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ABSTRACT

Quantum Walks and Structured Searches on Free Groups and Networks

Michael C. Ratner
DOCTOR OF PHILOSOPHY

Temple University, May, 2017

Professor Wei-Shih Yang, Chair

Quantum walks have been utilized by many quantum algorithms which
provide improved performance over their classical counterparts. Quantum
search algorithms, the quantum analogues of spatial search algorithms, have
been studied on a wide variety of structures. We study quantum walks and
searches on the Cayley graphs of finitely-generated free groups. Return proper-
ties are analyzed via Green’s functions, and quantum searches are examined.
Additionally, the stopping times and success rates of quantum searches on
random networks are experimentally estimated.
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CHAPTER 1

INTRODUCTION

Since the 1940s researchers have utilized randomness in developing efficient
algorithms for tackling a wide variety of problems on classical computers.
One of the earliest methods was Ulam and von Nuemann’s Markov Chain
Monte Carlo (MCMC) method [14]. This method was later refined and made
widespread as the Metropolis-Hastings algorithm [10]. The novel idea behind
Monte Carlo methods was providing a solution which would be correct with
some minimal threshold probability, but could return incorrect solutions. By
repeating Monte Carlo simulations, the true solution can be approximated
with high probability.

More recently, the notion of quantum computation has gained popularity,
wherein each “bit,” referred to as a qubit, takes a complex unit instead of
the usual binary values of zero and one. To preserve a cohesive quantum
system, the family of qubits comprising the memory of the computer undergo
unitary evolution, rather than the traditional system of gates on which classical
computers rely. After an algorithm is run to completion, the state of the
quantum system is observed, collapsing the system from a superposition of
various states to one unique state. The likelihood of observing any given state
after observation is proportional to the absolute value squared of the amplitude
of the system at that state. So, similarly to Monte-Carlo methods, a false
solution may in fact be observed. But if the algorithm is cleverly constructed,
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the correct solution is observed with significant likelihood.
Due to the quantum mechanical nature of quantum computers, entirely

new types of algorithms arise. Moreover, the run times associated with these
novel algorithms can outperform existing classical algorithms by several or-
ders of magnitude. For example, both integer factorization and discrete loga-
rithms undergo an exponential speedup using Shor’s algorithm [19]. While not
an exponential improvement, Grover’s search algorithm provides a quadratic
speedup over any known classical algorithm for database search [9]. The main
tool of Grover’s algorithm is a discrete-time quantum walk, which is the natu-
ral extension of a Markov chain driven classical walk to the quantum setting.
Quantum walks will be elaborated on in Chapter 2.

The primary goal of this body of work is to examine the behavior of
discrete-time quantum walks on finitely generated free groups. In Chapter
3, first-return properties are derived in detail, and the analytic results are
used to numerically calculate additional properties of the quantum walk. Pre-
viously, limit theorems for the discrete time quantum walks on the Cayley
trees of free groups have been investigated by Segawa et al [6]. There has been
exhaustive research on the continuous-time case, see e.g. Agliari et al [1] or
Konno [11].

The database search problem tackled by Grover’s algorithm is fundamental
to computer science. Given a set V = {1, . . . , N} of N distinct elements and
a binary function f : V → {0, 1}, referred to as the oracle, suppose there is a
unique element m ∈ V such that f(m) = 1. If the identity of m is unknown, it
classically takes O(N) queries of the binary function f to determine m. Here
the worst case scenario requires exactly N queries, where m is the last element
examined by the oracle.

An important variation of the database search problem referred to as spatial
search, where consecutive queries to the oracle are constrained by the previous
query. To be precise, suppose the set V describes the vertices of some graph
G = (V,E) with edges E. If at time t we inquire f(u) for some u ∈ V , then at
time t+1 we may query f(v) if and only if {u, v} is an edge in E. This induces



3

a Markov chain on the graph G, with transition probabilities determined by
the edges E. By iterating a random walk and querying the oracle at each
time-step, it turns out the expected running time is still O(N) for the spatial
search problem.

Due to the success of Grover’s algorithm at improving upon classical database
search algorithms, much research has been dedicated to understanding quan-
tum variations of the spatial search problem. Spatial search has been simulated
and studied for several important structures using a variety of models, most
notably coined quantum walks [2] and quantum Markov chains [20]. We ex-
amine spatial search on finitely generated free groups driven by the coined
quantum walk, calculating optimal running times.

These results are an important step in understanding spatial search on
much more complicated structures, such as random graphs. Random graphs
are of particular interest, as they can model real-world networks such as the
World Wide Web. In Chapter 4, we explore several examples of spatial search
on random graphs. We obtain estimates for the probability of success of the
search algorithms in terms of the network size, and the run-time in terms of
the degree of the unknown element m.



4

CHAPTER 2

QUANTUM WALKS AND
SEARCH ALGORITHMS

Classically, a random walk on a graph is a Markov process described by a
stochastic transition matrix T . However for a quantum walk, the evolution of
the system is instead described by a unitary operator U acting on a Hilbert
space H. Several different models for quantum walks have been popularized.
The two most commonly used are the coined walk of Aharonov et al [2] and the
quantum markov chain of Szegedy [20]. Recently it has been demonstrated by
Portugal and Segawa [17] using the staggered quantum walk model that coined
walks and quantum Markov chains are equivalent on a wide class of graphs
under certain conditions. Since Portugal and Segawa’s result, Wong proved
the equivalence directly without the staggered quantum walk [22]. Thus many
results on coined walks carry over to the setting of quantum Markov chains and
vice-versa. All quantum walks explored herein will be cast in the framework
of coined quantum walks.

2.1 Coined Quantum Walks

Given an arbitrary undirected graph G, consider a particle walking on
the vertices along the edges. At any given time, the particle has a position
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described by some vertex and a direction. The only possible directions are
from the current vertex to any adjacent vertex, i.e. those joined by an edge.
This pair of position and direction can be thought of as a directed edge on the
digraph associated with G.

Notation 2.1. Given a graph G, let V (G) denote the vertices and E(G) the
edges of G. The neighborhood NG(V ) of a vertex v ∈ V (G) denotes the set of
vertices that share an edge with v. The set of directed edges of a graph G will
be denoted by D(G), where

D(G) = {(u, v), (v, u) : {u, v} ∈ E(G)}.

The degree of a vertex v ∈ V (G) will be denoted Deg v or DegG(v). If the
context is clear, we may suppress the G and refer to the vertices V , edges E,
and directed edges D.

Remark 2.1. Normally the degree of a vertex v in a simple graph G is the
number of edges in G which have v as an endpoint. Because the graphs con-
sidered may contain loops, the degree is increased by two for every loop; every
loop can be thought of as having an ingoing and outgoing edge.

The state of the quantum walk on G lives in a Hilbert space given by

H ≡ H|D(G)| =
⊕

(u,v)∈D(G)
|u, v〉 .

Here we may think of each vertex v having a local coin spaceHc|v〉 of dimension
Deg v. Note that if G is d-regular, then the state space is isomorphic to the
state space Hp ⊗ Hc

∼= C|V (G)| ⊗ Cd ∼= Cd|V (G)|. In this case Hp is called the
position space, and Hc is called the coin space.

Evolution in a closed quantum system is driven by a unitary operator.
For a coined quantum walk, the evolution operator U is the product of two
unitary operators, the shift operator S and the coin operator C. There are
several standard choices to be made for each operator.
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Consider a quantum walk on the 1-dimensional lattice, where the Hilbert
space H is spanned by {|x〉 ⊗ |d〉 : x ∈ Z, d ∈ {±1}}. The standard shift
operator SZ acts on a basis vector |x〉 ⊗ |d〉 via

SZ : |x〉 ⊗ |d〉 7→ |x+ d〉 ⊗ |d〉 .

The position is updated based on the direction in the coin space, and the coin
space is left undisturbed. This standard shift operator can be adapted for a
quantum walk on any Cayley graph, where each position has the same possible
directions corresponding to the generators of the group.

In the more general setting of a non-regular graph, the standard shift does
not necessarily make sense. Positions corresponding to different vertices might
have incompatible directions. For this reason the flip-flop shift S, defined below
in Section 2.1.1 becomes a more natural choice.

