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ABSTRACT

SOME ASPECTS OF VAN DER WAALS CORRECTED DENSITY FUNCTIONALS:
SURFACE PROPERTIES, PHASE TRANSITIONS, AND MOLECULAR

ADSORPTION

by

Abhirup Patra

Understanding the “incomprehensible” world of materials is the biggest challenge to the

materials science community. To access the properties of the materials and to utilize them

for positive changes in the world are of great interest. Often scientists use approximate

theories to get legitimate answers to the problems. Density functional theory (DFT) has

emerged as one of the successful and powerful predictive methods in this regard. The accu-

racy of DFT relies on the approximate form of the exchange-correlation (EXC) functional.

The most complicated form of this functional can be as accurate as more complicated and

computationally robust method like Quantum Monte Carlo (QMC), Random Phase Ap-

proximation (RPA). Two newest meta-GGAs, SCAN and SCAN+rVV10 are among those

functionals.

Instantaneous charge fluctuation between any two objects gives rise to the van der Waals

(vdW) interactions (often termed as dispersion interactions). It is a purely correlation

effect of the interacting electrons and thus non-local in nature. Despite its small magnitude

it plays a very important role in many systems such as weakly bound rare-gas dimers,

molecular crystals, and molecule-surface interaction. The traditional semi-local functionals

can not describe the non-local of vdW interactions; only short- and intermediate-range of

the vdW are accounted for in these functionals. In this thesis we investigate the effect of the

weak vdW interactions in surface properties, rare-gas dimers and how it can be captured

seamlessly within the semi-local density functional approximation.

We have used summed-up vdW series within the spherical-shell approximation to develop

a new vdW correction to the meta-GGA-MS2 functional. This method has been utilized to

calculate binding energy and equilibrium binding distance of different homo- and hetero-
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dimers and we found that this method systematically improves the MGGA-MS2 results

with a very good agreement with the experimental data. The binding energy curves are

plotted using this MGGA-MS2, MGGA-MS2-vdW and two other popular vdW-corrected

functionals PBE-D2, vdW-DF2. From these plots it is clear that our summed-up vdW series

captures the long-range part of the binding energy curve via C6, C8, and, C10 coefficients.

The clean metallic surface properties such as surface energy, work functions are important

and often play a crucial role in many catalytic reactions. The weak dispersion interactions

present between the surfaces has significant effect on these properties. We used LDA, PBE,

PBSEsol, SCAN and SCAN+rVV10 to compute the clean metallic surface properties. The

SCAN+rVV10 seamlessly captures different ranges of the vdW interactions at the surface

and predicts very accurate values of surface energy (σ), and work function (Φ) and inter-

layer relaxations (δ%). Our conclusion is adding non-local vdW correction to a good semi-

local density functional such as SCAN is necessary in order to predict the weak attractive

vdW forces at the metallic surface.

The SCAN+rVV10 has also been employed to study the hydrogen evolution reaction (HER)

on 1T-MoS2. We have chosen as a descriptor differential Gibbs free energy (∆GH to un-

derstand the underlying mechanism of this catalytic reaction. Density functional theory

calculations agree with the experimental findings. In the case of layered materials like 1T-

MoS2, vdW interactions play an important role in hydrogen binding, that SCAN+rVV10

calculation was able to describe precisely. We have also used SCAN and SCAN+rVV10

functionals to understand bonding of CO on (111) metal surfaces, where many approxi-

mations to DFT fail to predict correct adsorption site and adsorption energy. In this case

SCAN and SCAN+rVV10 do not show systematic improvements compared to LDA or

PBE, rather, both SCAN and SCAN+rVV10 overbind CO more compared to PBE but less

compared to the LDA. This overbinding of CO is associated with the incorrect charge trans-

fer from metal to molecule and presumably comes from the density-driven self-interaction

error of the functionals. In this thesis we assessed different semi-local functionals to in-
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vestigate molecule surface systems of π-conjugated molecules (thiophene, pyridine) ad-

sorbed on Cu(111), Cu(110), Cu(100) surfaces. We find the binding mechanism of these

molecules on the metallic surface is mediated by short and intermediate range vdW interac-

tions. Calculated values of binding energies and adsorbed geometries imply that this kind

of adsorption falls in the weak chemisorption regime.

Structural phase transitions due to applied pressure are very important in materials science.

However, pressure induced structural phase transition in early lanthanide elements such

as Ce are considered as abnormal first order phase transition. The Ce α-to-γ isostructural

phase transition is one of them. The volume collapse and change of magnetic properties

associated with this transition are mediated by the localized f -electron. Semi-local density

functionals like LDA, GGA delocalize this f -electron due to the inherent self-interaction

error (SIE) of these functionals. We have tested the SCAN functional for this particular

problem, and, it was found that the spin-orbit coupling calculations with SCAN not only

predicts the correct magnetic ordering of the two phases, but also gives a correct minima

for the high-pressure α-Ce phase and a shoulder for the low-pressure γ-Ce phase.
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CHAPTER 1

BASICS OF DENSITY FUNCTIONAL THEORY

1.1 Basics of many-electron systems

Present day condensed matter physics research is centered around understanding electronic

interactions in many-electron systems. However, since the motion of electrons in a sys-

tem is governed by two main length scales of quantum mechanics- one coming from the

Planck’s rule and another due to the interaction length attributed to screening. Hence, the

complexity of the electronic interaction in such a system increases with the system size.

The analytical solution of Shrödinger’s equation [17] thus become impossible due to the

inherent coupling present in the system.

Quantum mechanical solution of the electronic structure of a many-electron system can be

achieved using two main approaches:

• Semiempirical approach – This method rely on some experimental inputs which can

be used in fitting to produce physical solution of a many-electron system. However,

since this is based on experimental data, the generality of this method is not accepted

in scientific community. This method can be used to parametrize some chemical

data.

• Nonempirical approach – This approach does not require any kind of empirical pa-

rameter as input. These are usually called “First-principles methods”.

– Wave function methods – This is computationally robust but accurate

method based on traditional wave function solution of Shrödinger’s equation-

such as the Hartree-Fock method. This method serves as the workhorse of quan-

tum chemistry research. One can get results with the desirable accuracy using
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Configuration Interaction (CI) [18], Coupled Cluster (CC) [19, 20] and other

wave function based methods. However, for a large system the computational

time can be as large as ≈ N4 − N6, N being the number of electrons in the

system.

– Density Functional Theory[21–23] – Complexity of wave function

based method can be easily avoided using electronic density as the main vari-

able to solve Shrödinger’s like equations of the system. This is a computation-

ally efficient, yet very reliable method in both physics and chemistry communi-

ties. Within the density functional theory framework a simple calculation scales

as ≈ N3. However, the accuracy of DFT method largely rely on the accurate

description of the electronic density of the system, which is not a easy thing to

approximate. Thanks to John Perdew and other eminent researchers in this field

whose continuous effort for building new, efficient and accurate energy func-

tionals have made DFT more accurate than ever before. Like every physical

approximation DFT also has many problems such as- self-interaction error in

usual energy functionals- LDA, GGA’s and even in some meta-GGA’s [24]. In

the spirit of DFT, one should remember that often DFT provides very reliable

answer for many complex cases which are almost impossible to address using

traditional wave-function based methods.

A key aim of most electronic structure theory is to solve the non-relativistic time indepen-

dent many-body Schrödinger equation

ĤΨ(RI , ri, σi) = EΨ(RI , ri, σi) (1.1-1)

For a system containing M nuclei and N electrons the many-body wavefunction (Ψ) is

a function of all the spatial coordinates of nuclei (RI , I = 1, ...,M ) and spatial and spin

coordinates of electrons (ri, σi, i = 1, ..., N ). The Hamiltonian (Ĥ) is a sum of all possible

interactions between electrons and nuclei. In atomic units (energy in Hartree and length in

2



Bohr), can be expanded as:

Ĥ = −1

2

M∑
I=1

∇RI

2−1

2

N∑
i=1

∇ri
2+

M∑
I=1

M∑
J>I

ZIZJ
|RI −RJ |

−
N∑
i=1

M∑
J=1

ZI
|ri −RJ |

+
N∑
i=1

N∑
j>i

1

|ri − rj|
.

(1.1-2)

The above equation can be simplified in the notion of many-electron theory as-

Ĥ = T̂e + T̂nucl + Ûnucl + V̂ext + Ûee, (1.1-3)

where

T̂e =
N∑
i=1

−1

2
∇2
i (1.1-4)

represents the kinetic energy of electrons,

V̂ext =
N∑
i=1

M∑
I=1

−ZI
|ri −RI |

(1.1-5)

and

Ûee =
N∑
i=1

N∑
j>i

1

|ri − rj|
(1.1-6)

are the external potential energy (sum of all the elctrostatic potential from the nuclei) and

the Coulombic repulsion energy between the electrons. The two terms related to nuclei are

-

Ûnucl =
M∑
I=1

M∑
J>I

1

|RI −RJ |
(1.1-7)

and

T̂nucl =
M∑
I=1

−1

2
∇2
I (1.1-8)

the potential energy of the nuclei-nuclei interaction and kinetic energy of the nucleus. The

interaction between the electrons and the electron and nucleus makes this equation ex-

tremely complicated to solve numerically even for a system with two electrons as in He.
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The first light of hope came when the Born-Oppenheimer approximation [25] was derived

based on the fact that the mass of nucleus is approximately 2000 times larger than the elec-

tronic mass. This approximation helped the scientist community to decouple the dynamics

of electrons and nuclei of Eq.1.1-2. With this, one can treat nuclei as classical particles

which can be assumed static during the quantum mechanical process of the system. There-

fore, the dynamics of the electrons can be understood by solving Schrödinger equation for

the electrons containing electron-nuclei interaction as an external potential in which elec-

trons are moving. Then using Born-Oppenheimer approximation one can break down the

wave function of Eq.1.1-1 as-

Ψ(RI , ri, σi) = Φ(RI)Ψ(ri, σi). (1.1-9)

In the above equation, Φ(RI) is the wavefunction of the nuclei and Ψ(ri, σi) is the elec-

tronic wavefunction. This results in simplification of Eq.1.1-3, the ˆTnucl can be neglected

and the Ûnucl can be added (as a correction) to the total energy of the electrons. Therefore,

solving the many-electron system simply requires us to solve Schrödinger’s equation for

the electrons. However, since the wave-function of the electrons depends on the position

of the nuclei the Hamiltonian operator Ĥe for the electrons can be used in the following

equation-

ĤeΨe(RI, ri, σi) = EeΨe(RI, ri, σi) (1.1-10)

where

Ĥe = T̂e + Ûe + ˆVext + Vnucl. (1.1-11)

The total energy of the system can be obtained by adding a correction term to the Ee from

Eq. 1.1-10-

Etotal = Ee + Correction term, (1.1-12)

The small correction term is due to the electron-phonon coupling and nuclear kinetic energy
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of the system. Although a great simplicity is achieved towards solving the many-electron

system, one should note that the Born-Oppenheimer approximation is not valid in all cases.

Especially, in a system with multiple potential energy surfaces close to each other the Born-

Oppenheimer approximation can break down causing unphysical description of the system.

However, it is well established now that the Born-Oppenheimer approximation is valid in

most quantum mechanical calculations of many-electron system.

The spatial coordinate of electron (ri) and the spin coordinate (σi =↑or ↓) can be com-

bined together in one quantity xi = (ri, σi). In a traditional wave-function based ap-

proach, the system’s electronic states are described as many-electron wave-functions Ψe =

Ψe(x1, x2, ..., xN), subject to two conditions; they must be normalized

〈Ψe|Ψe〉 =

∫ ∫
...

∫
|Ψe|2dx1dx2dx3...dxN , (1.1-13)

and antisymmetric-

Ψe(x1..., xi, ..., xj, ...) = −Ψe(x1..., xj, ..., xi, ...). (1.1-14)

Solving the Schrödinger equation for the ground state wavefunction Ψ0 yields the ground

state energy E0. This can be achieved using Rayleigh-Ritz variational principle. In this

principle the many-electron wave function that corresponds to the ground state of the sys-

tem is found through a search in a wave function space proportional to the dimension of the

system. In principle, the ground state wave function is the one which minimizes the energy

expectation value of the electronic Hamiltonian of Eq. 1.1-11-

E0 = min
Ψ=Ψ0

〈Ψ|Ĥe|Ψ〉. (1.1-15)
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1.2 Thomas-Fermi Density Functional model

Apparently so far it seems not so difficult to find the correct ground state energy of a many-

electron system by solving a set of equations related to the electronic motion. However,

solving Eq. 1.1-10 is difficult due to the interaction between electrons and many-body na-

ture of the interaction. In a many-electron system, motion of a single electron is correlated

due to presence of other electrons in the system- which means we need to deal with 3N

variables for a N electron system. So, essentially it became important to simplify this

problem. The electronic density of the N -electronic system can be written as-

n(r) = N

∫ ∫
...

