 s. 

However, this model has no effect at time scales smaller than 10 ms. In chapter 3, a one-

term relaxation function with decay rate of 739 s
-1

 was determined that modeled the 

Figure 4.1. The Instantaneous elastic response determined form medium and high rate 

experiments 
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relaxation at time scale between 1 to 10 ms.  The two reduced relaxation functions were 

scaled by their corresponding elastic function scale factors (K
M

 and K
H
 for medium and 

high rate data) and added based on the following equation to form a relaxation function 

R
U
(t) and shown in Figure 4.2: 

  ( )    ∑   
       

            (4.3) 

The universal reduced relaxation function was derived by normalizing Equation (4.3) as 

 ( )  
  ( )

  ( )
 that unites the medium and high rate results and can predict the relaxation 

behavior of brain tissue at a wide range of strain rates from 800 s
-1

 to quasi-static loading 

conditions (Table 4.1). 

Elastic Response Relaxation Function

A (kPa) 40.211 ± 9.492 G∞ 0.021 ± 0.001

B (kPa) 19.199 ± 1.054 G1 0.011 ± 0.001 1 (s
-1) 0.1

G2 0.013 ± 0.001 2 (s
-1) 1

G3 0.017 ± 0.001 3 (s
-1) 10

G4 0.073 ± 0.004 4 (s
-1) 100

K 0.994 ± 0.008 GH 0.866 ± 0.007 H (s
-1) 738.987 ± 128.634

Table 4.1. The parameters of the universal constitutive model for the brain tissue 

Figure 4.2. The relaxation function for medium and high rate tests and the universal 

relaxation function 
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4.4 Discussion 

This chapter is the final article of three that aimed to develop a universal constitutive 

model for brain tissue under a wide range of deformation rates. It was shown that a 3
rd

 

order odd polynomial can adequately represent the instantaneous elastic function which 

corresponds to the stress-strain relationship at the strain rate of 800 s
-1

. The developed 

relaxation function in the form of Prony series has 5 decay rates from 0.1 s
-1

 to 739 s
-1

. 

The largest decay rate was found based on the high rate experiments and indicates that 

brain tissue starts to show relaxation behavior at the time scale of 1.34 ms.  The 

instantaneous linear shear modulus was found to be 19.199±1.054 kPa. The universal 

model predicts the long-term linear shear modulus to be 400±71 Pa which is in close 

agreement with the long-term shear modulus reported by Takhounts et al. (2003) 

(400±90 kPa) who applied 5% compressive preload in shear tests.  

 The developed universal model was capable of modeling the tissue response 

under shear deformation in a wide range of strain rates. Figure 4.3 shows a representative 

experimental data of a brain tissue sample under 30% strain at the strain rate of 

approximately 10 s , the model fit to this particular test based on the 3
rd

 order 

isochronous function and relaxation function with 4 decay rates as explained in Chapter 2 

and the universal model with parameters given in Table 4.1. The universal model resulted 

in a high coefficient of determination (R
2
=0.931) and only slightly lower than the 3

rd
 

order model fit (R
2
=0.995). 

The developed universal model is based on the stress relaxation experiments at 

strain rates of 10 s
-1

 and ramp tests at strain rates of 90, 120, 500, 600 and 800 s
-1

 as 

explained in Chapters 2 and 3. This model was validated at strain rates between 10 and 
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90 s
-1

 against the experimental data reported by Donnelly and Medige (1997) at strain 

rates of 30 and 60 s
-1

 by applying ideal ramp loads and comparing the model and 

experimental stress-strain responses. The results of the universal model lay within the 

variability of the experimental data with high R
2
 values (0.996) with respect to average 

experimental data (Figure 4.4). Slight deviations from the experimental data at lower 

strains are due to the idealized applied ramp to the model while the actual experimental 

input had finite acceleration to reach constant strain rates. 

The material parameters in Equation (4.1) cannot be determined uniquely from 

only shear experiments and another mode of testing (e.g., compression, tension, etc.) is 

needed. The first Piola-Kirchhoff stress in uniaxial tension was derived based on 

Equation (4.1) and fitted to the data calculated using the material parameters reported by 

Miller and Chenzei (2002) for porcine brain in tension at rate of 0.64 s
-1

(Figure 4.5) with 

the combinations of material parameters derived from shear tests used as constraints. 

Figure 4.3. A representative experimental data at strain rate of 10 s
-1

 and model fits based on 

the medium rate model and the universal model. 
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Additionally, to obtain physically consistent material parameters, the model was required 

to follow the extrapolation of Miller and Chinzei model in compression (Table 4.2). As it 

was mentioned before the term C30 was determined to be zero due to the behavior of the 

elastic response of the tissue. 

Figure 4.4. The prediction of the universal model at strain rate of 30 and 60 s
-1

 and 

comparison with Donnelly and Medige (1997) data. 
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4.5. Conclusions 

The material properties of brain tissue for medium rate deformations have been 

well studied and recently using more advanced methodology (Split Hopkinson bar) the 

behavior of the tissue at high strain rates of 2000 s
-1

 has been characterized, however a 

gap still existed to connect these reported properties. This dissertation was an effort to fill 

Figure 4.5. Response of the universal model under tension fitted to Miller and Chenzei (2002) 

data (R
2
=0.996) 

Table 4.2. The material parameters of the 

instantaneous elastic response of the universal model.  
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this gap and provide a constitutive model that can be used in computational modeling of 

head when the brain material experiences  multiaxial high rate loading conditions. 

The generalized Rivlin model proposed in this dissertation to characterize the 

stress-strain relationship was developed from shear tests. This model was extended to 

multiaxial loading conditions by comparing to previously reported data in uniaxial and 

compression deformations.  As a result the 5 Rivlin parameters were determined 

uniquely.   

The studies reported in this dissertation are the first that aimed at developing a 

universal constitutive model for brain tissue that can be used in computational modeling 

of TBI to study the behavior of the tissue under large deformations and predict stress 

levels in large ranges of strain rates that cover several time scales of injury from sports 

and falls to automobile accidents and blast injuries. 
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