While the coin can be any unitary operator, the most common choices
are the Hadamard matrix if a vertex has degree 2k for some k, or the Grover
diffusion matrix. In the context of random graphs, the Hadamard matrix is not
viable due to the limiting degree constraint. The main benefit of the Grover
diffusion matrix is that, in conjunction with the flip-flop shift, the resulting
coined quantum walk is equivalent to Szegedy’s quantum Markov chain [22].
Because of this relation, we will take all quantum walks herein to be flip-flop
Grover walks.

2.1.1 Flip-flop Grover walks

The flip-flop Grover quantum walk is governed by the evolution operator
U . The evolution operator is composed of two distinct unitary operations, the
flip-flop shift operator S and the generalized Grover diffusion operator C, also
referred to as the Grover coin. These operators can be expressed in terms of
the basis vectors as

S =
∑

(u,v)∈D(G)
|u, v〉 〈v, u| ,
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C = −I +
∑

(u,v)∈D(G)

 2
DegG (u)

∑
w∈NG(u)

|u,w〉

 〈u, v| .
The flip-flop shift S updates the quantum state |u, v〉 by moving from the
vertex u to v, and updating the direction towards u. The Grover coin is a
reflection through the average direction at each position.

Thus U = SC acts on a basis vector |u, v〉 by

U : |u, v〉 → − |v, u〉+ 2
DegG(u)

∑
w∈NG(u)

|w, u〉 .

Suppose the quantum system has initial state |φ0〉 = ∑
(u,v)∈D(G) αu,v |u, v〉

with ∑ |αu,v|2 = 1. The coined quantum walk is obtained by iterating the
evolution operator U . After t steps the state is given by

|φt〉 = U t |φ0〉 .

The probability of observing the system in the state (u, v) at time t is | 〈u, v| |φt〉 |2,
while the probability of observing the vertex u at time t is∑v∈NG(u) | 〈u, v| |φt〉 |2.

The evolution operator is intrinsically related to the heavily studied Ihara
zeta function of the graph. In particular, its eigensystem is well understood,
and has been used to provide a necessary condition for solving the graph
isomorphism problem [7]. We will discuss this relation further in Section 2.3.

2.2 Quantum Search Algorithms

Given a graph G = (V,E), suppose there exists an unknown vertex m ∈ V ,
referred to as the marked vertex. Provided with an oracle

Uω = I − 2
∑

v∈N (m)
|m, v〉 〈m, v| ,

we wish to identify m with minimal calls to Uω and with high probability.
Observe that Uω is a reflection through the subspace spanned by vectors with
position m.
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Let U denote the evolution operator for the Grover flip-flop walk on G,
and t1, t2 ∈ N run-times. The quantum search QSG(t1, t2) is given by apply-
ing (U t1Uω)t2 to the initial state |ψ0〉, and then observing the system. The
probability of observing the marked vertex at time t is

Pt(m) =
∑

v∈NG(m)
| 〈m, v| |ψt〉 |2,

where |ψt〉 = (U t1Uω)t |ψ0〉 .
This algorithm draws inspiration from the original algorithm of Grover,

which utilizes the alternating reflections of the Grover coin C and a phase
inversion related to Uω to maximize the amplitude concentrated at the marked
vertex.

While the cost of applying U a total of t1 times is not trivial, it is assumed
that the more expensive operation is querying the oracle Uω [4]. Thus the
run-time of the algorithm QSG(t1, t2) is described in terms of t2.

Varying t1, the number of evolutions per oracle query, alters the ampli-
tudes obtained by the search algorithm. For instance, Lov Grover initially
took t1 = 1 and calculated a maximum probability of 1/2 for the search on
the complete graph [9]. Raqueline Santos observed that by taking t1 = 2, the
maximum probability becomes 1 [18], i.e. the algorithm becomes deterministic
post-measurement assuming the optimal t2 is chosen! On other graphs, the
effect of altering t1 is not quite as dramatic, but the success probability can
be improved greatly. This phenomena has been observed for example on Sier-
pinski gaskets [16]. The effects of this parameter on spatial search on random
graphs is studied in Chapter 4.

The main method for analyzing the quantum spatial search on a highly
structured graph is through analysis of an invariant subspace. That is, vectors
of the Hilbert space which share identical amplitudes at each time-step are
grouped together, and the evolution operator and oracle are restricted to the
reduced space. This has been implemented for instance on the complete graph
[18] and the grid [5].
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2.3 Ihara Zeta Function of a Graph

The Ihara zeta function associated with a graph G is used to compute the
spectrum of the adjacency operator A of G via the prime walks which occur
in G.

Definition 2.1. A walk ω = (ω0, ω1, . . . , ωm) of length m is a sequence of
edges ωi ∈ E(G) such that t(ωi) = o(ωi+1). A walk ω is said to be

• closed if o(ω0) = t(ωm), i.e. it starts and ends from the same vertex.

• backtrackless if ωi 6= ω−1
i+1, i.e. no edge is crossed in immediate succes-

sion.

• tailless if the walk is backtrackless under any cyclic permutation of the
vertices.

• primitive if the walk is not a power of any other walk.

Introduce the equivalence relation ∼ on the set of paths on G, where ω ∼ ω′ iff
ω and ω′ are equivalent under a cyclic permutation of vertices. A prime walk
is an equivalence class [ω]∼ such that ω is closed, tailless, and primitive.

Definition 2.2. Let PG denote the set of prime walks over a graph G. The
Ihara zeta function ZG(u) of a graph G is defined by

ZG(t) =
∏
p∈PG

(1− t|p|)

where |p| is the length of the prime walk p.

Definition 2.3. For a directed edge e ∈ D(G) with e = (u, v), let o(e) = u be
the original vertex and t(e) = v be the terminal vertex. For e, f ∈ D(G), the
Grover flip-flop matrix is given by

Uef =



2
DegG(t(f)) if t(f) = o(e) and e 6= f−1,

2
DegG(t(f)) − 1 if e = f−1,

0 otherwise.
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Theorem 2.1 (Hashimoto, Bass [12]). The Ihara zeta function ZG(u) can be
analytically extended via the following determinant formulas:

ZG(t) = Det(I − t(U)+) = Det(I − tA− t2(D − I)) (2.1)

The Hashimoto edge operator U+ is the positive support of the flip-flop Grover
evolution operator U , A is the vertex adjacency matrix, and D = [δi(j) Deg(vi)]i,j
is the diagonal matrix whose entries are the degrees of each vertex.

Konno and Sato used this result of Hashimoto and Bass to get a formula for
the characteristic polynomial of U in terms of the classical transition matrix
T . For u, v ∈ V (G),

Tuv =


1

DegG(u) if (u, v) ∈ D(G),

0 otherwise.

Theorem 2.2 (Konno, Sato [12]). Let G be a connected graph with n vertices
v1, . . . , vn and m edges. Then

Det(λI2m − U) = (λ2 − 1)m−n Det((λ2 + 1)In − 2λT (G))

= (λ2 − 1)m−n Det((λ2 + 1)In − 2λA(G))
dv1 · · · dvn

.

An immediate corollary of this result is theorem by Emms et al. regarding
the spectrum of U .

Corollary 2.1 (Emms et al. [7]). Let G be a connected graph with n vertices
and m edges. The Grover edge matrix U has 2n eigenvalues of the form

λ = λT ± i
√

1− λ2
T ,

where λT is an eigenvalue of the classical transition matrix T (G). The re-
maining 2(m− n) eigenvalues of U are ±1 with equal multiplicities.

These results allow for detailed analysis of the evolution operator for the
flip-flop Grover walk, and the quantum walks associated with it. While we
presently are unable to utilize the spectrum, we believe that this connection
to the Ihara zeta function will prove useful in future work.
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CHAPTER 3

QUANTUM WALKS ON
FREE GROUPS

Classically, random walks on finitely-generated groups have yielded insight
into various group properties. By a random walk on a group, it is understood
as a random walk on a Cayley graph associated with the group. Random
walks on groups naturally extend to quantum walks, which will be defined
before some important examples are analyzed.

Given a group G with generating set Σ such that the group identity eG /∈ Σ,
let GG,Σ = (V,E) be the Cayley graph associated with G and Σ. The vertices
V consist of group elements of G. The set of directed edges E is comprised of
ordered pairs (x, y), where y = σ · x for some σ ∈ Σ and x, y ∈ G.