∫
|Ψe(rσ1, x2, x3...xN)|2dσ1dx2dx3...dxn

= N
∑
σ1

∑
σ1

....
∑
σN

∫ ∫
...

∫
|Ψe|2dr2dr3...drN . (1.2-16)

In principle n(r) determines the probability of finding any of the N electrons with some

arbitrary spin at r1. This is why in the integration of Eq. 1.2-16 the r1 coordinate is left

free from integration. However, in practice one can replace r1 with any arbitrary spatial

coordinate while integrating over the rest of the spatial coordinates. Normalization criteria

of the wave function Ψ directly applies while integrating the n(r) to the get total number

of electrons in the system-

N =

∫
n(r)dr. (1.2-17)

In density functional theory (DFT), the most important quantity is the electronic density

of the system. The electronic density n(r) is defined as the number of electrons per unit

volume at the point n(r) in space. Density functional theory reduces the exponential com-

putational cost of wave function theory to N3 order, which is why one can deal with larger

systems in DFT than in wave function based methods. Electronic density is always a 3

dimensional quantity regardless of number of electrons in the system. This is why DFT

can be applied to comparatively much larger systems. In the past few decades the popu-
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larity of DFT has been increased not only in the condensed matter physics community but

also in quantum chemistry, where the number of atoms in the systems could be as large as

thousand or more. By using electron density as the main argument, complicated energy ex-

pressions can be represented by the density functionals. Which means density functionals

are expectation values. However, we will further see that not all parts of the total energy

of a system can be easily represented as density functionals. The complicated ∇2
e operator

present in the kinetic energy term and electronic and nuclear position present in the po-

tential energy term, make them difficult to write in simple density functional forms. The

external potential term can be easily written in density functional form-

V [n(r)] =
1

N

N∑
i=1

∫
n(ri)vext(ri)dri. (1.2-18)

In this way we can rewrite the total energy of 1.1-3 as -

Ee[n(r)] = T [n(r)] + U [n(r)] + V [n(r)] = F [n(r)] + V [n(r)], (1.2-19)

F [n(r)] is the universal functional independent of the external potential.

The first approximation to Eq. 1.2-19, came in the 1920s in work by Thomas and Fermi

[26, 27]. The proper justification of 1.2-19 can be seen in their ground-breaking work.

They developed a simple yet physical functional approximation to the complicated kinetic

energy term, called Thomas-Fermi functional TTF [n(r)] as -

T ≈ TTF [n(r)] = CF

∫
n5/3(r)dr, CF =

3

10
(2π2)2/3. (1.2-20)

In their model the potential energy term is approximated as simple classical Coloumbic
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repulsion of two electronic densities -

U ≈ U [n(r)] =
1

2

∫
d3r

∫
d3r′

n(r)n(r′)

|r − r′|
. (1.2-21)

So, in the simple Thomas-Fermi model the total energy of the system can be written as -

ETF [n(r)] = TTF [n(r)] + U [n(r)]︸ ︷︷ ︸
FTF [n(r)]

+V [n(r)]. (1.2-22)

The FTF [n(r)] is called the universal density functional which is independent of the ex-

ternal potential of the system and in principle should be applicable for all systems. The

Thomas-Fermi model was the first to give a universal functional of density n(r). Dif-

ferent approximations for this universal functional are discussed later in this chapter. This

model is considered as the first important approximation to density functional theory, which

is later followed by many others to make this approximation more accurate. However,

this simple model showed how the ground state energy can be calculated solely using

electronic density. The Thomas-Fermi model gives a reasonable result for many heavy

atoms, although the missing exchange-correlation part in this model makes it inaccurate

for molecules and solids. Nevertheless, based on this simple approximation many other

version of density functionals are developed such as Thomas-Fermi-Dirac approximation

[22], Thomas-Fermi-Dirac-Gombas approximation [28] and others.

1.3 The Hohenberg-Kohn (HK) theorems

The two theorems proposed by Hohenberg and Kohn [29] in 1964, became the foundation

of modern density functional theory. They first showed that electron density can be used as

the only variable while determining the total energy of the systems.

The first Hohenberg-Kohn theorem deals with a one-to-one mapping between the electron

density n(r) and the external potential v(r) and the second one states the how variational
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principle can be used to minimize the total energy with respect to the electron density n(r).

To discuss the first theorem let us consider a system of N interacting spinless electrons

moving under the influence of an external potential V . The first Hohenberg-Kohn theorem

states that no two potentials (differing by more than an additive constant) can have the

same ground state density n0(r). The proof is done in a simple way using reductio ad

absurdum. If the total electronic Hamiltonian H = T + U + V yields a ground-state

wavefunction Ψ0(r) then another Hamiltonian H ′ = T +U +V ′ with an external potential

V ′ = V 6= const yields a ground-state wavefunction Ψ′0(r). Let us also assume that the

ground state densities of both of these systems are same- n0[(r)] = n′0[(r)]. Using the

Rayleigh-Ritz variational principle one can write the inequality-

E ′0 = 〈Ψ′|H ′|Ψ′〉 < 〈Ψ|H ′|Ψ〉 = 〈Ψ|H + V ′ − V |Ψ〉 (1.3-23)

which is,

E ′0 < E0 +

∫
(v′(r)− vext(r))n(r)dr. (1.3-24)

Now one can also obtain by reversing the prime-

E0 < E ′0 +

∫
(vext(r)− v′(r))n(r)dr. (1.3-25)

Adding Eq. 1.3-24 and Eq. 1.3-25 we get, E0 + E ′0 < E ′0 + E0. This contradiction clearly

predicts that two different potential V ′ and V can not yield the same ground-state density

n0(r). The existence of an unique potential corresponding to the ground-state density n0(r)

makes the density v-representable, and this problem is often referred as v-representability

[24]. The consequence of the first Hohenberg-Kohn theorem is that the ground state energy

can be uniquely determined by the ground-state density -
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Ev[n(r)] = 〈Ψ|Tv + Uv + Vv|Ψ〉

=Tv[n(r)] + Uv[n(r)] + Vv[n(r)]

=FHK [n(r)] + Vv[n(r)]. (1.3-26)

The second Hohenberg-Kohn theorem tells us that the ground state energy can be obtained

by minimizing the total energy with respect to the electron density. Which means that

E0[n0(r)] = min
n=n0

Ev[n(r)] = min
n=n0

FHK [n(r)] + Vv[n(r)]. The Hohenberg-Kohn theorem

reduces the N -body problem to a minimization of a functional E[n(r)] with respect to

the 3-dimensional function n(r). However, the densities used in the minimization problem

corresponding toN -electron asymmetric wave function- densities are N-representable [24].

1.3.1 Levy’s constrained-search approach

In the HK theorem we have seen a one-to-one correspondence between the ground state

electron density and the corresponding external potential acting on the system. A direct

consequence of the HK theorem is that ground state electron density uniquely determines

all the other ground state properties of the system. Which means, the ground state electron

density n0(r) also determines the ground state wave function Ψ0(r). However, in principle

there can be several wavefunctions that produce the ground state density. In 1979 Levy

and Lieb [30, 31] worked out a way to determine the true ground state which is known as

Levy-Lieb constrained search formulation. This method is a two-step process. First, we

search over all allowed antisymmetric wave functions, and the one that minimizes the N -

electron Hamiltonian is the true ground state wavefunction.

E0 = min
Ψ→N
〈Ψ|Ĥe|Ψ〉 (1.3-27)

In the second step, we search over a set of densities and recognize the ground state density
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is the one which correspondence to the wavefunction that minimizes the total energy in the

first step. It can be represented as-

E0 = min
n(r)→n(r)

{ min
Ψ(r)→N

〈Ψ|Ĥe|Ψ〉}. (1.3-28)

Inserting the expression for universal functional F [n(r)] the above equation become-

E0 = min
n(r)→n(r)

(F [n(r)] +

∫
n(r)vext(r)dr) (1.3-29)

where, F [n(r)] = min
Ψ→n(r)

〈Ψ|T̂e + Ûee|Ψ〉. It is easy to understand that the universal func-

tional from the HK theorem FHK [n(r)] is equivalent to the F [n(r)] for any density n = n0.

Equation 1.3-28 minimizes the Hamiltoninan under the constraint of fixed electron density.

Which means the total number of electrons of the system (N ) must remain same during the

minimization process. Mathematically, this statement can be realized as -

δ{F [n(r)] +

∫
n(r)vext(r)dr− µ[

∫
n(r)dr−N ]} = 0 (1.3-30)

where µ is the Lagrangian multiplier. Functional derivative of F [n(r)] with respect to

density n(r) can be physically related to the chemical potential µ of the system via the

following equation-

vext(r) = µ− δF [n(r)]

δn(r)
. (1.3-31)

One can readily find that the DFT is an exact theory a for many-electron system if the exact

form of F [n(r)] is known, because essentially Eq. 1.3-30 solves the Shrödinger’s equation

for the given many-electron system with the constraint of fixed electron density.

1.4 Kohn-Sham Scheme

So far we have seen that in the HK-DFT the most challenging part is finding the exact

form of universal density functional F [n(r)], which consists of the kinetic energy term
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and the interacting potential energy term of the electrons. Following the Thomas-Fermi

(TF) model, F [n(r)] can be modeled within the homogeneous electron gas (HEG) concept.

However, to treat inhomogeneity of the electron density in most realistic systems, the TF

model can not be applied. In 1965, Kohn and Sham published a seminal paper [32], which

gives a way to solve this complicated problem and changed the picture of electron-structure

theory. What Kohn and Sham suggested was to replace the system ofN interacting particles

with a fictitious system of non-interacting particles, whose ground state density would be

the same as that of the interacting particles system. Essentially, Kohn-Sham decoupled the

“interacting” systems into a kinetic energy term and a “effective” external potential term.

All the many-body interactions are then included in this fictitious “effective” potential.

Now, one-to-one correspondence between the external potential and the electron density

of HK theorem ensures that the density of the real system can be reproduced using this

effective potential. Kohn-Sham scheme of DFT leads to an one-electron Schrö like equation

expressed as-

ˆHKSΦKS
i = [ ˆTKS +

ˆ
veffectKS ]ΦKS

i

= [−1

2
∇2
i + veffKS ]ΦKS

i

= εKSi ΦKS
i . (1.4-32)

Here, ΦKS
i is the one-electron Kohn-Sham orbitals of the fictitious system, which on inte-

grating gives the electron density n(r) -

n(r) =
N∑

ioccupied=1

|ΦKS
i |2. (1.4-33)

12



In HK-DFT the universal, energy functional FHK [n(r)] can be written as-

EHK [n(r)] = FHK [n(r)] +

∫
n(r)vext(r)dr (1.4-34)

which becomes-

EKS[n(r)] = FKS[n(r)] +

∫
n(r)vext(r)dr, (1.4-35)

with the universal functional FKS[n(r)] as-

FKS[n(r)] = TKS[n(r)] + VH [n(r)] + EXC [n(r)]. (1.4-36)

Here TKS is the non-interacting kinetic energy of the system with non-interacting Kohn-

Sham particles, VH is the classical electrostatic energy or Hartree energy and EXC is the

Exchange-Correlation energy, which is basically-

EXC [n] = T [n]− TKS[n] + Vee − VH [n]. (1.4-37)

So, EXC [n] is the difference between the kinetic and the electronic-electron interaction

energy between the interacting and non-interacting systems. In KS-DFT the total energy

can be expressed as-

Etot[n] = TKS[n] + VH [n] + EXC [n] + Vext[n]. (1.4-38)

Applying the variational problem for the Eq. 1.4-38, using the same Lagrange multiplier µ

to constrain the number of electrons to be N we get,

δ

δn(r)
[Etot − µ

∫
(dn(r)n(r)−N)] = 0, (1.4-39)
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which gives,
δTKS
δn(r)n

+
δEH
δn(r)

+
δEXC
δn(r)

+
δEext
δn(r)

= µ. (1.4-40)

Using the definition of Hartree energy one can write the above equation as-

µ =
δTKS
δn(r)

+ vH(r) + vext(r) + vXC(r)

=
δTKS
δn(r)

+

∫
n(r’)
|r− r’|

dr’ + vext(r) + vXC(r) (1.4-41)

where vXC [n(r)] = δEXC
δn(r)

is the exchange-correlation potential. Comparing Eq.1.4-41 with

the static condition of KS-DFT δTKS
δn(r)

+
∫
veff (r)dr = 0 we can derive an expression for

veff (r)-

veff (r) = vXC(r) + vH(r) + vext(r). (1.4-42)

With this we can rewrite the Kohn-Sham equation (Eq.1.4-32)-

[−1

2
∇2
i + vKS(r)]ΦKS

i = εKSi ΦKS
i , (1.4-43)

with Kohn-Sham potential as expressed in Eq.1.4-42. Since the Kohn-Sham potential

vKS(r) depends upon the density n(r), the solution of the Kohn-Sham equation is pur-

sued self-consistently. Which means, using an initial guess of the electron density n(r) the

effective Kohn-Sham potential is constructed which is used to solve Eq.1.4-32 and get a

set of Kohn-Sham orbitals ΦKS
i . These orbitals are used to construct a new density and

the process repeated until convergence is achieved (i.e., until the new density is exactly the

same as the old density). Finally, the total energy can be calculated using the final con-

verged electron density. The total energy would be the exact ground state energy of the

system if all the quantities of Eq.1.4-42 are known exactly. The total energy in KS scheme

can be written as -

E =
N∑
i=1

εi −
1

2

∫
n(r’)n(r)

|r− r’|
+ EXC(r)−

∫
vXC(r)n(r)dr (1.4-44)
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We have seen that the Kohn-Sham equation can give the exact answer for many-particle

systems in a much simpler way than solving complicated and computationally more expen-

sive HF method. However, in KS-DFT there is still one problem that remains challenging,

and that is the exact form of the exchange-correlation energy which is not known, and the

only solution is to find an approximation that gives an accurate result. In section 1.7 we

will discuss how such functionals can be obtained and how they determine properties of a

system.

1.5 Exchange-Correlation functionals

The exchange-correlation, as defined in Eq. 1.4-37, is the difference of kinetic energy and

electron-electron interaction energies of the interacting many-electron systems and the fic-

titious non-interacting system. This Exc[n] can be further separated an into exchange term

and a correlation term as follows-

Exc[n] = EX [n] + EC [n]. (1.5-45)

However, modeling these two terms from a theoretical perspective is an extremely chal-

lenging job to do, and, therefore, still an active area of research. In principle, Exc can be

determined, knowing the exchange-correlation energy per particle (εxc), by-

Exc =

∫
drn(r)εxc[n(r)] (1.5-46)

If the exact form of Exc can be known, the true ground state energy and density of a many-

electrons system can also be found. These functionals are modeled based on the locality

of the electron density or more specifically the exchange-correlation hole of the system.

Jacob’s ladder as portrayed by John Perdew gives a pictorial hierarchy of these functionals,

starting from simple and local functionals to the most complicated and non-local ones. The
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top most rung of this ladder is considered to be the functional “Heaven” which should

consist of exact functionals.

In section 1.7 a review of these functionals will be given along with some basic features and

applications of them. Features of some special type of functionals such as vdW corrected

ones are given in section 1.9. We will continue this chapter by discussing how the real

interacting system is being connected to the fictitious system during modeling of these

functionals, followed by details of different levels of functionals and then some challenging

aspects where these functionals may wrong and how to overcome these challenges.

1.6 Adiabatic Connection Formula

We have seen earlier that Kohn-Sham theory can accurately predicts the ground state prop-

erties of a non-interacting fictitious system. However, in order to obtain the true ground

state properties of the real interacting system one need to connect these two systems con-

tinuously. This can be done using the concept of adiabatic connection on DFT. According

to this theory the Hamiltonian of the non-interacting system is coupled with the Hamilto-

nian operator of the interacting system via λ following way-

Ĥλ = T̂ + λÛ + V̂ λ; 0 < λ < 1. (1.6-47)

The T̂ λ is the kinetic energy, Û is the electronic interaction energy or Hartree energy and V̂ λ

is the external potential. Here λ = 1 determines the fully interacting limit (e.g. real system)

and λ = 0 non-interacting limit as in the fictitious system. So physically λ determines the

strength of the coupling potential. Therefore, all quantities in DFT scales with λ, which we

will see later in this chapter. The electronic density nλ(r) is independent of the coupling

parameter λ. The wave function Ψ scales in second order with λ, so one can compute the
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expectation value of functional-

Eλ = 〈Ψλ|Ĥλ|Ψλ〉. (1.6-48)

By taking derivative of Eλ with respect to λ-

dEλ

dλ
=〈Ψλ|δĤ

λ

dλ
|Ψλ〉

=〈Ψλ|Û |Ψλ〉+

∫
drn(r)

d

dλ
V̂ λ(r) (1.6-49)

In a fully interacting and non-interacting picture Eq.1.6-48 becomes-

E1 − E0 =

∫ 1

0

dλ
dEλ

dλ

=

∫ 1

0

dλ{〈Ψλ|Û |Ψλ〉+

∫
drn(r)

d

dλ
V̂ λ(r)}

=

∫
drn(r)[vext(r)− vKS(r)] +

∫ 1

0

dλ〈Ψλ|Û |Ψλ〉 (1.6-50)

Utilizing 1.4-38 one can write the right hand side of the above equation as-

E1 − E0 =TKS[n] +

∫
drn(r)vext(r) + U [n] + EXC [n]− {TKS[n] +

∫
drn(r)vKS(r)}

=

∫
drn(r)[vext(r)− vKS(r)] +

∫ 1

0

dλ{〈Ψλ|Û |Ψλ〉 (1.6-51)

Eq. 1.6-51 simplifies and gives an expression for the exchange-correlation energy-

U [n] + EXC [n] =

∫ 1

0

dλ〈Ψλ|Û |Ψλ〉

EXC [n] =

∫ 1

0

dλ〈Ψλ|Û |Ψλ〉 − 1

2

∫
drdr’

n(r)n(r’)
|r− r’|

(1.6-52)

This is the so called adiabatic connection formula. It allows to express EXC in terms of

exchange-correlation hole density. The exchange-correlation Exc functionals can be de-
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scribed using the two-electron pair correlation function. This two-electron pair correlation

function or two-electron density matrix is the joint probability density of finding an electron

with spin σ1 at dr1 and the second electron with spin σ2 at dr2-

ρ2(r1, σ1; r2, σ2) = n1(r1, σ1)n2(r1, σ1; r2, σ2). (1.6-53)

Here the two particle conditional probability n2(r1, σ1, r2, σ2) is the probability of finding

the first electron with spin σ1 at r1, given the second electron at r2 with spin σ2, and

n1(r1, σ1) is the probability of finding an electron with spin σ1 at r1. These two quantities

are related to the exchange-correlation hole density. The Pauli exclusion principle says that

two electrons with the same spin can not be at the same position the same time, which

creates a hole around the first electron. Physically one can realize that integrating the two

particle conditional probability one get all the electrons except the one at r1-

∫
drn2(r1, r2) = N − 1. (1.6-54)

Apart from the spin factor two electron always repeal each other due to Coulombic interac-

tion between them. This creates the correlation hole. Therefore, probability of finding an

electron can alternatively defined using the concept of exchange-correlation hole density

following way-

ρ2(r1, σ1; r2, σ2) = n1(r1, σ1)[n2(r2, σ2) + nλxc(r1, σ1; r2, σ2)]. (1.6-55)

Here, n2(r2, σ2) is the probability of finding an electron with spin σ2 at r2. From Eq. 1.6-

53 and Eq. 1.6-55, one can see that the probability of finding a second electron at r2 is

decreased due to the exchange-correlation hole surrounding the electron at r1, and, thus we
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can define exchange-correlation hole density-

nλxc(r1, σ1; r2, σ2) = nλ2(r1, σ1; r2, σ2)− nλa(r1, σ1). (1.6-56)

Furthermore, we can now discuss some constraints which contribute to the functional de-

velopment. On integrating Eq. 1.6-56 we get -

∫
nλxc(r1, σ1; r2, σ2)dr2 = −1, (1.6-57)

which is the sum rule for exchange-correlation hole density. This implies there is one less

electron at r1 than the total number of electrons of the system. In practice, the exchange-

correlation energy can be written in terms of λ averaged exchange-correlation hole density

nλxc(r1, σ1; r2, σ2) as-

Exc[n] =
1

2

∫
dr1

∫
dr2

n(r1)nλxc(r1, σ1; r2, σ2)

|r1 − r2|
. (1.6-58)

Similarly, the exchange energy and correlation energy can also be computed separately

since the origin of these two energies are different. For example, in a purely non-interacting

Kohn-Sham system (λ = 0)-

EX [n] =
1

2

∫
dr1

∫
dr2

n(r1)nλ=0
xc (r1, σ1; r2, σ2)

|r1 − r2|
. (1.6-59)

In HF theory the EX [n] is defined as -

EX [n] = −1

2

∫
dr1

∫
dr2

n1(r1, σ1; r2, σ2)n1(r2, σ2; r1, σ1)

|r1 − r2|
, (1.6-60)

where n1(r1, σ1; r2, σ2) is the one-electron density matrix defined as-

n1(r1, σ1; r2, σ2) =
N∑
i

Φi(r1)Φ∗i (r2), (1.6-61)
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Φi(r) is the Slater determinant [33] of the many particle wave function or the KS wave

function. Comparing Eq. 1.6-58 and 1.6-60, we can get-

nX(r1, σ1; r2, σ2) = −|n1(r1, σ1; r2, σ2)|2

n1(r1, σ1)
. (1.6-62)

Since both the numerator and denominator of Eq. 1.6-62 are positive so this immediately

implies two constraints on the exchange-energy. The first one implies that exchange-energy

should be always negative-

nX(r1, σ1; r2, σ2) ≤ 0, (1.6-63)

and the second one gives the sum rule for exchange hole density

∫
dr2nX(r1, r2) = −1. (1.6-64)

Following Eq. 1.5-45 and using the same philosophy of Eq. 1.6-59 one can also define the

correlation energy as-

EC [n] =
1

2

∫
dr1

∫
dr2

n(r1){nλxc(r1, σ1; r2, σ2)− nX(r1, σ1; r2, σ2)}
|r1 − r2|

. (1.6-65)

The correlation hole (nC(r1, σ1; r2, σ2) = nλxc(r1, σ1; r2, σ2)−nX(r1, σ1; r2, σ2)) originates

from to the Coulombic interaction between two electrons and to satisfy Eq. 1.6-57 together

with Eq. 1.6-63 the sum rule for correlation-hole density must be-

∫
dr2nC(r1, r2) = 0. (1.6-66)

When developing functionals, one needs to take care of the scaling relationship, every

computed quantities must be properly scaled according to the coordinate change. For any
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change in coordinate from r to λr, density scales as-

nλ(r) = λ3n(λr) λ > 0, (1.6-67)

provided the new scaled density also satisfies the constraints for the density. The scaling

parameter λ determines the change in density from one system to another, λ > 1 gives a

highly contracted density while λ < 1 yields more expanded density. Some other scaling

relationships are-

UH [nλ(r)] = λUH [n(r)], (1.6-68)

EX [nλ(r)] = λEX [n(r)], (1.6-69)

TKS[nλ(r)] = λ2TKS[n(r)], (1.6-70)

EC [nλ(r)] > λEC [n(r)] (λ > 1), (1.6-71)

EC [nλ(r)] < λEC [n(r)] (λ < 1), (1.6-72)

for high density-

lim
nλ(r)→∞
λ→∞

EC [nλ(r)]→ −∞. (1.6-73)

1.7 Classification of XC-functionals

As mentioned before, the exact form of Exc[n] is extremely difficult to derive and is not

known to date. However, based on the complexity, approximate functionals can be classi-

fied starting from the most simple and physically less accurate to the one with most com-

plicated form and greater accuracy. Jacob’s ladder [34] as described by John Perdew in his

seminal work depicts different rungs of the ladder populated with many functionals. The

lowest rung of the ladder consists of the local density approximation (LDA) which is based

on simple uniform electron gas (UEG). Complexity and accuracy increase as we go up on

the ladder. The highest rung of the ladder consists of functionals with the highest chemi-
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cal accuracy. These approximations are often categorized further in terms of “locality” of

electron density. This is based on how much contribution from a density at a far point (r2)

from the point of interest (r) is considered during the integration. Local density functionals

depend solely on the electronic density only at the point of interest r. It has zero contri-

bution from a density at a far point. On the other hand, semi-local density functionals are

constructed depending on the electronic density at local point r and a density gradient at a

point r2, close to r. So, presumably semi-local functionals such as GGA’s and meta-GGA’s

have much more complicated mathematical form than the local functionals. Furthermore,

meta-GGA’s have orbital kinetic energy density (τσ = 1
2

∑N
i |∇Φi,σ(r)|2) as one of the

ingredients. Non-local functionals do not have simple mathematical dependency on non-

local densities. For example, the random phase approximation (RPA) [35, 36] is based on

Green’s function that employs both occupied and unoccupied Kohn-Sham orbitals. A brief

overview of different rungs of Jacob’s ladder will be given below.