In order to perform a coined discrete time quantum walk on GG,Σ, a relevant
Hilbert space is needed. Let Hp = span{|x〉 : x ∈ G} be the position space,
and Hc = span{|σ〉 , σ ∈ Σ} be the coin space; the walk takes place on the
Hilbert space H = Hp ⊗ Hc. The flip-flop shift operator S : H → H acts on
basis vectors by

S : |x〉 ⊗ |σ〉 7→ |σ · x〉 ⊗ |s−1〉 .

The coin operator C : Hc → Hc can be any unitary operator, though we will
take it to be the Grover coin. The evolution operator U : H → H for the
quantum system is defined by U = S(IHp ⊗ C).
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3.1 Free Groups

For a fixed set Σ = {s1, s2, . . . , sn}, the free group FΣ generated by Σ
consists of finite strings of elements of Σ ∪ {s−1

1 , s−1
2 , . . . , s−1

n }. The group
identity of FΣ is the null string e, with s−1

i si = sis
−1
i = e. Given elements

x, y ∈ FΣ, group multiplication xy consists of concatenation of the words x
and y. The Cayley graph of FΣ is a 2|Σ|-regular tree which is self similar at
each vertex. Thus it has an interesting fractal structure.

Let Fn denote the free group on n generators {1, . . . , n}, i+ n denote the
inverse of 1 ≤ i ≤ n, and H = span{|x〉 ⊗ |j〉 : x ∈ Fn, 1 ≤ j ≤ 2n} denote
the underlying Hilbert space for the quantum walk on Fn. Let S : H → H
be the flip-flop shift operator, C : Hc → Hc be the Grover diffusion coin
C = 2∑n

j=1 |j〉 〈j| − IHc , and U = S(IHp ⊗ C) be the evolution operator.
Given an initial state ψ0 ∈ H, let ψt = U tψ0. Then {ψt}∞t=0 is the quantum
walk on the free group with initial state ψ0.

In simulating quantum walks on Fn, the walk instead takes place on a
pruned-tree Fn,d of depth d. The limit as d grows to infinity produces the full
Cayley tree Fn. The choice of initial state ψ0 is of particular importance for
the quantum walk on the Fn,d, as the uniform distribution is a 1-eigenvector
of the flip-flop Grover operator.

Example 3.1. Initialize the system to the uniform state an,d
∑
x,i |x〉 ⊗ |j〉.

Note that if dist(x, e) = d, then there is only one possible direction for the
coin, since the leaves of the tree are vertices of degree one. To determine an,d,
note that |Fn,d| = 1 + 2n∑d

k=1(2n− 1)k−1 and so |H| = 2n(1 + 2n∑d−1
k=1(2n−

1)k−1) + 2n(2n− 1)d−1; hence an,d = |H|−1/2.

If x ∈ Fn,d is not a leaf, i.e. deg x = 2n, then the vertex is in initial state
ψ0 = ∑2n

i=1 |x〉 ⊗ i. Applying the coin operator C we obtain

C

(
an,d

2n∑
i=1
|x〉 ⊗ |i〉

)
= an,d

2n∑
i=1

 2
deg x

2n∑
j=1

(|x〉 ⊗ |j〉)− |x〉 ⊗ |i〉


= an,d
2n∑
i=1
|x〉 ⊗ |i〉 .



13

If y ∈ Fn,d is a leaf, i.e. deg y = 1, then the vertex starts in state an,d |y〉⊗
|iy〉 for some 1 ≤ iy ≤ 2n. Applying the coin operator is more straightforward
in this case, as

C(an,d |y〉 ⊗ |iy〉) = an,d

(
− |y〉 ⊗ |iy〉+ 2

deg y |y〉 ⊗ |iy〉
)

= an,d |y〉 ⊗ |iy〉 .

Combining these results, Cψ0 = ψ0. Thus ψ0 is a 1-eigenvector of C.
Simarly ψ0 is a 1-eigenvector of S, so ψ0 is preserved by the evolution operator
U . Thus a quantum walk from the uniform state turns out to be stationary,
and rather dull.

Because the uniform state is stationary for the flip-flop Grover walk, all
quantum walks will start from a single position or vertex. This immediately
leads to some important questions. Starting from a single vertex, will the
quantum walk return to the initial position with some probability? If so, how
long will it expect to take before returning? To answer these questions, we
will need the machinary of path integrals, first introduced to us in the setting
of quantum walks on the two-dimensional lattice [23].

3.1.1 The path integral

A path ω of length |ω| = m is an (m+1)-tuple ω = (ω0, k1, k2, . . . , km) con-
sisting of an initial location ω0 ∈ Fn and a sequence of letters 1 ≤ k1, . . . , km ≤
2n. The path is in initial position ω0, and after time t ≤ m is in position
ωt = ktkt−1 · · · k1ω0. Let Ωm = {ω : |ω| = m} denote the set of all paths of
length m.

Definition 3.1. The amplitude function Ψi,x
j for a path ω ∈ Ωm is defined by

Ψi,x
j (ω) = δj(km)ck−1

m ,km−1
ck−1
m−1,km−2

· · · ck−1
1 ,i

where i, x denote the initial coin type and position, and j, y denote terminal
coin type and position.
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For a set of paths Γ, define

Ψi,x
j (Γ) =

∑
ω∈Γ

Ψi,x
j (ω).

The amplitude function can be extended to paths of multiple lengths. Letting
Ω = ⋃∞

m=0 Ωm, for Γ ⊆ Ω and Γm = Γ ∩ Ωm define

Ψi,x
j (Γ) =

∞∑
m=0

Ψi,x
j (Γm).

By dropping the subscript j it is implied Ψi,x(Γ) = ∑2n
j=1 Ψi,x

j (Γ).

Any vector ψ ∈ H may be expressed by ψ = ∑
i

∑
x ψ(x, i) |x〉 ⊗ |i〉 . With

this notation, we have the following proposition relating the amplitude function
and the state of the walk at time t.

Proposition 3.1. (a) Suppose ψt = U t |x〉 ⊗ |i〉 . Then

ψt(y, j) = Ψi,x
j (ωt = y),

for all y ∈ Fn, 1 ≤ j ≤ 2n.

(b) Suppose ψt = U tψ0 for any ψ0 ∈ H. Then

ψt(y, j) =
∑
x

∑
i

ψ0(x, i)Ψi,x
j (ωt = y).

Proof. Proof of (a). By definition of the Grover flip-flop operator U ,

U t |x〉 ⊗ |i〉 = U t−1

 2n∑
j=1

cj−1,i |j · x〉 ⊗ |j−1〉


= U t−2

 2n∑
j2=1

2n∑
j1=1

cj−1
2 ,j1

cj−1
1 ,i |j2 · j1 · x〉 ⊗ |j−1

2 〉


Continuing to expand via induction, we obtain

U t |x〉 ⊗ |i〉 =
∑

1≤jt,...,j1≤2n
cj−1
t ,jt−1

· · · cj−1
2 ,j1

cj−1
1 ,i |jt · · · j1 · x〉 ⊗ |j−1

t 〉

=
∑
y,j

Ψi,x
j (ωt = y) |y〉 ⊗ |j〉 .

The proof of (b) follows from part (a) and the linearity of U .
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3.1.2 The Green’s function and properties of the free

group quantum walk

Define τ(ω) = inf{t ≥ 1;ωt = e} to be the first hitting time of the identity
by a path ω , and let

f ij(z) =
∞∑
t=1

Ψi,e
j (τ = t)zt, z ∈ C

be the amplitude Green’s function for the returning time on Fn. Here τ = t

denotes the set of paths with first hitting time of the identity is t.

Proposition 3.2. For sufficiently small z ∈ C, the amplitude Green’s function
f satisfies the equations

f ij(z) = zci,j

[
1

1− FJj−1
zC

]
j−1,j−1

, (3.1)

where [F ]i,j = f ij , and Jk denotes the projection onto the orthogonal comple-
ment of the k-th standard basis vector.

Proof. We begin by showing that

lim
z→0
|f ij(z)| = 0.

Observe that Ψi
j(τ = t) = 0 if t = 2k + 1. Furthermore, Ψi

j(τ = t) is in L2(t),
and so it is bounded above by some constant M > 0. Thus

|f ij(z)| =
∣∣∣∣∣
∞∑
k=1

Ψi
j(τ = 2k)z2k.