1.7.1 Local Density Approximation (LDA)

The basic ingredient used in formulation of local density approximation (LDA) or local

spin density approximation (LSDA) [37–39] is the electron density (n(r)) or spin resolved

electronic density (n↑(r), n↓(r)). Thomas-Fermi (TF) was the simplest form of density

functional with only one ingredient- electron density n(r). But the TF model was incom-

plete due to missing exchange interaction in it. Later, Dirac included exchange interaction

into the TF model to construct the first ever local-density functional based on slowly vary-

ing density or homogeneous electron gas (HEG). The total exchange-correlation energy in

this approximation is given by-

ELDA
xc [n] =

∫
n(r)εxc(n(r))dr. (1.7-74)

Here the exchange-correlation energy per particle (εxc) is not a functional of density, but

rather a function of density, since the density is assumed to be constant in HEG. The LDA
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for the kinetic energy is the TF approximation, since the kinetic energy per electron of the

uniform electron gas is-

ts(n) =
3

10
(3π2n)

2
3 =

1.105

r2
s

, (1.7-75)

where rs is the Wigner-Seitz radius of electron equals to ( 3
4πn

)
2
3 . Ceperley and Alder [40]

published the form of the exchange and correlation energy density of local density approxi-

mation for non-spin polarized homogeneous electron gas. The exchange and kinetic energy

density form they published were -

εX(rs, ζ) =
−0.458

rs
g(ζ), (1.7-76)

t(rs, ζ) =
1.105

r2
s

f(ζ), (1.7-77)

with g(ζ) = [(1 + ζ)
4
3 + (1− ζ)

4
3 ]/2 and, f(ζ) = [(1 + ζ)

5
3 + (1− ζ)

5
3 ]/2. For spin non-

polarized case (ζ = 0) both g(ζ) and f(ζ) becomes 1 and for spin-polarized case (ζ = 1),

g(ζ) = 2
1
3 and f(ζ) = 2

2
3 . They determined the form of correlation energy by numerically

fitting to Monte-Carlo data, they parameterized correlation energy as-

εc(rs, ζ = 0) ≈ −0.1423

(1 + 1.0529
√
rs + 0.334rs)

, (1.7-78)

εc(rs, ζ = 1) ≈ −0.0843

(1 + 1.398
√
rs + 0.2611rs)

, (1.7-79)

which generalized for any ζ-

εc(rs, ζ) = εc(rs, ζ = 0) +
g(ζ)− 1

21/3 − 1
[εc(rs, ζ = 1)− εc(rs, ζ = 0)]. (1.7-80)

While Cleperley gave the form of LDA correlation energy for low-density limit (rs ≥ 1),

later Perdew and Zunger [41] showed the form of LDA correlation energy for high-density

limit (rs ≤ 1) as well. For rs ≤ 1, The LDA correlation energy of Perdew and Zunger
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takes the following form-

εPZ81
c (rs, ζ = 0) = 0.0311lnrs − 0.048 + 0.0020rslnrs − 0.0116rs, (1.7-81)

εPZ81
c (rs, ζ = 1) = 0.01555lnrs − 0.0269 + 0.0007rslnrs − 0.0048rs. (1.7-82)

Some other popular LDA functionals are Vosko-Wilk-Nusair (VWN) [42], Perdew-Wang

(PW92) [43]. Although LDA is expected to be most useful only for the slowly-varying den-

sity limit of the local Fermi wavelength λF , it gives lattice constant within 1% [8, 44, 45],

and dissociation energy of molecules, and bulk moduli of solids within 10% error com-

pared to experimental values. However, due to the missing inhomogeneity of electron

density it severely overestimates bonding between atoms and underestimates band gap of

semiconductors and insulators. In many cases LDA predicts good results and this is be-

cause of the fact that the LDA satisfies all the sum rule of exchange-correlation hole, and

has excellent error cancellation between its exchange and correlation energy part. More im-

portantly, LDA exchange-correlation potential (V LDA
xc (r)) has wrong asymptotic behavior-

it goes to zero exponentially rather than 1
r
, which is because the LDA exchange part does

not cancel the Hartree self-energy interaction. This raises the self-interaction error in case

of finite and extended systems.

There are several attempts made to overcome the errors in LDA and go beyond the simple

approximation of LDA to much complicated approximations such as generalized gradient

approximation (GGA) or meta-generalized gradient approximation (meta-GGA) which we

will discuss next in brief.

1.7.2 Generalized Gradient Approximation (GGA)

To incorporate the inhomogeneity of the electron density of a system, a natural solution

would be include the gradient of density into the functionals. Including these gradients of

densities leads to improvement of the LDA results. Densities which are slowly varying over
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space- can be expanded in different order of density gradients. This is the basic physics be-

hind construction of most GGAs [46–49]- one can expand the exchange-correlation energy

in powers of the density gradients as-

EGGA
xc [n(r)] = ELDA

xc [n(r)] +

∫
C2(n(r))(∇n(r))2dr + .... (1.7-83)

The exchange energy in GGA can be written as-

EGGA
x [n(r)] =

∫
f(n(r),∇n(r))dr =

∫
n(r)εunifx (n(r))Fx(s)dr, (1.7-84)

where n(r) is a non spin-polarized electron density, reduced density gradient s = |∇n(r)|
2kFn

and Fxc(s) is the exchange-enhancement factor. The enhancement factors for different

GGAs according to their time of development are given below-

• B88 GGA [46] functional have -

FB88
x = 1 +

βc2(c1s)
2

1 + 6β(c1s)sinh−1(c1s)
(1.7-85)

with c1 = 2(6π2)1/3; c2 = (21/3Cx)
−1; β = 0.0042.

• PW91 functional developed by Perdew and Wang [47] has -

F PW91
x (s) = +

βc2(c1s)
2 − [βc2(c1s)

2 − µGE]e−100s2 − 0.004s4

1 + 6β(c1s)sinh−1(c1s) + 0.004s4
, (1.7-86)

where c1 = 2(6π2)1/3, c2 = (21/3Cx)
−1, β = 0.0042 and µGE = 10/81. Both of

the expression use Cx = 3/4(3/π)1/3.

• Perhaps the most popular PBE [49] enhancement factor has the following form-

F PBE
x (s) = 1 +− µPBEs

2

1 + µPBEs2

κ

(1.7-87)

with, µPBE ≈ 0.21951, κ = 0.804.
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• In 2006, Wu and Cohen [50] come up with another GGA with enhancement factor

as-

FWC
x (s) = 1 +−κ− κ

1 + x
κ

, (1.7-88)

FWC
x (s) = 1 +

10

81
p+

146

2025
q2 − 73

405
qp+Dp2, (1.7-89)

with p = s2; q = ∇2n/[4(3π2)2/3n5/3]. Here, x is defiend as x = 10
81
s2 + (µ −

10
81

)s2 exp−s
2

+

ln(1 + cs4), κ = 0.804, µ = 0.21951, c = 0.0079325.

• PBEsol, a version of PBE for solids, developed by Perdew et al.[51] in 2008 with

µ = µGE = 10/81.

These GGA functionals are developed satisfying constraints in both exchange and correla-

tion part. For example, the exchange part of the above mentioned functionals must obey-

• Spin scaling relation - Ex[n↑(r), n↓(r)] = 1
2
Ex[2n↑(r), 0] + 1

2
Ex[2n↓(r), 0],

• uniform density scaling- Ex[nλ(r)] = λEx[n(r)],

• Lieb-Oxford bound- Ex[n↑(r), n↓(r)] ≥ Exc[n↑(r), n↓(r)] ≥ −1.679
∫
n4/3(r)dr.

A functional must satisfy as many constraints as possible. However, the above three are the

most common conditions that any GGA functional should satisfy.

The correlation energy of a GGA functional is determined by -

EGGA
c [n(r)] =

∫
n(r)εLDAc (n(r),∇n(r))dr. (1.7-90)

For PBE functional-

εPBEc = εLDAc +H(rs, t), (1.7-91)

H(rs, t) = γ ln{1 +
β

γ
t2[

1 + At2

1 + At2 + A2t4
]}, (1.7-92)

A =
β

γ
[exp−εLDAc /γ − 1]−1, (1.7-93)
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with γ = (1−ln 2)/π2 and β = 0.066725. The scaled density gradient t = |∇n|/[2g(ζ)ksn],

where g(ζ) = [(1 + ζ)
4
3 + (1 − ζ)

4
3 ]/2 and ks (=

√
4kF/πa0) is the TF screening wave

vector. Here, following the recipe of Eq. 1.7-90, εLDAc part is taken from PW91 correlation

energy. This H(rs, t) should satisfy three different density limits-

• For almost homogeneous system with slowly-varying density (t→ 0)H(rs, t) should

recover the second-order gradient expansion of Eq. 1.7-90.

• In rapidly-varying density limit (t → ∞) to satisfy the Eq. 1.6-66 i.e. H(rs, t)− →

εLDAc .

• In the high-density limit (rs →∞) correlation energy must become constantEGGA
c [n] =

−C.

1.7.3 meta-Generalized Gradient Approximation (MGGA)

As one climbs the Jacob’s ladder further, the next rung past GGA would be of meta-GGA

[52] functionals. These functionals contain higher-order density gradient and also non-

interacting kinetic energy density. In principal, meta-GGAs are built using similar con-

ditions as in GGA. So, by construction most meta-GGAs are semi-local. However, in

practice their performance is often compared with the non-local methods such as hybrids

and random phase approximation (RPA). Adding the kinetic energy density τ(r) into the

prescription permits the satisfaction of more constraints for meta-GGAs. The general form

of the exchange-correlation energy of meta-GGA functional can be given as-

EMGGA
xc =

∫
drnεxc(n↑, n↓,∇n↑,∇n↓, τ↑, τ↓), (1.7-94)

where, τσ =
∑occup

i
1
2
|∇ψiσ(r)|2; σ =↑, ↓. In terms of enhancement factor, Eq. 1.7-94 can

be written as-

EMGGA
xc [n] =

∫
nεLDAx (n)FMGGA

x (n,∇n, τ)dr, (1.7-95)
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where FMGGA
x (n,∇n, τ) is similar as FGGA

x , except in the case of meta-GGA the enhance-

ment factor also depends on τσ. An early member of this meta-GGA family was the PKZB

meta-GGA which was developed by Perdew et al. [36] with the enhancement factor in

form of -

F PKZB
x (p, q̃) = 1 + κ− κ

1 + x
κ

. (1.7-96)

It uses the x = 10
81
p+ 146

2025
q̃2− 73

405
q̃p+[D+ 1

κ
(10

81
)2]p2, p = |∇n|2

[4(3π2)2/3n8/3]
, q̃ = 3τ

[4(3π2)2/3n8/3]
−

9
20
− p

12
and κ = 0.804,D = 0.113. The correlation energy of PKZB meta-GGA expression

uses GGA correlation energy density in addition with the Weizsäcker kinetic energy density

(τwσ = |∇nσ |2
8nσ

) and the kinetic energy of uniform gas (τunifσ = 3
10

(3π2)2/3n
5/3
σ ). Following

expression is used to determine PRZB correlation energy-

EPKZB
c =

∫
dr{nεGGAc (n↑, n↓,∇n↑,∇n↓)[1 + C (

∑
σ τ

w
σ∑

σ τ
w
σ

)2]

−(1 + C)
∑
σ

(
τwσ
τσ

)2nσε
GGA
c (nσ, 0,∇nσ, 0)}. (1.7-97)

Development of further improved meta-GGA functional leads to the TPSS [53] meta-GGA,

which is based on the same idea as PKZB employing the following enhancement factor in

its exchange part-

F TPSS
x (p, z) = 1 + κ− κ

1 + x
κ

, (1.7-98)

where, x = f(s, z, α) = {[µGE + c z2

(1+z2)2
]s2 + 146

2025
q̃b

2 − 73
405
q̃b

√
1
2
(3z

5
)2 + s4

2
+

µ2GEs
4

κ
+

2
√
eµGE(3z

5
)2 + eµPBEs

6}/(1 +
√
es2)2, with q̃b =

9
20

(α−1)

[1+bα(α−1)]1/2
+ 2s2

3
and, z = τW

τunif
=

5p
5p+3α

, α = τ−τW
τunif

. The expression of x contains the constants- κ = 0.804, µGE = 10/81,

µPBE = 0.21951, b = 0.40, c = 1.59096, and e = 1.537. The correlation energy part of

TPSS of uses the following expression-

ETPSS
c [n↑, n↓] =

∫
nεrevPKZBc [1 + 2.8εrevPKZBc (τW/τ)3]dr, (1.7-99)
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where it uses the correlation energy density form of revPKZB [52]

εrevPKZBc = εPBEc (n↑, n↓,∇n↑,∇n↓)

[1 + C(ζ, ξ)](τW/τ)2 − [1 + C(ζ, ξ)(τW/τ)2
∑
σ

nσ
n
ε̃σc ]. (1.7-100)