∣∣∣∣∣ <= M
∞∑
k=1

z2k ≤M
|z|

1− |z| ,

which decreases to 0 as |z| shrinks to 0.
To determine f ij(z), we consider sample paths for τ = 2 and τ ≥ 3 (since

it is impossible to return to the identity in one step). f ij obeys the recursive
identity

f ij(z) = zci,jzcj−1,j−1 + zci,j
∞∑
`=1

f j
−1

k1 fk1
k2 . . . f

k`−1
k`

zck`,j−1 , ks 6= j−1.
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Take K = maxi,j |f ij(z)|. By the previous calculation, K < 1 for sufficiently
small z. Thus the series in the recursive identity converges for sufficiently
small z. Therefore

f ij(z) = zci,j

zcj−1,j−1 +
∞∑
`=1

ks 6=j−1

f j
−1

k1 fk1
k2 . . . f

k`−1
k`

zck`,j−1



= zci,j

 ∞∑
`=0

ks 6=j−1

f jk0f
k0
k1 . . . f

k`−1
k`

zck`,j−1

 , k0 = j−1

= zci,j

( ∞∑
`=0

gj
−1

k0 gk0
k1 . . . g

k`−1
k`

zck`,j−1

)
, gij−1 = 0.

= zci,j

[ 1
1−GzC

]
j−1,j−1

,

where G = FJj−1 , Jj−1 = I − |j−1〉 〈j−1| .

While the resulting system of equations for f ij is initially challenging to
solve, the complexity can be simplified by using symmetry reductions. That
is, by assuming f ij = ci,jb(z) for some function b(z) which is analytic and
continuous up to the boundary of the unit ball, the system is solvable by
standard equation solvers. As a result, we obtain the following corollary.

Corollary 3.1.1. Equation 3.1 is solved by taking F = b(z)C, where

b(z) = 1
2(n− 1)

(
n− nz2 ∓

√
n2 + 2(n2 − 4n+ 2) + n2z4

)
. (3.2)

This is analytic inside the unit ball, and thus can be used to calculate the
probability that the time of first return and the conditional expectation of first
return. Note that there are in fact two solutions to equation 3.1. We shall
take the solution to be b(z) with the minus sign in front of the square root;
the alternate solution with a positive root yields “probabilities” greater than
one in the following proposition.

Proposition 3.3. The probability that the first return time is finite is given
by

P (τ <∞) = 1
2π

∫ 2π

0
|b(eiθ)|2dθ.
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Proof. Let P i
j (τ = t) denote the probability that the first return time is t for

all walks with initial direction i and final direction j. Then

P i(τ <∞) =
2n∑
j=1

∞∑
t=1

P i
j (τ = t)

=
2n∑
j=1

∞∑
t=1

∣∣∣Ψi
j(τ = t)

∣∣∣2
=

2n∑
j=1
‖Ψi

j(τ = t)‖L2(t).

Using the Fourier transform, we have that

P i(τ <∞) =
2n∑
j=1

1
2π

∫ 2π

0
|f ij(eiθ)|2dθ

=
2n∑
j=1

1
2π

∫ 2π

0
f ij(eiθ)f ij(eiθ)dθ

=
2n∑
j=1

1
2π

∫ 2π

0
b(eiθ)b(eiθ)ci,jci,jdθ

= 1
2π

∫ 2π

0
|b(eiθ)|2dθ.

While there is no definite integral for |b(eiθ)|2, numerical integration meth-
ods provide the asymptotic behavior of P (τ < ∞) as n grows, stated in the
following corollary. As written the integral is numerically unstable near the
zeroes of the square root in b(z); this is averted by letting z = reiθ and taking
the limit as r increases to 1. See Figure 3.1.

Corollary 3.1. limn→∞ P
i(τ <∞) = 1.

Since the probability of returning to the identity in a finite number of steps
is positive, we can define Ee,j(τ |τ < ∞), the conditional expectation of the
first hitting time given that the return time is finite.

Proposition 3.4. The conditional expected time of first return is

Ei(τ |τ <∞) =
1

2πi
∫ 2π

0 b(eiθ) d
dθ
b(eiθ)dθ

Ei(1τ<∞) .
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Figure 3.1: Probability of return vs. number of generators as r ↗ 1

Proof. The conditional expectation is given by

Ei(τ |τ <∞) =
∑2n
j=1

∑∞
t=1 tP

i
j (τ = t)

P i(τ <∞) .

Using the Fourier transform to analyze the numerator, we obtain
2n∑
j=1

∞∑
t=1

tP i
j (τ = t) =

2n∑
j=1

∞∑
t=1

t
∣∣∣Ψi

j(τ = t)
∣∣∣2

=
2n∑
j=1
〈tΨi

j(τ = t),Ψi
j(τ = t)〉L2(t)

=
2n∑
j=1

1
2π

∫ 2π

0
(zf ij(z)(f ij)′(z))

∣∣∣
z=eiθ

dθ

=
2n∑
j=1

1
2πi

∫ 2π

0
b(eiθ) d

dθ
b(eiθ)ai,jai,jdθ

= 1
2πi

∫ 2π

0
b(eiθ) d

dθ
b(eiθ)dθ.

Using numerical integration methods we obtain the following result for the
conditional expected first return time. See Figure 3.2.

Corollary 3.2. limn→∞E
i(τ |τ <∞) = 2.

Classical Walks on the Free Group

The standard classical walk on the free group has uniform transition proba-
bilities at each vertex. The asymptotics for the return probability in the degree
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Figure 3.2: Conditional expectation of first time of return

differ from the flip-flop Grover walk, as the probability of returning decreases
to 0 as the degree of the tree increases. A proof of this limiting behavior is
included in Appendix A.

It makes more sense to compare the flip-flop Grover walk with a classical
version. To approach this, we obtain a Markov matrix Q for the classical walk
by taking qi,j = |ci,j|2; since C is unitary, the sum of the squares along each
row is one. Using the same method of Green’s functions, we obtain return
properties for the classical version of the flip-flop Grover walk.

Definition 3.2. The probability function Ψ̃i,x
j for a path ω ∈ Ωm is defined by

Ψ̃i,x
j (ω) = δj(km)qk−1

m ,km−1
qk−1
m−1,qm−2

· · · qk−1
1 ,i

where i, x denote the initial coin type and position, and j, y denote terminal
coin type and position.

We extend the probability function to collections of paths in the same man-
ner as the amplitude function.

Let f̃ ij(z) = ∑∞
t=1 Ψ̃i,x

j (τ = t)zt be the probability Green’s function for the
classical walk. Then for sufficiently small z, f̃ satisfies the relation

f ij(z) = zqi,j

[
1

1− F̃ Jj−1
zQ

]
j−1,j−1

. (3.3)

This relation is similarly solved by taking f̃ ij(z) = b̃(z)qi,j, where

b̃(z) =
n2 + n(n− 2)z2 −

√
n4 − (2n4 − 4n3 + 8n− 4)z2 + (n(n− 2))2z4

2(n− 1)(n+ 1) .
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Then P i(τ < ∞) = b̃(1) = n−1
n+1 , which is similar to the return time for the

quantum walk. The conditional expectation is given by

Ei(τ |τ <∞) =
d
dz
b̃(z)

P i(τ <∞)

∣∣∣∣∣
z=1

= 2n− 1
n− 1 ,

which also approximates the quantum walk’s conditional expected return time.

3.1.3 Search on the Free Group

As noted in Example 3.1, the uniform state on Fn,d is a 1-eigenvector of the
flip-flop Grover operator U . However, introducing an oracle breaks the path
cancellation due to symmetry and enables the walk to propogate. Because of
this, it is reasonable to consider the spatial search problem on Fn,d.

In performing the Grover search algorithm on Fn, the search is limited to
the Cayley tree Fn,d. Properties about the search on the full Cayley tree of Fn
are understood by taking the limit as d tends to infinity. Given a marked vertex
m ∈ V (Fn,d), our goal is to understand and maximize the success probability
of identifying m. As it turns out, this is highly dependent on the distance
from m to the root of the tree.