Where, C(ζ, ξ) = 0.53+0.87ζ2+0.50ζ4+2.26ζ6

{1+ξ2[(1+ζ)−4/3+(1−ζ)−4/3]/2}4 , ε̃σc = max[εPBEc (n↑, n↓,∇n↑,∇n↓), εPBEc

(nσ, 0,∇nσ, 0)], with ξ = ∇ζ
2(3π2n)1/3

. The original TPSS has been modified in several

forms as revTPSS [54] and regTPSS [55]. While the revTPSS was developed to correct too

large lattice constants of TPSS and give good surface properties, regTPSS was proposed by

Ruzsinszky et al. to remove the order of limit problem in TPSS. The revTPSS uses the same

expressions for exchange and correlation as in the original TPSS. The second generation

of meta-GGAs with more complicated expression is MGGA-MS [56, 57, 57] series, which

starts with developing the MGGA-MS meta-GGA by Perdew et al [56]. These MGGA-MS

meta-GGA functionals have the following expression for exchange enhancement factor-

FMGGA−MS
x (s, α) = F 1

x (s) + f(α)[F 0
x (p)− F 1

x (p)], (1.7-101)

where f(α) = (1−α2)3

(1+α3+bα)6
. Equation 1.7-101 uses F 1

x (s) = 1 + κ− κ

1+
µGEs

2

κ

and, F 0
x (s) =

1 + κ− κ

1+
µGEs

2+c

κ

. Different versions of MGGA-MS (such as MGGA-MS0 [56], MGGA-

MS1 [57], MGGA-MS2 [57]) employ different values of the coefficients-µGE = 10/81, in

MGGA-MS0, c = 0.28771, b = 1.0 and κ = 0.29; while in MGGA-MS1, c = 0.18150,

b = 1.0, κ = 0.404 and in MGGA-MS2, c = 0.14601, b = 4.0, and κ = 0.504. The

MGGA meta-GGA family was further extended by developing MGGA “made very sim-

ple”, MGGA-MVS. The exchange functional of MGGA-MVS [58] has the same generic

construction using exchange enhancement factor FMV S
x (s, α) disentangles the s and α de-

pendencies satisfying several constraints like other members of MGGA meta-GGA fam-

ily. In particular, the second order gradient expansion of slowly varying density limit and

asymptotic expansion of exchange energy. The exchange enhancement factor of MVS
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functional is given by-

FMV S
x =

1 + 0.174fx(α)

(1 + 0.0233s4)1/8
, (1.7-102)

where, fx(α) = 1−α
[(1−1.6665α2)2+0.7438α4]1/4

. Latest addition to the meta-GGA family is

“Strongly constrained and appropriately normed”, SCAN [59] which obeys 17 known ex-

act constraints that a meta-GGA can satisfy. The SCAN exchange enhancement factor is

expressed as-

F SCAN
x (s, α) = {h1

x(s, α) + fx(α)[1.174− h1
x(s, α)]}gx(s), (1.7-103)

where gx(s) = 1−e−a1/
√
s, fx(α) = e−c1xα/(1−α)θ(1−α)−dxec2x/(1−α)θ(α−1), h1

x(s, α) =

1 + k1x
k1+x

with x = µGEs
2[1 + b4s2

µGE
e−b4s

2/µGE ] + [b1s
2 + b2(1 − α)e−b3(1−α)2 ]. Con-

stants used in the above expressions can be determined imposing known constraints or

norms. Value of the constants are- a1 = 4.9479, µGE = 10/81, b2 = 5913/405000,

b1 = (511/13500)/(2b1), b3 = 0.5, b4 = µ2
GE/k1 − 1606/18225 − b2

1, c1x = 0.667,

c2x = 0.8, dx = 1.24, and k1 = 0.065.

Whereas, SCAN correlation energy is determined using the following expression-

ESCAN
c =

∫
drn[ε1c + fc(α)(ε0c − ε1c)]. (1.7-104)

The above expression for SCAN correlation energy employs an expression of fc(α) =

e−c1cα/(1−α)

θ(1 − α) − dcec2c/(1−α)θ(α − 1) similar to fx(α) where c1c = 0.64, dc = 0.7, and c2c =

1.5. One can notice that SCAN meta-GGA is drastically different form its predecessors

of meta-GGA family by incorporating α in its both exchange and correlation part. It can

simultaneously describe different chemical bonds (covalent, metallic, ionic, hydrogen, and

vdW) with reasonable accuracy, which made SCAN a superior functional than PBE in many

aspects. Intermediate- range vdW interaction captured by SCAN made it a non-empirical

semi-local density functionals with hybrid-level accuracy(see chapter 4 for more details).
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1.7.4 Hybrid functionals

In 1993 Becke [60] first proposed the first hybrid functional, which consists of a fraction of

exact-exchange energy mixed with a fraction of exchange and correlation of a semi-local

density functional. In principle, a hybrid functional can be semiempirical as-

EHybrid
xc [n] = αEEXX [n] + (1− α)EGGA

x [n] + EGGA
c [n]. (1.7-105)

Here, α = 0 recovers the original GGA functional and α = 1 gives 100% exact-exchange

neglecting contribution of GGA functional. In practice, hybrid functionals are constructed

by fine tuning the α parameter. The first hybrid functional B3LYP [60] consists of a mix-

ture of several functionals. The exchange part of the B3LYP is a mixture of HF and LDA

or GGA functional. The correlation part of the B3LYP can be obtained using the LDA cor-

relation and GGA functional of Lee, Yang and Parr. A fitting procedure was employed to

get the gradient correction to the correlation energy. Due to this fitting B3LYP is often con-

sidered as a semi-empirical density functional giving satisfactory description of wide range

of molecular properties. Because of this it is considered among the one of the most pop-

ular functionals in chemistry community However, B3LYP is less accurate for solids than

it is for moleucles. As a member to this hybrid family was PBE0 [61] with the following

expression for its exchange- correlation energy

EPBE0
xc = EHF

x + α(EHF
x − EPBE

x ) + EPBE
c . (1.7-106)

A rigorous optimization and test reveals that α = 0.25 would be the best choice for this

hybrid functional. While adding a fraction of HF exchange definitely improves PBE re-

sult, PBE0 is significantly more expensive computationally than PBE. In particular, for

large systems, PBE0 can be a bottleneck in calculating various properties. One of the

drawbacks of PBE0 functional was lack of screening of Coulombic interaction for met-

als, which was later modified in the latest hybrid functional proposed by Heyd, Scuseria
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and Ernzerhof in 2003 [62]. This type of hybrid functionals are called screened hybrid

functionals, since it uses a error function in combination with a range-separation parame-

ter (ω) to separate short-range (SR) and long-range(LR) part of the Coulomb interaction.

Two hybrid functionals, HSE03 and its latest version HSE06 [63] are gaining popularity in

solid state physics community. The main idea behind this hybrid functional was to approx-

imate the EXX part which requires the highest portion of the computational cost for hybrid

functionals. The expression for the HSE functional is -

EHSE
xc = α(EHF−SR

x −EPBE−SR
x ) + (1− α)EPBE−SR

x +EPBE−LR
x +EPBE

c . (1.7-107)

One can see from the above equation that it utilizes the full correlation energy part from

PBE, the long-range exchange part of PBE and a tricky combination of short-range ex-

change part of HF and PBE using the α = 0.25 and ω = 11 Bohr-1. This screened-hybrid

approach has been employed in many different calculations in the past few years, suppress-

ing the popularity of PBE0 especially for solid-state systems. HSE06 turned out to be a

very good method, in particular for semi-conductors. Computed values of band gap for

many semi-conductors and layered materials using HSE06 are in better agreement with

experimental data compared to PBE0. However, in many situations where the effect of

EXX is more significant, both HSE06 and PBE0 perform similarly. For example, in case

adsorbed molecules on metallic surfaces, where the non-local and long-range interactions

are important, often GGAs and LDAs and some meta-GGAs as well predict too small

HOMO-LUMO band gap due to incorrect positioning of the molecular HOMO and LUMO

with respect to the metallic Fermi level. In this situation both HSE06 and PBE0 correct

the LUMO position of the adsorbed molecule (lower it) and increases the HOMO-LUMO

band gap of the molecule. Hence, HSE06 and PBE0 improve the adsorption energies and

distances [64–66].
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1.8 Random Phase Approximation (RPA)

The next rung of Jacob’s ladder is based on the many-body perturbation theory approach.

In this approach, the contribution from many-body interactions are considered in both ex-

change and correlation part. Hence, this type of method is truly non-local, unlike the only

non-locality in the exchange part of the hybrid functionals. The random phase approxi-

mation is based on the density-density response function χ(r, r’;ω) within the adiabatic

connection fluctuation dissipation theorem (ACFDT) [67] formalism. In this approach the

original ground state density is kept fixed along the adiabatic path from the non-interacting

KS system to the fully-interacting system. The expression for exchange-correlation energy

in ACFDT formalism is-

Exc =
1

2

∫ ∫
v(r, r’)drdr’

∫ 1

λ=0

[− 1

π

∫ ∞
0

χλ(r, r’; iω)dω− δ(r− r’)n(r)]dλ, (1.8-108)

where the Coulomb interaction v(r, r’) = 1
|r−r’| , and the density-density response function

χλ(r, r’; iω) determines the response of density at point r due to an electron at r’. A

Dyson-like screening equation connects the density response function of the interacting

system with the one for non-interacting system-

χλ(r, r’; iω) = χλ=0(r, r’; iω) +

∫ ∫
χλ=0(r, r1; iω)[λv(r1, r2) + fλxc(r1, r2; iω)]

χλ(r, r’; iω)dr1dr2.

(1.8-109)

The main idea behind this formalism is approximating the exchange-correlation kernel

fλxc(r1, r2; iω), which is unknown. The random phase approximation (RPA) is based on

the simplest possible approximation for exchange-correlation kernel, fλxc(r1, r2; iω) = 0.

Initially developed in 1950s by Bohm and co-workers in the context of quantum electro-

dynamics, RPA was employed within the DFT framework much later. The exchange and
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correlation part are formulated separately in RPA, where the exchange part is usually writ-

ten as in Eq. 1.6-60, and, the correlation part is written as-

ERPA
c =

1

2π

∫ ∫
drdr’

∫ ∞
0

[ln(1− χλ=0(r, r’; iω)v(r, r’))+

χλ=0(r, r’; iω)v(r, r’)]dω. (1.8-110)

The RPA seamlessly incorporates some important features. It corrects the self-interaction

error via exact exchange, and it includes the non-local and long-range vdW interactions

between two overlapped densities.

1.9 Dispersion corrections in DFT

Although it is termed a “weak” interaction, the van der Waals force turns out to be not so

weak in many cases in physics and chemistry. It has significant contributions in surface

science where interaction between molecule and surface plays central role. In principle,

vdW interactions arise from instantaneous charge fluctuation between the two interacting

bodies. Interactions between two permanent dipoles or one permanent and one induced

dipole or even between two induced dipoles are the main source of this kind of attractive

force. London [68] dispersion forces are a sub-group of the vdW forces which arise due

to the interaction between two temporary dipoles. In principle, the electromagnetic field

arises from two systems with dynamic charge fluctuations, and can be categorized in two

different types- one where the distance between two interacting objects are sufficiently

small that one can neglect the retardation of the electromagnetic field and consider it a

scalar Coulomb field and the other one is where the fluctuations of densities are represented

via frequency dependent dielectric function and hence retardation of the electromagnetic

field is considered. van der Waals forces come into the first category while Casimir [69]

type interactions are generally fall into the second category. Nevertheless, to consider the

true non-locality and many-body feature of this electromagnetic interaction it is necessary
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to compute the correlation energy of the two interacting densities. It has been found that this

interaction can be more longer-ranged than it was initially assumed. The vdW interaction

ranges are considered from a distance of two non-overlapping densities to a distance where

the two densities fully overlap.

Hamaker [3] first showed that by considering interactions between all possible pairs, one

can get the vdW interaction energy “Esphere(R1, R2, d)” between two solid spheres of radii

R1 and R2 and separated by a distance d-

Esphere(R1, R2, d) =
−AH

6
{ 2R1R2

d2 + 2(R1 +R2)d
+

2R1R2

d2 + 2(R1 +R2)d+ 4R1R2

+

ln
d2 + 2(R1 +R2)d

d2 + 2(R1 +R2)d+ 4R1R2

},

(1.9-111)

where AH is Hamaker’s constant. This formula has been used by many to derive more

sophisticated and system dependent models of vdW energy calculation. This constant de-

pends on the densities of the two spheres.