Computationally, full simulations are expensive in the limit, as Fn,d has
1 + 2n(∑d−1

k=0(2n− 1)k) vertices and hence a Hilbert space of dimension 2n(1 +
2n(∑d−2

k=0(2n − 1)k)) + 2n(2n − 1)d−1 is required. Luckily, the dimension can
be greatly reduced via symmetries.

Invariant subspace reduction

Consider the case where the marked vertex is the root of Fn,d. For each
directed edge (u, v), the amplitude depends only on two factors: (1) the dis-
tance between u and the root and (2) whether (u, v) points towards the root
or away from the root. Edges which originate from the leaves or the root only
have one possible direction, and so there are 2 + 2(d − 1) or rather 2d differ-
ent amplitudes at any given time. Thus evolution and oracle operators can
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be restricted to an invariant subspace which grows linearly in d rather than
exponentially, and is independent of n.

When the marked vertex is any other vertex, a reduction can still be per-
formed. For each of the n − 1 branches from the root not containing the
vertex, the depth and direction of the directed edge are the only contributing
factors. This accounts for 2d unique amplitudes. If the marked vertex is at
depth 1 ≤ k ≤ d, then there are (d−k)k+2(∑k−1

j=1 j)+k = 2dk−k2 additional
amplitudes; hence the subspace has dimension 2d + 2dk − k2. This is again
independent of depth, but grows at most quadratically in d.

For future analysis of the stopping times and success probabilities of quan-
tum search on the free group, these subspace reductions will be fundamental.

Experiments

Because the state space of the quantum walk on Fn,d grows O(nd), sim-
ulating the quantum search is costly. Some of the asymptotic behavior as d
increases is apparent for low-depth marked vertices, and from this data we
conjecture the following.

Conjecture 3.1. For the flip-flop Grover search on Fn,d with marked vertex
m of depth k

1. Performing two flip-flop Grover evolutions per oracle query maximizes
the success probability.

2. The success probability decays rapidly with k

3. The success probability decays slowly with d.

Using two evolutions per oracle query boosts the success rate of the spatial
search dramatically. See Figure 3.3.

Example 3.2. For the free group Fn,d on n = 2 generators and depths 1 ≤
d ≤ 7, we calculate the local maximum probability of success at each depth
1 ≤ k ≤ 3.
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Figure 3.3: Success probability on F2,d for marked root. Probability increases
by adding an additional evolution step per oracle query.

Figure 3.4: Success probability of search on F2,d for marked vertices of various
depths, where d is plotted on the x-axis

3.2 Free Groups with Self-Loops

Because the flip-flop Grover operator for the Cayley tree is stationary over
the uniform state, the search algorithm runs very slowly. We remedy this
shortcoming by modifying the underlying graph; at each vertex a self-loop is
added. Intuitively, this creates new paths which do not interfere and cancel
out amplitude transfer. In terms of the Cayley graph structure, the self-loops
are introduced by adding the identity element to the set of generators.

3.2.1 Green’s functions and properties of free groups

with self-loops

Before analyzing the Grover search on the free group with loops, we can
first analyze some important properties of the Grover flip-flop walk in this
setting. In the loop setting, the coin space needs two additional dimensions;
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(a) No loops (b) Loops added

Figure 3.5: The free group on 2 generators truncated at depth 3

the loops must be thought of as having two possible directions to ensure that
the coin operator is unitary. For n generators, the coin space is of dimension
2n + 2, with directions 1, . . . , n corresponding to the generators, directions
n + 1, . . . , 2n to the inverses of the generators, and directions 2n + 1 and
2n + 2 corresponding to the two types of self-loop. This is illustrated for two
generators in Figure 3.6.

Figure 3.6: Possible directions from a vertex for the free group on two gener-
ators with loops

Proposition 3.5. For sufficiently small z ∈ C, the Green’s function f satisfies
the equation

f ij(z) =



zci,j

(
1

1−FJj−1
zC
)
j−1,j−1

j <= 2n,

zci,j+1 j = 2n+ 1,

zci,j−1 j = 2n+ 2,

(3.4)

where [F ]i,j = f ij , and Jk denotes the projection onto the orthogonal comple-
ment of the k-th standard basis vector.
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Proof. When the final direction is not a loop, i.e. j ≤ 2n, the calculation of
f ij(z) is identical to that of Equation 3.4. Thus we need only consider the case
where the final direction is a loop.

Suppose a sample path ω with ω0 = ωm = e and ωk 6= e for 0 < k < m ends
with type j = 2n + 1. That is, the path ends in state |e〉 ⊗ |2n+ 1〉. Taking
one step backward by applying the inverse flip-flop shift operator S−1 ≡ S,
S−1 |e〉 ⊗ |2n+ 1〉 = |e〉 ⊗ |2n+ 2〉. Thus the previous state must also be the
identity. This implies that m = 1, i.e. the only possible paths which end
in type j = 2n + 1 are of length 1. Hence f i2n+1(z) = ai,2n+2z. Similarly,
f i2n+2(z) = ai,2n+1z.

As with the Green’s return function for the free group without loops, sym-
metry reductions can be made which allow solution by equation solvers, e.g.
Mathematica’s Solve.

Corollary 3.3. Equation 3.4 is satisfied by taking f ij(z) = b(z)ci,j for j <= 2n
where,

b(z) =
(n+ 1)(1− z3) + (n− 1)(z − z2)−

√
d(z)

2((n− 2) + nz) , (3.5)

where

d(z) = (1 + z)2((n+ 1)2(1 + z4)− 4(n+ 1)(z + z3) + (2(n− 1)2 + 8)z2).

This is analytic inside the unit ball, and thus can be used to calculate the
probability that the time of first return and the conditional expectation of first
return.

Proposition 3.6. The probability that the first return time is finite from initial
direction i is

P i(τ <∞) = |ci,2n+1|2 + |ci,2n+2|2 + 1− |ci,2n+1|2 − |ci,2n+2|2

2π

∫ 2π

0
|b(eiθ)|2dθ.
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Proof. Proceeding exactly as in the proof of Proposition 3.3,

P i(τ <∞) =
2n+2∑
j=1

1
2π

∫ 2π

0
f ij(eiθ)f ij(eiθ)dθ

=
2n∑
j=1

1
2π

∫ 2π

0
b(eiθ)b(eiθ)|ai,j|2dθ

+ 1
2π

∫ 2π

0
|eiθ|2(|ai,2n+1|2 + |ai,2n+2|2)dθ.

Since ∑2n+1
j=1 |ai,j|2 = 1, the result follows.

The probability that the walker returns asymptotically approaches 1 as the
number of generators increases, pictured in Figure 3.7.

Figure 3.7: Probability of return vs. number of generators as r ↗ 1

Proposition 3.7. The conditional expectation of the first hitting time of e
with initial direction i is given by

Ei(τ |τ <∞) =
|ci,2n+1|2 + |ci,2n+2|2 + 1−|ci,2n+1|2−|ci,2n+2|2

2πi
∫ 2π

0 b(eiθ) d
dθ
b(eiθ)dθ

Ei(1τ<∞) .

The proof of this is identical to that of the previous proposition. The
expected return time depends on the initial starting direction, as illustrated
in Figure 3.8.

Classical Walks on the Looped Free Group

As with the classical analogue of the flip-flop Grover walk on the free
group, we can consider the classical walk on the looped free group. Define the
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Figure 3.8: Conditional expected time of return for walk on the free group with
loops. The two different cases correspond to 1 ≤ i ≤ 2n and 2n+1 ≤ i ≤ 2n+2.

probability function Ψ̃i
j(x) and the probability Green function as before. For

sufficiently small z, f̃ satisfies the relation

f̃ ij(z) =



zqi,j

(
1

1−F̃ Jj−1
zQ
)
j−1,j−1

j <= 2n,

zqi,j+1 j = 2n+ 1,

zqi,j−1 j = 2n+ 2,

(3.6)

This relation is similarly solved for j ≤ 2n by taking f̃ ij(z) = b̃(z)qi,j, where

b̃(z) =
ã(z)−

√
((n− 1)z − (n+ 1))2d̃(z)

2(n(n+ 2)(n− 1)z − (n+ 1)(n2 + 2n− 2)) ,

where

ã(z) = (n− 1)2(n+ 1)z3− (n− 1)(n2 + 2n− 1)z2 + (n+ 1)(n2 + 1)z− (n+ 1)3,

d̃(z) = (n+1)4−4(n+1)2z+2(n−1)(n3+3n2+3n+5)z2−4(n+1)(n−1)z3+(n2−1)2z4.