Since the exchange energy has nothing to do with the vdW interactions, the majority

of vdW contribution comes from the correlation hole density in semi-local exchange-

correlation functionals. However, the semi-local functionals show exponential decay of

the exchange-correlation electron densities, rather than the algebraic decay (R−6) of the

in vdW interaction. Therefore, to add the long-range part of the vdW interactions, an

additional correction term should be added to the DFT total energy. There are several

types of correction available- some based on empirical parameters and system specific and

some are more generalized and rather density dependent. These DFT-vdW corrections can

be broadly classified into two schemes- pairwise correction scheme and non-local kernel

based approach. Here we will give a brief description of several methods belong to these

two classes.
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1.9.0.1 Pairwise correction

In the coupled-plasmon model the non-retarded Coulomb energy between two fluctuating

coupled dipoles is- E ≈ −C6R
−6, where C6 depends on the dipole ploarizibilites of the

two atoms (α1, α2) and the frequency of oscillation of the coupling harmonic oscillator

connecting the two atoms ω. One can deduce this C6 coefficient in ACFDT formalism via-

C6 =
3~
π

∫
α1(iω)α2(iω)dω, (1.9-112)

where the α1(iω) and α2(iω) are the frequency dependent dipole ploarizibilites of atom 1

and atom 2 respectively. The simple pairwise approach utilizes the calculated values of Cij
6

coefficient between each pair (i, j) of atoms. The attractive asymptotic vdW interaction part

comes from the Cij
6 R

−6
ij contribution and at the short range where the two atomic densities

overlap, this Cij
6 R

−6
ij interaction is damped using a damping function f ijd (Rij) to recover

the Pauli repulsion. For example Grimme’s DFT-D2 [2] method has the following form-

Eij
vdW = −s6

∑
i>j

Cij
6

r6
ij

1

1 + e−d(r6ij/sRR
6
ij)
, (1.9-113)

rij is the distance between i-th atom and j-th atom. In practice, this EvdW can be added to

any semi-local density functional via-

Etot = EDFT + EvdW , (1.9-114)

adjusting the fitting parameter s6 for each functional. The Rij = Ri +Rj , sum of the vdW

radii of the two type of atoms determined by experiments. This method also depends on

accurate determination of the Cij
6 coefficient which also depends on the C6 coefficient of

each type of atom as Cij
6 =

√
Ci

6C
i
6. The Ci

6, Ci
6 can be determined using Eq. 1.9-112.

Adding this pairwise correction approach is further modified and proposed in different

forms as DFT-D3 [70], TS [71], BJ [72]. Simple vdW correction used in DFT-D2 works
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pretty well in many cases such as molecular binding energies, adsorption of molecules. It

costs almost nothing compared to the computational cost of the used semi-local functional.

However, it is quite a rigid method in the sense the C6 coefficient for each atom is fixed

and cannot differentiate between different bonding. The DFT-D3, an advanced version

of DFT-D2 uses coordination number of each atom to overcome the inability of DFT-D2

to recognize different chemical environment. The TS-vdW method, on the other hand,

uses this pairwise correction model by incorporating the charge distribution into the C6

coefficient. This method uses Hirshfeld partitioning scheme [73], in which the effective

volume of an atom in a molecule is calculated to adjust the free-atom C6. The exchange

hole is used to determine the C6 in BJ method to make BJ comparatively less empirical.

Instead of good performance of all these methods, these methods are still not considered for

general purpose as they largely depends on several empirical parameters. Later, many-body

interactions were incorporated in original TS-vdW method [74].

1.9.0.2 Beyond pairwise correction

In many cases one need to incorporate the many-body feature of the vdW interaction

through higher order correlation effects, as it is seamlessly done in ACFDT formalism

-

Ec =
1

2

∫ ∫
v(r, r’)drdr’

∫ 1

λ=0

[− 1

π

∫ ∞
0

{χλ(r, r’; iω)− χ0(r, r’; iω)}dω]dλ. (1.9-115)

The vdW-DF of Langreth and Lundqvist was the first method based on Eq. 1.9-115 to

give a density dependent non-local, long-range correlation energy expression to be added

with the short-range correlation energy of the local or semi-local density functional. This

non-local correlation energy can be written as-

Enl
c =

1

2

∫ ∫
n(r)n(r’)Φ(r, r’)drdr’, (1.9-116)

37



where the kernel Φ(r, r’) plays the most important role. This kernel has the property of

-Φ(r, r’) = Φ(q0|r − r’|, q′o|r − r’|), the two parameters q0 and q′0 uniquely depends on r

and r’. The physics behind use of the kernel is to include all possible combinations of pair

interactions in the correlation energy expression. The short-range part of the correlation

energy still comes from the correlation of the used semi-local functional-

EvdW−DF
xc [n(r)] = EGGA

x [n(r)] + ELDA
c [n(r)] + Enl

c [n(r)]. (1.9-117)

Part of the non-additivity component which was missing in pairwise correction methods

is therefore seamlessly included without using any empirical parameters in this method.

Although, the original vdW-DF [75] was the first method to use the non-local kernel ap-

proach, its accuracy is not so good compared to many advanced pairwise methods. This is

basically due to the use of revPBE GGA as the exchange functional. The repulsive nature

of revPBE affects the vdW-DF method. Later Lee et al. [1] proposed to use rPW86 as

the exchange functional and PW92 as the short-range correlation functional in the original

vdW-DF method. When it comes to computational cost for these methods, it seems that the

six-dimensional integral used in these methods can demand more computational hours. In

this regards, the revised Vydrov and Voorhis [76] non-local kernel based method recently

become very popular due to its efficient implementation in most plane wave based codes.

Although this rVV10 method follows the same methodology as the vdW-DF, it uses a more

sophisticated and complex version of the non-local kernel. The original VV10 [77] and

its revised version rVV10 both turns out to be overall good functionals for typical vdW

properties. Many works in this thesis utilize the recent implementation of SCAN+rVV10

[76] in plane-wave code VASP. The SCAN+rVV10 functional is one of the best vdW cor-

rected methods for a wide range of systems, including adsorption of graphene on metals,

the interlayer separation and the binding energies of layered materials, surface properties.
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1.10 Introduction to DFT+U method

For any one electorn system in HF theory, the Hartree term cancels out the exchange

energy- EH [n(r)] = −EX [n(r)]. Hence, there is no self interaction of the electron with

itself. Therefore in HF theory self-interaction error never arises. The KS-DFT is an exact

theory in the sense that the sum of the exchange-correlation energy and Hartree energy

equals to zero- EXC [nα, 0] + EH [nα, 0] = 0. However, popular DFT functionals do not

obey the following conditions for any one-electron system:

EX [nα, 0] + EH [nα, 0] = 0 (1.10-118)

EC [nα, 0] = 0. (1.10-119)

The second condition is only obeyed by meta-GGA’s or higher approximation in the Jacob’s

ladder of DFT. This, gives to the self-interaction error term SIE

ESIE = EH [nα, 0] + EXC [nα, 0] (1.10-120)

The SIE of a particular xc approximation is very difficult to quantify in a many-electron

system. There is no unique and general definition of the SIE and no unique way to correct

it. It is very prominent for the cases where localized d, f orbitals contribute significantly

in the electronic structure. For these systems a short-range self-interaction often creates

a nontrivial problem in predicting the right magnetic and electronic phases. The physi-

cal meaning of Kohn-Sham orbitals is related to Janak’s [78] theorem where Kohn-Sham

eigenvalue gives the derivation of the orbital energy with respect to the electronic occupa-

tion number. So, in Janak’s theorem fractional electronic occupation number is allowed.

However, the classic Koopman’s [79] theorem does not allow this, where the change in

the electronic eigenvalues related to integer number of electrons can be used to calculate

ionization potential or electron affinity. While Janak’s theorem is valid in KS-DFT, Koop-
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man’s theorem gives HOMO and LUMO energies and their difference (as band gap Eg) in

HF theory. In KS-DFT, the derivative discontinuity of the chemical potential (µ = δEKS
δNKS

)

gives rise to the band gap problem-

Eg = EDFT
g + ∆XC where,∆XC = V N+1

XC (r)− V N−1
XC (r). (1.10-121)

The actual band gap (Eg) of a system is sum of the DFT band gap and the derivative

discontinuity of EXC .

Strong intra-site Coulomb repulsion between the electrons is much higher than the kinetic

energy (delocalization energy) in many systems such as transition-metal-oxides (TMO),

and high-Tc superconductors where the SIE become main bottleneck for DFT to describe

this systems. DFT often over-delocalizes the localized d or f electrons to predict wrong

metallic ground state. To solve this problem, one approach is to replace the quadratic

dependence of ELDA/GGA on the electornic occupancy (N ) by a linear one. One of the

simplest model terms that can be added to the DFT energy to overcome this intra-site

Coulomb repulsion is the Hubbard Hamiltonian model [80–85]-

H = −t
∑

<i,j>,σ

(c†i,σci,σ + c†j,σcj,σ) + U
N∑
i=1

(ni↑ni↓) (1.10-122)

where, < i, j > denotes nearest-neighbor atomic sites, c†i,σ, ci,σ are the electronic creation,

annihilation operators and ni↑, ni↓ are the number operators. In th eHubbard model, we can

determine the occupation of the Hubbard atoms nαi by projecting total DOS on the d− or

f− atomic orbitals. Then add the correction term EU to the EDFT [86–90] -

EDFT+U [ni] = EDFT [ni] + EU [ni]− Edc[ni], (1.10-123)
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where EU = U
2

∑
i,ασ n

ασ
i (1− nασi ) and Eq. 1.10-123 become-

EDFT+U [ni] = EDFT [ni] +
U

2

∑
i 6=j,ασ

nασi nασj −
UN(N − 1)

2
(1.10-124)

The orbital eigenvalues can be determined using Janak’s theorem (taking the derivative of

the total energy of Eq. 1.10-124 with respect to the occupation number of that orbital).

εi =
∂EDFT+U

∂ni
= εDFTi + U(

1

2
− nσi ) (1.10-125)

The last expression shows that if the state is occupied, its energy is shifted by U/2 and if it

is not occupied, its energy is raised by U/2. EU enforces integer population and penalizes

the energy when these populations are fractional. Therefore for integer population EU = 0

and for fractional EU > 0. Finally the total energy expression of Eq. 1.10-124 become-

EDFT+U [{n(r)}] = EDFT [{n(r)}] +
∑
I,σ

U I

2
Tr[nIσ(nIσ − 1)] (1.10-126)

One way to determine this U value is to use the linear-response approach (For details about

this method please see Refs. [91, 92]).
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CHAPTER 2

PLANE WAVE IMPLEMENTATION

Since the majority of the calculations discussed in this thesis are performed using plane-

wave implementation of the KS-DFT [32] scheme within the pseudopotential framework,

it is important to give a brief idea about this kind of implementation. This type of approach

is considered to be the workhorse of the DFT calculations for periodic system at the present

day.

2.1 Plane-wave basis set and Bloch’s Theorem

The main theme of all DFT calculations is to solve the one-particle time-independent

Schrödinger equation [17] of the non-interacting KS system given by Eq. 1.4-32. To treat

periodic systems such as crystalline materials like solids or surfaces, using a plane wave

basis set seems to be a normal trend, for two main reasons- i) one can utilize the Bloch’s

theorem for these kind of system, and, ii) the equations in real space can be easily solved in

reciprocal space. According to Bloch’s theorem for a periodic system the potential is also

periodic with the same periodicity of the system-

V (r + R) = V (r), (2.1-1)

where R is the lattice vector defined by-

R = n1a1 + n2a2 + n3a3. (2.1-2)
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Where n1, n2, n3 are three integers that spans the unit cell with the lattice constants a1, a2, a3.

These three sets of quantities in real space are related to a similar three sets of quantities in

reciprocal space, where the similar to R vector we can define a vector G = hb1 +kb2 + lb3.

The lattice constants in reciprocal space b1,b2,b3 are related to a1, a2, a3 by-

b1 =
2π(a2 × a3)

a1.(a2 × a3)

b2 =
2π(a1 × a3)

a1.(a2 × a3)

b3 =
2π(a2 × a1)

a1.(a2 × a3)
. (2.1-3)

Bloch’s theorem gives a wavefunction in such a periodic function in terms of the plane

wave function and the periodic function-

ψk(r) = eik.ruk(r), (2.1-4)

where the periodic function uk(r+R) = uk(r)+uk(R). Using the same periodic condition

one can see that the wavefunction is also periodic-

ψk(r + R) = ψk(r)eik.R. (2.1-5)

If the system consists of N number of primitive cells, then the wavevector k has N values

in the first Brillouin zone. Which gives the physical meaning of Bloch’s theorem- wave-

functions at r and r+R are basically the same wavefunction except the phase factor eik.R.

The implication of Bloch’s theorem in DFT is that it implies the same periodicity in den-

sity as in case of wavefunction. Using the reciprocal wavevector G, the potential and the
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wavefunction can be expanded in terms of plane waves-

V (r) =
∑
G

V (G)eiG.r (2.1-6)

ψk(r) =
∑
G

ck(G)ei(k+G).r. (2.1-7)

Using Bloch’s theorem, the eigenvalue equation in reciprocal space can be written as-

∑
n′

Hnn′(k)ck(Gn′) = ε(k)ck(Gn). (2.1-8)

In a practical DFT scheme, the above equation is solved for each k-point in the first Bril-

louin zone. One can diagonalize Eq. 2.1-8 to get a set of eigenvalues εn(k) corresponding

to a set of eigenvectors cn,k. The n defines the band index. Essentially, one need to truncate

the number of plane waves while solving the Eq. 2.1-8 numerically. This truncation is done

by using the following constraints-

|k + G|2

2
< ECutoff , (2.1-9)

where the ECutoff can be varied to reach the desired convergence of the solution. The

convergence can also be achieved varying k-points in the first Brillouin zone. However, the

optimum choice of ECutoff and k-points depend on the system type ans size. In principle,

vacuum space requires less k-points compared to the bulk of the system.

2.2 Pseudopotential and PAW method

A periodic density functional calculation has two major bottlenecks- firstly, determine the

number and nature of periodic waves required to describe the system, since the electronic

wave function varies rapidly near the atomic core, secondly, due to the unbiased nature of

plane waves, plane waves treat the vacuum with the same periodicity as the bulk, increasing
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the computational cost to a greater extent. In general electrons in an atom are treated in

two separate regions- electrons that are tightly bound to the nucleus, called core electrons,

and the electrons in the outer shells which determine the physical and chemical properties

of the material, called valence electrons. The valence electron wavefunctions have rapid

oscillations in the core region producing several nodes due to orthogonality. To capture the

rapid oscillations of the valence wavefunctions in the core region, a large number of plane

waves are needed for convergence. In the pseudopotential picture, the core electrons are es-

sentially assumed to be frozen to those of the isolated atom and the effect of these electrons

are treated by first order perturbation theory. As a result of this, pseudo-wavefunctions are

smooth and nodeless inside the core region and are real wavefunctions outside the core

region. Two most commonly used pseudopotentials are normed conserving pseudopoten-

tials (NCPP) [93, 94] and ultra-soft pseudopotentials (USPP) [95]. However, most of the

calculations done in this thesis work are based on projector augmented wave (PAW) [96]

pseudopotentials. Although, all of these types of pseudopotentials are constructed using

the same principle, the PAW method can accurately describe both the core-region and the

valence region compared to the other two pseudopotentials.

As first proposed by Blöchl in 1994, in this method the total PAW wavefunction can be

expressed as below-

|ψPAWi 〉 =|ψ̃i〉+
∑
i

(|φi〉 − |φ̃i〉)〈p̃i|ψ̃i〉, (2.2-10)

where |ψPAWi 〉 is the PAW wavefunction, |ψ̃i is the pseudo wavefunction. The pseudo

wavefunction |ψ̃i is nodeless in the core region and can be expanded using the plane waves.

The all electron partial wavefunction |φi〉 can be obtained solving the radial part of the

relativistic Schrödinger equation for a spherical atom. The the projector function |p̃i〉 is

used to describe the all-electron wavefunction |φi〉.
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2.3 The Hellmann-Feynman Theorem

Using classical physics one can find the ionic force applied on the nuclei taking the deriva-

tive of the ground state energy with respect to the nucleus coordinate-

FI = −dE0

drI
= −

∑
i

d

drI
〈ψi|ĤKS|ψi〉. (2.3-11)

The Hellmann-Feynman [97] theorem uses the above equation within the DFT framework,

which enables one to perform geometry optimization and dynamical simulation of the sys-

tem. According to this theorem the ionic force can be deduced as follows-

FI =
∑
i

〈ψi| −
δĤKS

δrI
|ψi〉 − 〈

δψi
δrI
|ĤKS|ψi〉 − 〈ψi|ĤKS|

δψi
δrI
〉

=
∑
i

〈ψi| −
δĤKS

δrI
|ψi〉 − εi

d

drI
〈ψi|ψi〉. (2.3-12)

The last term of Eq. 2.3-12 usually vanishes in PAW implementation where the plane

waves do not depend on the ionic position. But, otherwise this extra term is called the

Pulay force. However, in localized atomic orbitals or Gaussian orbitals, Pulay force is

non-negligible. While applying this theorem the kinetic energies of electrons or ions are

neglected. The geometrical optimization can be reached using several algorithms. For

example in conjugate gradient approximation the nuclei are moved in a series of small

steps in a direction to the minimum force or equilibrium point. Since, the wavefunctions

ψi are eigenstates of the ĤKS , after each movement of the nuclei the wavefunctions are

also optimized. The electronic convergence are said to be achieved when the ionic forces

have fallen below some convergence criteria, and the corresponding electronic density is

called true ground state density.
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CHAPTER 3

SHORT-RANGE CUT-OFF OF THE SUMMED-UP VAN

DER WAALS SERIES: RARE-GAS DIMERS

Reprinted with permission from A Patra, B Xiao, JP Perdew. Short-Range Cut-Off of the

Summed-Up van der Waals Series: Rare-Gas Dimers. Density Functionals, 53-80. Copy-

right (2015). Springer.

3.1 Abstract

van der Waals interactions are important in typical van der Waals-bound systems such as

noble-gas, hydrocarbon, and alkaline-earth dimers. The summed-up van der Waals series of

Perdew et al. 2012 works well and is asymptotically correct at large separation between two

atoms. But, like the Hamaker 1937 expression, it has a strong singularity at short non-zero

separation, where the two atoms touch. In this work we remove that singularity (and most

of the short-range contribution) by evaluating the summed-up series at an effective distance

between the atom centers. Only one fitting parameter is introduced for this short-range

cut off. The parameter in our model is optimized for each system, and a system-averaged

value is used to make the final binding energy curves. This method is applied to different

noble gas dimers such as Ar-Ar, Kr-Kr, Ar-Kr, Ar-Xe, Kr-Xe, Xe-Xe, Ne-Ne, He-He, and

also to the Be2 dimer. When this correction is added to the binding energy curve from

the semilocal density functional meta-GGA-MS2, we get a vdW-corrected binding energy

curve. These curves are compared with the results of other vdW-corrected methods such

as PBE-D2 and vdW-DF2, and found to be typically better. Binding energy curves are in

reasonable agreement with those from experiment.
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3.2 Introduction

Theoretical prediction of matter and proper explanation of many physical, chemical and

biological processes require an accurate description of atomic and molecular interactions.

The only way to get a clear picture of these interactions at the atomic and molecular level is

to apply quantum mechanics. Many efforts have been made to develop quantum mechanical

methods for this purpose. As a result there are many wave-function-based ab initio quan-

tum mechanical methods such as Configuration Integration (CI), Many Body Perturbation

Theory (MBPT), and Quantum Monte Carlo (QMC) that are popular in the scientific com-

munity. But the Kohn-Sham (KS) [32] density functional theory (DFT) [24] has become

the most popular one in condensed matter physics and in quantum chemistry, due to its low

computational cost and reasonable accuracy. It maps a many-electron wave-function prob-

lem to a one-electron problem. The many-electron effects are in its exchange-correlation

part EXC . This exchange-correlation functional EXC is often approximated through satis-

faction of various physical constraints.

Among numerous exchange-correlation approximations, the local spin density approxima-

tion (LSDA)[24, 32, 43, 98], the Perdew-Burke-Ernzerhof (PBE) [49] generalized gradient

approximation (GGA), and the Becke-3-Lee-Yang-Parr (B3LYP) [60] and HSE03 [62, 63]

hybrid GGAs are especially popular in DFT [23] calculations for physical and chemical

systems. LSDA and PBE are efficient local and semilocal functionals that are widely used

for extended systems, while PBE0 and HSE06 are hybrid functionals that hybridize a GGA

with the exact exchange energy. Another hybrid functional B3LYP has a more complicated

mixing of LDA and GGA exchange functionals with HF exact exchange, and its correlation

energy part is also a mixing of LDA and GGA. These hybrid functionals are popular for

calculations in both finite and extended systems. At the semilocal level, however, the meta-

GGA is the highest rung of the so-called Jacob’s ladder of DFT [34, 52] and potentially the

most accurate one [99]. Meta-GGA can also serve as a better base for hybridizing with the
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exact exchange energy.

In the semilocal level, the EXC of density functional theory can be written as [43, 53, 54,

98, 99]

Esl
XC [n↑, n↓] =

∫
d3rnεslXC(n↑, n↓,∇n↑,∇n↓, τ↑, τ↓). (3.2-1)

In this equation n↑, n↓ are the electron densities of spin up and down σ↑, σ↓ respectively,

and the ∇n↑,↓ are the local gradients of the spin densities. The kinetic energy densities

are τσ =
∑

k |∇ψkσ|2 for the occupied KS orbitals ψkσ of spin σ , and εslXC is the approx-

imate exchange-correlation energy per electron. LSDA uses only n↑, n↓ whereas GGAs

use ∇n↑,↓ in addition . Meta-GGAs [100–102] use additionally the kinetic energy density

τσ as one of its ingredients. This τσ has information about the shell structure. The τ -

dependence of meta-GGAs has been studied in Refs. [56, 103]. Meta-GGAs can distin-

guish different orbital-overlap regions by α , defined as α = τ−τW
τunif

where τ =
∑

σ τσ ,

τW = 1
8
|∇n|2/n and τunif = 3

10
(3π2)2/3n5/3. Sun et al. [57] showed that different values

of α recognize three different typical regions -(1) α = 0 in the single-orbital regime with

one- and two- electron densities that characterize covalent single bonds, (2) α ≈ 1 in the

slowly-varying density regime that characterizes the metallic bond , and (3) α ≥ 1 in the

weakly-overlapped density region that characterizes a noncovalent bond.

In principle, DFT provides exact ground-state energies and densities, but in practice there

are many situations where DFT fails to give a physical result. The long-range van der Waals

interaction in rare-gas dimers [104, 105] , hydrocarbons, and alkaline-earth diatomics is one

of them. There have been many tests of density functional theory in rare-gas dimers and

alkaline-earth dimers. Tao and Perdew [106] observed that the GGA of Perdew, Burke, and

Ernzerhof (PBE) [49] , the meta-GGA of Tao, Perdew, Staroverov, and Scuseria (TPSS)

[52, 99] , and its hybrid version (TPSSh) [106] all give a satisfactory and reasonable de-

scription of the short-range part of the van der Waals interaction in the van der Waals bound

complexes which have strong density overlap. The authors of Ref. [106] concluded that
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these functionals predict too-long bond lengths and too-small binding energies for the rare

gas dimers, which can be improved by long-range correction of the van der Waals interac-

tion. Ruzsinszky et al. [107] have tested nonempirical GGA’s and meta-GGA’s and found

that GGA’s and meta-GGA’s tend to overbind the diatomics with valence s electrons such

as He2 and Be2 while underbinding the diatomics with valence p electrons such as Ar2 .

van der Waals interactions [108] are important for many material properties. The source

of this weak, long-range interaction between two objects is instantaneous charge fluctua-

tion. The van der Waals interaction is important in atomic and molecular systems, where

it has many implications such as heat of sublimation of hydrocarbon molecules, chemical

reaction precursor complexes, energy transfer intermediates, protein folding, stacking of

nucleobases, crystal packing and self-assembly of organic molecules. Long-range van der

Waals interaction between two distinct objects requires full density-functional nonlocality.

There are many long-range correction methods [2, 109–111] developed in the last few years

which are good for predicting van der Waals (vdW) interaction. These also include many

post Hartree-Fock (HF) methods [71, 72, 77, 112]; see Ref. [113] for an overall review of

DFT-based dispersion methods. Tao, Perdew and Ruzsinszky [114] developed a reliable

approach to accurately evaluate the dynamic multipole polarizabilities and higher order

vdW coefficients from electron densities and static multipole polarizabilities for spherical

atoms or objects, without using any empirical fitting parameter.

Refs. [115, 116], showed that, for two spherical objects of radius R separated by a dis-

tance d , second-order perturbation theory gives the attractive long-range van der Waals

interaction [4]

EvdW = −C6

d6

− C8

d8

− C10

d10

− ..... (3.2-2)

The above expression is valid for d→∞ . Here C6 describes the dipole-dipole interaction,

C8 the dipole-quadrupole interaction, and C10 the quadrupole-quadrupole interaction and

the dipole-octupole interaction. In Ref. [117] these coefficients are modeled accurately
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and analytically for classical solid-spheres (nanoclusters) and shells (fullerenes) using the

static dipole polarizability.

Furthermore, Ref. [4] proved that the above asymptotic expansion can be summed to all

orders for two identical spherical shells. In that work a possible two-parameter solution

to the divergence problem in van der Waals interactions at very short atomic separation

has also been discussed. Such divergences (which occur at d = 0 for any finite-order

series but at d > 0 for the summed-up infinite series) are normally removed by a damping

function [118]. Inspired by Ref. [4], we suggest that a physical summation of the vdW

series [114] can be used for long-range correction of semilocal density functionals, which

by themselves do not have any long-range vdW interaction correction.