Then depending on the initial type,

P i(τ <∞) = qi,2n+1 + qi,2n+2 +
2n∑
j=1

b̃(1)qi,j

=


2

(n+1)2 + (n+1)2−2
(n+1)2

n2+
√
n4+2n3−n2−2
n2+n−1 j ≤ 2n,

(n+1)2−2n
(n+1)2 + 2n

(n+1)2
n2+
√
n4+2n3−n2−2
n2+n−1 j > 2n.

To obtain the conditional expectation Ei(τ |τ <∞) =
d
dz
f̃ i(z)|

z=1
P i(τ<∞) , we must

consider separately the case where the initial direction is a loop or outgoing
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edge. Thus

Ei(τ |τ <∞) =


2

(n+1)2 + (n+1)2−2
(n+1)2

d
dz
b̃(z)|

z=1
P i(τ<∞) j ≤ 2n,

(n+1)2−2n
(n+1)2 + 2n

(n+1)2
d
dz
b̃(z)|

z=1
P i(τ<∞) j > 2n,

where

d

dz
b̃(z)

∣∣∣∣∣
z=1

= (4 + 6n5 + 3n6 +
√
−2− n2 + 2n3 + n4

+ n2(3− 5
√
−2− n2 + 2n3 + n4) + 2n4(−4 +

√
−2− n2 + 2n3 + n4)

+ n(−2 +
√
−2− n2 + 2n3 + n4)− n3(10 +

√
−2− n2 + 2n3 + n4))

/(2(−1 + n+ n2)2√−2− n2 + 2n3 + n4).

From this we find that the classical analogue of the flip-flop Grover search
exhibits the same conditional expected return time.

3.2.2 Search on free groups with self-loops

Let F `
n,d denote the Cayley graph for the free group on n generators with

loops truncated at depth d. The Hilbert space for a quantum walk on F `
n,d has

an extra dimension of 2|V (Fn,d)|, since at each vertex two directed edges are
added. Thus the Hilbert space has dimension

|H| = 2n(1 + 2n
d−1∑
k=1

(2n− 1)k−1) + 2n(2n− 1)d−1 + 2(1 + 2n
d∑

k=1
(2n− 1)k−1).

As with the spatial search problem for the graph without loops, a reduction
in dimension can be performed by finding an invariant subspace. Analysis in
this direction is trickier due to increased size of the subspace, but the scaling
is still much better than the exponential growth in d.

As with the loop-free Cayley trees, using two evolutions per oracle query
boosts the success rate of the spatial search dramatically. See Figure 3.9.

For small enough depth that computation is feasible, we observed an in-
crease success probability of the Grover search over loop-free version. See
Figure 3.10.
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Figure 3.9: Success probability on F `
2,d for marked root. Probability increases

by adding an additional evolution step per oracle query.

Figure 3.10: Comparison of success probability for F2,d and F `
2,d.

As shown in Figure 3.11, the probability of detecting the marked vertex at
each vertex decays with d.

Figure 3.11: Success probability of search on F `
2,d for marked vertices of various

depths, where d is plotted on the x-axis
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CHAPTER 4

QUANTUM WALKS ON
RANDOM GRAPHS

4.1 Models for Random Graphs

The study of real world networks is one of the many useful applications of
quantum algorithms to data analysis. Simulating quantum walks on full-scale
real world networks is prohibitively costly; however, the algorithms’ behavior
on tractable models still yields insight into their hypothetical performance.
Using a variety of random graphs, these networks can be simulated and exam-
ined on a smaller-scale.

There are fours models for producing random networks which we consider:
the Erdös-Renyi, Barabasi-Albert, Watts-Strogatz, and Stochastic Kronecker
models. We shall investigate the quantum search algorithm on graphs pro-
duced by each model. For example Quantum PageRank has been studied over
Erdös-Rényi and Barabási-Albert graphs [15].

In an ideal setting, the network produced is connected to allow for optimal
performance of Grover’s search. With the exception of the Barabási-Albert
graphs, the random graphs generated by the mentioned models need not be
connected. To remedy this, instead consider the largest connected component
produced by the model; this connected component still serves as a model for
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real-world networks, and lends itself to better analysis.

4.1.1 Erdös-Rényi Model

The Erdös-Rényi model for generating random graphs was first introduced
in 1959 [8]. Given a fixed number of vertices n and edges m, construct the set
G(n,m) of all possible graphs on n vertices with m edges. If |G(n,m)| = N ,
then an element of G(n,m) is randomly selected with equal probability 1/N .
In Mathematica, a pseudo-random Erdös-Rényi graph with n vertices and m

edges is produced by the program RandomGraph[n,m].

4.1.2 Barabási-Albert Model

The Barabási-Albert model for random graphs produces scale-free graphs
[3], i.e. graphs whose degree distributions follow a power law P (k) ∼ k−3.
Vertices are added one-by-one to an initial small complete graph, with edges
more likely to link with higher-degree vertices. This model is widely used for
approximating social networks because it models the scale-free behavior as
well as preferential attachment. The algorithm is as follows:

1. Initialize a complete graph on m0 vertices.

2. Add a new vertex v of degree m ≤ m0, by adjoining vertex v and vertex
u with probability pu = Deg(u)∑

w
Deg(w) , where Deg(w) is the degree of vertex

w.

3. Repeat step 2 until the desired number of vertices have been added.

RandomGraph[BarabasiAlbertDistribution[n,m]] constructs a Barabási-
Albert graph with n vertices and m edges added per iteration.

4.1.3 Watts-Strogatz Model

The Watts-Strogatz model for random graphs is useful for modeling small-
world phenomena, as it produces graphs which exhibit high clustering [21].
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This model does not adapt to a growing family of vertices, as it is implemented
on a fixed number as follows:

1. Given n vertices {1, . . . , n}, choose an even mean-degree m such that
n� m� lnn, and pick a parameter β ∈ [0, 1].

2. Construct a regular ring lattice on the n vertices, i.e. {i, j} is an edge if
and only if 0 < |i− j| mod (n− 1− m

2 ) ≤ m
2 .

3. Take every edge {i, j} with i < j and rewire it with probability β,
i.e. choose k uniformly such that the new edges {i, k} leaves the graph
simple, i.e. multi-edge and loop free.

RandomGraph[WattsStrogatzGraphDistribution[n,p]] produces a Watts-
Strogatz graph on n vertices with rewiring probability p.

4.1.4 Stochastic-Kronecker Model

Kronecker graphs [13] are formed by taking an iterated Kronecker product
of the adjacency matrix A of a graph G with itself. It is relatively straightfor-
ward to analyze spectral properties of the resulting graph. While this approach
gives a deterministic model, it can be modified by instead starting with an N
by N probability matrix P , and taking the m-fold Kronecker product of P
with itself. The resulting matrix K = ⊗

m P is also a probability matrix,
and can be used to generate a random graph by forming an edge {i, j} with
probability Kij.

The stochastic-Kronecker graph is better suited to modeling random net-
works than either Barabási-Albert or Watts-Strogatz, as it displays both scale-
free and small-world phenomena.

No in-house Mathematica program exists for constructing stochastic-Kronecker
graphs. We provide the program StochasticKroneckerGraph[G,a,b,n] in
Appendix B.1.2. This constructs a matrix P of weights by transforming the
adjacency matrix A of an initialization graph G by M = (a − b)A + b |u〉 〈u|
where |u〉 denotes the uniform unit vector.
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4.2 Quantum Search on Random Graphs

Given a random graph G, the Grover flip-flop operator U , a marked ele-
ment m ∈ V (G), and an oracle Uω, we wish to identify m with sufficiently
high probability. While detailed analysis of a random graph is not possible
at the present, some important questions about the search algorithm can be
investigated.

1. Is it possible to improve the probability of detecting m by

(a) altering the initial state of the quantum system, i.e. from uniform
over the Hilbert space to uniform over the vertices?

(b) applying the Grover diffusion operator multiple times in between
each oracle query?

2. Given information about the centrality of m, can we predict

(a) the maximal probability of identifying the marked element?

(b) the optimal run time for the marked element?

3. Does the Grover search algorithm’s success probability scale with net-
work size?

Predicting the maximal probability of identifying a marked vertex seems
unlikely; for the various models with different initial data and iterations of
the evolution operator there was zero correlation present between maximal
probability and various centrality measures.

For the remaining questions, we make several experimental observations.

4.2.1 Maximizing the success probability

The initial distribution

Intuitively, one might believe that choosing an initial state which is uniform
over the entire Hilbert space rather than over the vertices would reduce the
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success probability when the marked vertex is of low-degree. However, we
observe for a wide variety of random graphs that choosing a uniform state
over the Hilbert space increased the maximum probability for almost every
vertex. In Figure 4.1, the difference in success probability at each vertex is
plotted against the vertex centrality for a random network of 100 vertices. This
was performed for multiple graphs, producing similar results in each example.

Figure 4.1: Difference in success probability between space-uniform initial
state and vertex-uniform initial state.

Evolutions per oracle query

Applying the Grover flip-flop operator twice between every oracle query
seems to be optimal, and increases the success probability by a significant
amount from a single application per oracle query. Furthermore, additional
applications of the same operator greatly hinder the chance of observing the
marked vertex. Pictured in Figure 4.2 is the increase in probability from one
evolution and two evolutions, and from three evolutions to two evolutions on
a random network of 200 vertices. The degree of each vertex is plotted on the
horizontal axis.
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Figure 4.2: Left: Probability difference for one and two evolutions. Right:
Probability difference for two and three evolutions.

4.2.2 Stopping times

Dependence on centrality

For a random graph G and a marked vertex m ∈ V (G), the amplitude of
the state at m is periodic in time. Assuming the stopping time is O(

√
|V (G)|),

the search algorithm can be simulated for some fixed time t2 = c
√
|V (G)|, and

the probability of success at before each oracle query recorded. Intuitively, the
higher the vertex centrality (or degree) of a vertex, the less amount of time it
should take to reach the maximum amplitude.

As an example, consider a random graph on 1000 vertices generated using
the Barabasi-Albert model such as that in Figure 4.3. For each vertex, run the
search algorithm b2∗

√
1000c = 63 times, and record the time of the maximum

probability of success. Note that there are four distinct regimes in which the
stopping time decreases as a function of the degree centrality. This results
from the amplitude having a non-integer period, so the maximum probability
per period varies. If we instead plot the time of the first maximum probability,
the behavior collapses to one regime as in Figure 4.4. Note the the success
probability decreases for those vertices in the higher regimes. In this example,
the maximum decrease in success probability amounts to approximately 0.007,
which is an insignificant loss.

In this example, the stopping time exhibits an inverse relationship with the
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Figure 4.3: Left: Barabasi Albert graph on 1000 vertices, 3 edges added per
iteration. Right: Stopping times for maximum probability vs. degree central-
ity.

degree of the marked vertex. Performing a nonlinear regression on the data
to fit the model y = a√

x
, where y is the stopping time and x is the degree

of the marked vertex, we observe that a ≈ 60. In the following section, the
parameter a shall be examined for graphs with varying vertex counts.

Optimal run time vs. network size

Given a graph G generated by some random model and some marked vertex
m ∈ V (G), can the quantum spatial search problem be reliably solved? That
is, independent of the size of the graph, is there a minimal probability of
success for finding the marked vertex? Additionally, can the number of oracle
queries be determined independently of the marked vertex?

As observed for the finitely generated free groups, the success probability
can decay as a function of degree centrality. But these are an extreme case, as
there are severe bottlenecks for the search to overcome. On random networks,
the density of edges is much higher and allows for greater transfer of amplitude.

In the previous section, we observed that for a given graph, the stopping
time for maximizing success probability decays with the degree centrality of
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Est. St. Err. t-Stat. P-Val.
a 65.9 0.0724 910 2.81× 10−1460

Figure 4.4: Stopping time for initial maximums for the graph pictured in
Figure 4.3. The dots represent actual data; the solid line is the graph y = a√

x
.

Statistics for the nonlinear regression are included for parameter a, truncated
to three digits.

the marked vertex. This leads us to inquire about how stopping times change
as the network grows. Namely can we find a(n) such that the stopping time
for a vertex with degree d is approximately a(n)/

√
d?

To approach this question, for 10 ≤ n ≤ 50, we generated a large sample
of random graphs of fixed vertex count n. Each graph was generated via the
Barabasi-Albert model with two edges added per iteration, creating a mini-
mum degree 2 graph. For each graph and marked vertex in the sample, we
calculated the optimal first stopping time for maximizing the success probabil-
ity of search, aggregating the paired data of vertex degree and stopping time.
A nonlinear regression was then performed for each n to estimate a(n) for the
model a(n)/

√
d. See Figure 4.5.

Plotting the a(n), we observed a growth which was approximately O(
√
n).

Thus we performed an additional nonlinear regression a(n) = b + c
√
n to

estimate the parameters b and c. The predictive model for stopping time is
then T (n, d) = (−1.95 + 2.19

√
n)/
√
d, for network size n and vertex degree d.

4.2.3 Rate of success vs. network size

Recall the flip-flop Grover search acting on the truncated Cayley tree. As
the depth of the tree increased, the success probability decayed at each vertex,
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Est. St. Err. t-Stat. P-Val.
b 1.95 0.0843 23.2 2.14× 10−24

c 2.19 0.0154 143 1.27× 10−54

Figure 4.5: Coefficients for stopping time. The dots represent actual data; the
solid line is the graph y = −b + c

√
n. Statistics for the nonlinear regression

are included for parameters b and c, truncated to three digits.

and success was several orders of magnitude lower at deeper vertices. Suppose
we perform a flip-flop Grover search on a random network. The probability
of success for any given vertex is challenging to predict, as the correlation
between centrality and success is near zero. See for example Figure 4.6.

Figure 4.6: Degree centrality vs probability of success on a random network
of 1000 vertices.

Instead we can determine the success of the flip-flop Grover search by its
worst-case scenario for a given graph. That is, let the success rate for a graph
G be the minimum of the success probabilities over all vertices. Taking a large
sample of random graphs of a fixed vertex, and averaging over all the success
rates, a remarkable relationship is observed in Figure 4.7.

As expected, the success rate decreases with network growth. Ignoring
the small networks before the jump in success rate, the success rate has a
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Figure 4.7: Network size vs average rate of success for search.

least squares regression fit of .74n−0.0098, where n is the size of the network.
This decay is sufficiently slow enough that the algorithm should succeed with
probability 1/2 for networks of order 1017. As a point of comparison, one of
the largest networks, the World Wide Web, is only of order 1012.
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CHAPTER 5

CONCLUSION

We have solved Green’s relations for both the loop-free and looped Cayley
trees of the free group on finitely many generators. Using these relations, we
have proved integral identities for first return probabilities and conditional ex-
pectation. As a result we have numerically calculated the return probabilities
and conditional expectations for the family of Cayley trees.

The spatial search on Cayley trees revealed that the structure is initially
ill-suited for the problem, as the probability of success was low. However,
we numerically calculated that adding loops and increasing the number of
evolutions per oracle query improved the rate of success. The technique of
adding loops can hopefully be used in other settings where spatial search has
low success rates. Formal proofs have yet to be found, but the reductions to
dimension are a first step in that direction.

We applied the same operators studied in the Cayley tree setting to the
problem of spatial search on random graphs which model networks. The opti-
mal stopping time’s and average minimal success probability’s dependence on
graph size have been experimentally determined. Due to low decay in network
size, these results indicate that the spatial search would succeed with high
probability on large real-world networks.

Potential directions of future research are varied. Ideally we would prove
identities for stopping time and success probability of spatial search in terms
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of the spectrum of the flip-flop Grover operator, provided by Ihara-zeta theory.
Another problem of great interest would be to understand the search algorithm
and quantum walks on a network growing in time. The Barabasi-Albert model
would provide a good framework for implementing these evolving networks.

While loops and multiple evolutions per query have been implemented
to boost search success, the two have yet to be employed simultaneously.
Based on simulations, we speculate that adding loops and using two evolu-
tions per query can offer an increase in success over either method alone for
certain families of graphs. For example, on the self-looped hypercube graph,
a two-evolutions-per-query search doubles the success rate over search on the
loop-free hypercube (Figure 5.1). In comparison, the search on the looped
hypercube decreases the success, and the multi-evolution search offers no im-
provement. This same behavior has been observed on the two and three di-
mensional grids possessing an even number of vertices. In subsequent work we
will analyze the two-evolution search on the looped hypercubes and grids.

Figure 5.1: Probability of finding the marked vertex on the 5-dimensional
hypercube graph after each oracle query. Purple: looped with 2 evolutions.
Red: 2 evolutions. Gray: looped with 1 evolution. Black: 1 evolution.
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APPENDIX A

CLASSICAL WALK ON THE
CAYLEY TREE

For the standard classical walk on the infinite tree of degree n the transition
matrix for the Markov process is taken to be constant with each entry 1/n.
The return probability is not recurrent in this case, as P (τ <∞)→ 0.

Proposition A.1. . For the classical walk on the Cayley tree of the free group
on n generators, P (τ <∞)→ 0 as n→∞.

Proof. Consider the following reduction. Rather than moving in the n possible
directions at each step, view the Cayley tree as layered with the root as the
top of the tree. Then the walker either descends the tree or ascends the tree
at any time. At any vertex aside from the root, the probability of ascending
is 1

n
and the probability of descending is n−1

n
.

Let τ = 2k denote the paths departing from the root with first return time
of 2k (clearly τ = 2k + 1 is empty). A path can be thought of as a string of
letters in {A,D}, where A indicates ascension and D indicates descent. For a
path ω in τ = 2k, the word describing ω contains k As and Ds. Furthermore,
if the word is cut off at any given point, the number of Ds must exceed the
number of As. Thus

|τ = 2k| = Ck = 1
k + 1

(
2k
k

)
,
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i.e. there are Ck words in τ = 2k, where Ck is the kth Catalan number.
The probability of a path in τ = 2k is

(
1
n

)k (
n−1
n

)k−1
, since the probability

of descent at the root is 1 and n−1
n

at any other depth, while the probability
of ascending is 0 at the root and n−1

n
at any other depth. Thus

P (τ = 2k) =
(

(n− 1)k−1

n2k−1

)
Ck.

The probability that the walk returns to the root is thus

P (τ <∞) =
∞∑
k=0

P (τ = k)

=
∞∑
k=1

P (τ = 2k)

=
∞∑
k=1

(
(n− 1)k−1

n2k−1

)
Ck

= 1
n

∞∑
k=1

(
n− 1
n2

)k−1
Ck

Using the bound
(

2n
n

)
≤ 4k√

π(k+ 1
4 )

, for n ≥ 4 we obtain

(
n− 1
n2

)k−1
Ck ≤

4
(k + 1)

√
π(k + 1

4)

(3
4

)k−1
,

and so the probability of returning is bounded by a geometric series. Taking
the limit as n goes to infinity, the probability of returning decreases to 0.
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APPENDIX B

MATHEMATICA CODE

B.1 Graph Generation

B.1.1 Free groups

FreeGroupTree[degree,depth] constructs the Cayley graph of a free group
truncated at a specified depth (i.e. maximum word length), where the degree
of the identity is twice the number of generators. Degree is specified rather
than the number of generators as to allow for construction of free groups whose
generators are involutions. To add self loops at each vertex of a graph G, run
Loopify[G].
FreeGroupTree[degree_,depth_]:=Module[{Edges},

Edges=Table[{0,1}↔{1,i},{i,1,degree}];

For[i=1,i≤depth-1,i++,

For[j=1,j≤degree*(degree-1)ˆ(i-1),j++,

Edges=Join[Edges,Table[{i,j}↔{i+1,(degree-1)*j-k},{k,0,degree-2}]];

];

];

Return[Graph[Edges]];

];

Loopify[G_]:=Module[{VL=VertexList[G],VC=VertexCount[G]},

Return[EdgeAdd[G,Table[VL[[i]]↔VL[[i]],{i,1,VC}]]];

];
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B.1.2 Stochastic Kronecker Graphs

Given an initialization graph G, and parameters 0 < a < b < 1,
StochasticKroneckerGraph[G,a,b,n] constructs the (n+ 1)-fold Kronecker
product of a probability matrix P and generates edges according to P . Self-
loops are removed.
StochasticKroneckerGraph[G_,a_,b_,n_]:=

Module[{M,P=AdjacencyMatrix[G],VC=VertexCount[G],d,rand},

P=(a-b)P+ConstantArray[b,{VC,VC}];

M=KroneckerProduct[P,P];

For[i=1,i≤n,i++,M=KroneckerProduct[M,P]];

d=Length[M];

For[i=1,i≤d,i++,

For[j=1,j≤d,j++,

rand=RandomReal[{0,1}];

If[M[[i,j]]≤rand,M[[i,j]]=0,M[[i,j]]=1];

];

];

For[i=1,i≤d,i++,M[[i,i]]=0];

Return[AdjacencyGraph[M]];

];

B.2 Grover Flip-Flop Walk and Search

B.2.1 Operators

UGrover[G] returns the flip-flop Grover evolution operator for G.
UGrover[G_]:= Module[{U,EL=EdgeList[G],EC=EdgeCount[G],Edge1,Edge2},

U=SparseArray[{},{2*EC,2*EC}];

For[i=1,i≤EC,i++,

Edge1 = EL[[i]];

(*Loops*)

If[Edge1[[1]]==Edge1[[2]],

U[[i,i]]=2/(VertexDegree[G,Edge1[[2]]]);

U[[i+EC,i+EC]]=2/(VertexDegree[G,Edge1[[2]]])];

(*Inverse Edges*)

U[[i,i+EC]]=2/(VertexDegree[G,Edge1[[2]]])-1;

U[[i+EC,i]]=2/(VertexDegree[G,Edge1[[1]]])-1;

(*Other edges*)

For[j=1,j≤EC,j++,
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Edge2=EL[[j]];

If[i!=j,

If[Edge1[[2]]==Edge2[[1]],

U[[i,j]]=2/(VertexDegree[G,Edge1[[2]]])];

If[Edge1[[2]]==Edge2[[2]],

U[[i,j+EC]]=2/(VertexDegree[G,Edge1[[2]]])];

If[Edge1[[1]]==Edge2[[1]],

U[[i+EC,j]]=2/(VertexDegree[G,Edge1[[1]]])];

If[Edge1[[1]]==Edge2[[2]],

U[[i+EC,j+EC]]=2/(VertexDegree[G,Edge1[[1]]])];

];

];

];

Return[Transpose[U]];

];

Oracle[G,m] returns the oracle operator for finding vertex m on G.
Oracle[G_,m_]:=Module[{Uw,EL=EdgeList[G],EC=EdgeCount[G],Edge,markededges},

Uw=IdentityMatrix[2*EC,SparseArray];

markededges=SparseArray[{},{2*EC}];

For[i=1,i≤EC,i++,

Edge=EL[[i]];

If[Edge1[[1]]==m,markededges[[i]]=1;Uw[[i,i]]=-1];

If[Edge1[[2]]==m,markededges[[i+EC]]=1;Uw[[i+EC,i+EC]]=-1];

];

Return[{Uw,markededges}];

];

B.2.2 Flip-flop Grover Walk

GroverWalk[G,t] performs t steps of the flip-flop Grover walk on the graph
G, returning the state.
GroverWalk[G_,t_]:=Module[{U,Uw,marked,EC=EdgeCount[G],state},

U=UGrover[G];

state=Normalize[N[ConstantArray[1,2*EC]]];

For[k=1,k≤t1,k++,state=U.state];

Return[state];

];
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B.2.3 Flip-flop Grover Search

GroverSearch[G,m,t1,t2] performs the Grover search onG for the marked
vertex m using t1 evolutions for each of the t2 oracle queries, returning the
probability of detecting the marked vertex after each iteration.
GroverSearch[G_,t1_,t2_,m_]:=Module[{U,Uw,marked,EC=EdgeCount[G],state,probs},

U=UGrover[G];

{Uw,marked}=Oracle[G,m];

state=Normalize[N[ConstantArray[1,2*EC]]];

probs={marked.Abs[state]ˆ2};

For[i=1,i≤t2,i++,

state=Uw.state;

For[k=1,k≤t1,k++,state=U.state];

AppendTo[probs,marked.Abs[state]ˆ2];

];

Return[probs];

];