In this paper we will discuss a simplified cut-off approach based on the summed-up asymp-

totic series. This method uses only one parameter, here optimized for different systems

and averaged for all systems, which can usefully provide the long-range part of the van

der Waals interaction when added to the calculated binding energy curves from the meta-

GGA-MS2 [56, 57].

3.3 Methods

3.3.1 Asymptotic van der Waals series

The van der Waals interaction between two spherical-shell objects A and B (with thickness

’t’ and radius ’R’, and electron density ’ρ’) can be found from Equation (10) of Ref. [4] as

the infinite series

E(d) = −
√

4πρ
∞∑
k=3

ck(t/R)zk, (3.3-3)

where d is the distance between the centers of the two objects , z = (2R
d

)2 , and all equations

are in atomic units. The reduced coefficient ck(t/R) is defined by ck(t/R) is defined by

C2k = ck(t/R)
√

4πρ[(2R)2]k. When the geometric series
∑∞

k=1 z
k = (1 − z)−1 for 0 ≤

z < 1 is introduced and the approximation ck → c∞ is used for k > 5 , we find that
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Equation 3.3-3 can be summed-up as [4]-

Egeo(d) = −
√

4πρ[c3(
t

R
)z3 + c4(

t

R
)z4 + c5(

t

R
)z5 + c∞

{
(1− z)−1 −

5∑
k=0

zk
}
. (3.3-4)

(See Appendix A for details ; also see Table 3.1 for the values of ck(t/R = 1). )

Values of ck(t/R = 1)
Coefficient Values for t/R = 1

c3 0.006766
(0.006766)

c4 0.008842
(0.0101015)

c5 0.009599
(0.01217)

c6 0.009946
c10 0.010447
c20 0.010761
c40 0.010904
c80 0.010979
c∞ 0.011

(0.020)

Table 3.1: Values of reduced van der Waals coefficients at t/R = 1 (solid spheres). Values
from the Hamaker [3] expression are in parentheses. The Hamaker expression
has one adjustable parameter, chosen here to make the lowest-order coefficients
agree. (From Ref. [4])

The important message from Table 3.1 is that the reduced coefficients tend to a constant

value as k →∞. This means that the higher-order terms of Equation 3.3-3 can be summed

as a geometric series ∼ (1− z)−1, leading to an analytic closed-form expression that sums

up this asymptotic (d → ∞) series. The resulting expression for Egeo(d) (Equation (4))

approximately sums the asymptotic van der Waals series to all orders in d−1 , but diverges

at very short atomic separation when the two spheres touch each other. The corresponding

separation is d = RA + RB for two non-identical spheres and d = 2R for two identi-

cal spheres, but the true van der Waals interaction energy remains finite there. Thus, the

summed-up expression must be cut off at small d while remaining unchanged to all orders

in d−1 at large d. The simplest way to do this is to replace d by d′ , where the difference
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between d′ and d vanishes exponentially as d → ∞. Ref. [4] suggested a possible choice

for d′:

d′ = d+ g exp[−(d− 2R)/h] (3.3-5)

which ensures d′ > 2R for g > 0 and h > 0 . In that work Perdew et al. [4] have also

shown that reasonable parameters for C60 − C60 are g = 10, h = 2 atomic units. These

parameters are of course system-dependent. We shall assume that the summed-up series is

only valid when d is sufficiently greater than 2R. Each choice of g > 0 and h > 0 defines

a different asymptotic summation of Equation 3.3-3 to all orders in d−1 .

In this work we have chosen instead the simplest possible form:

y′ = y + a exp(−y
a

). (3.3-6)

Here y′ = d′

R
, and y = d

R
. a > 2 is a parameter. Note that y′ starts out like a + y2

2a
at

small y, then increases monotonically, approaching y exponentially at large y . Moreover,

a > 2 guarantees that the singularity is removed. (To establish that y′ is monotonic in y for

non-negative y, just compute dy′

dy
= 1 − exp(−y

a
) ≥ 0.).We have considered E(d′) as an

additive correction to the binding energy curve of a semilocal density functional like GGA

or meta-GGA. For each functional, we adjust the parameter ‘a’ to get the best overall fit

to known accurate reference binding energy curves. PBE GGA will need a smaller value

of ‘a’ , which will more significantly shorten the equilibrium bond length and strengthen

the binding. The meta-GGA Made Simple (MGGA-MS2), which captures more of the

intermediate-range vdW interaction, will need a larger value of ‘a’ , providing a correction

that is less short-ranged and has less effect on the equilibrium bond length and binding

energy. Note that the fitting is done only for the range of d greater than or equal to the

reference equilibrium bond length, since we cannot expect to get any useful correction of

short-range errors in the functional from this approach. Here we present the vdW-corrected

binding energy curves calculated by MGGA-MS2, which we expect will give us a proper
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insight into the summed-up series expansion of the van der Waals interaction.

3.3.2 Physical explanation of R

Let R = (RA + RB)/2 be the arithmetic average of the radii of the two spherical objects

A and B. If the objects are classical metallic spheres with uniform density inside and zero

density outside a cutoff radius, then the radius of a sphere is clearly the only relevant

length scale for that sphere. One could find a polarizability radius RA = [αA1(0)]
1
3 and

RB = [αB1(0)]
1
3 , where αA1(0), αB1(0) are the static dipole polarizabilities of A and B,

or one could find the same radius R from R = Rhbl = half the equilibrium bond length

of a dimer, since two such spheres would be attracted to one another right up to the point

where they touched. In this case, there is no decay length for the density of a sphere (as

in Equation 3.3-6), but the summed-up van der Waals interaction must still be cut off to

avoid a spurious divergence to minus infinity when the spheres touch. This shows that RA

is indeed the radius of object A.

This gives us an insight: The infinite van der Waals series Equation 3.2-2 is an asymptotic

series, valid only when the aspect ratio R/d is small enough. This series can be summed

to all orders, but that summation misses contributions that are important when the aspect

ratio is not small. Only when the objects are so far apart that each looks small to the other

is the summed-up van der Waals series accurate.

When we extend these ideas from pairs of classical metallic spheres to pairs of atoms, we

can no longer expect that Rpol = Rhbl. We need to choose between these two alternatives.

Simple density functionals for R are not expected to work, since the static polarizability of

a classical metallic sphere depends only on the radius, and not on the density inside that

sphere (e.g., Ref. [4, 117]). We have found empirically, for rare-gas and alkaline-earth

dimers (Be2 ), that we can get a reasonable long-range correction to the binding energy

curve of MGGA-MS2 [103] using a system-averaged value of the fitting parameter ‘a’ (see
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Table 3.2) along with

R = max[Rhbl, 1.37Rpol]. (3.3-7)

This is Rhbl for all considered rare-gas atoms, but 1.37Rpol for Be . This choice guarantees

that the singularity of the summed-up vdW series is removed for any pair of spherical

objects. Note that this Rhbl is basically the half-bond length of any homo-dimer (A2 ) and

hetero-dimer (AB) which can be defined as

Rhbl
A = RAA/2 (3.3-8)

for homo- and

Rhbl
AB = (RAA +RBB)/2 (3.3-9)

for hetero-dimers. We take RAA from the experimental binding energy curve.

3.4 Computational Details

3.4.1 Calculation of dimer binding energy

The binding energies of different pairs of atom have been calculated in the projector aug-

mented wave approach (PAW) [96] implemented in the Vienna ab initio simulation package

(VASP) [119–121] within meta generalized gradient approximation (MGGA-MS2) for the

exchange-correlation functional. In the calculations, the kinetic energy cutoff is first set to

be 600 eV, and a Γ centered 1× 1× 1 k-point mesh in the BZ is used for the k-space inte-

gration. The total energy of the atomic pairs has been calculated using a 10Å× 20Å× 10Å

rectangular super-cell. The PAW scheme is utilized with the potentials taken from the

VASP PBE library. The energy of an isolated atom is calculated by a 10Å × 10Å × 10Å

cubic super-cell. The binding energy is calculated in the following way

4E = −[E(Rdimer)− 2× E(RAtom)]. (3.4-10)
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We have also used other van der Waals methods , PBE-D2 [2] and vdW-DF2 [1] , to perform

this calculation . All these DFT methods are available in VASP. Our long-range-corrected

meta-GGA-MS2 seems to give better results than these two vdW-corrected functionals.

3.4.2 Optimization of the fitting parameter

The average error (AE) calculation and the additive correction to the DFT results have

been made in computer codes. The inputs to these codes are the binding energy curves

calculated using DFT (EMGGA−MS2), static dipole polarizabilities and electron densities

for each atom of the pair, and van der Waals coefficients C6, C8, C10. Reference values for

comparison are the experimental binding energy curves [122, 123].

There is a strong singularity near d = 2R in the summed-up van der Waals series, as

discussed before. To remove it, we replace y and y′ in Equation 3.3-6 by d/R, d′/R re-

spectively to get

d′ = d+ aR exp[− d

aR
] (3.4-11)

where Rhbl for rare-gas dimers and R = 1.37Rpol for Be2 . This d′ is used to calculate

the summed-up E(d). In this section, we will use E(d) of Equation 3.4-15 below as the

long-range van der Waals correction to be added to the MGGA-MS2 binding energy curve.

We have optimized the fitting parameter ‘a’ by minimizing the error between the binding

energy curve from the vdW-corrected method and the experimental binding energy curve

over the set of d′s in the range dmin Å< d < 9 Å in steps of 0.1 Å for each dimer. Here

dmin Å is the separation at the minimum in the experimental binding energy curve. The

fitting parameter ‘a’ in Equation 3.4-12 is varied in the range 0.0 < a < 10.0 in steps of

0.001 to maintain accuracy. The average error (AE) at each value of ‘a’ is calculated using

AE|a = [
9∑

d′=dmin

|EMGGA−MS2+vdW (d′)− EExp|]/(Total number of d′points). (3.4-12)
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(a) (b)

Figure 3.1: Plot of average error vs. fitting parameter ‘a’ for Ar-Ar (3.1(a)) , and plot of
minimum average error for different rare gas dimers (3.1(b))

Figure 3.1(a) shows the average error vs. fitting parameter ‘a’ plotted for the Ar2 dimer.

Figure 3.1(b) shows a histogram plot of minimum average error (MAE) for different rare

gas dimers. MAE is the minimum of the average error at the optimized value of ‘a’ for

each system. So this is a discrete-column graph where each column gives the error at the

minimizing value of ‘a’.

3.4.3 Calculation of the van der Waals interaction corrected binding energy

To avoid the system dependence of the fitting parameter, the system-averaged value of the

fitting parameters ‘a’ was used to recalculate all the binding energy curves. We found

that the system-averaged fitting parameter gives us even better correction in most cases.

In this work all the binding energy curves are calculated using the system-averaged fitting

parameter ’asys’ [See Table 3.2]. Replacing ‘a’ with asys, Equation 3.4-12 becomes

d′ = d+ asysR exp(− d

asysR
). (3.4-13)
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Optimized values of ’a’ from MGGA-MS2+vdW[d’]
Fitting Parameter Ar-Ar Kr-Kr Xe-Xe Ar-Kr Ar-Xe Kr-Xe System-averaged ‘a’.

a 2.19 2.14 2.00 2.00 2.125 2.09 2.09
Optimized values of ’a’ from MGGA-MS2+H[d’]

a 2.86 2.52 2.14 2.46 2.45 2.33 2.46

Table 3.2: Optimized values of the fitting parameter ‘a’ for different rare-gas dimers.

And finally the vdW-corrected energy is calculated by replacing E(d) by E(d′). The cor-

rection part is calculated using the Hamaker’s expression EH(d) as modified in Ref. [4]

EvdW (d′) = (−C6

d′6
−C8

d′8
−C10

d′10

)+(C∞/(C∞
H))[EH(d′)+

C6
H

d′6
+
C8

H

d′8
+
C10

H

d′10

] (3.4-14)

and then added to the MGGA-MS2 result

EMGGA−MS2+vdW (d′) = EvdW (d′) + EMGGA−MS2(d)

= (−C6

d′6
− C8

d′8
− C10

d′10

) + (C∞/(C∞
H))

[EH(d′) +
C6

H

d′6
+
C8

H

d′8
+
C10

H

d′10

] + EMGGA−MS2(d). (3.4-15)

Note that by EH(d) we mean Hamakers [3] classical expression for the van der Waals

interaction energy EH(RA, RB, d) between two spherical objects of radii RA,RB when the

two centers are separated by a distance d. This EH(RA, RB, d) is given by the following

equation-

EH(RA, RB, d) = −π
2β

6

{ 2RARB

d2 − (RA +RB)2
+

2RARB

d2 − (RA −RB)2
+ ln[

d2 − (RA +RB)2

d2 − (RA −RB)2
]
}

(3.4-16)

where β = c3(1)
√

4πρ( 3
4π

)226 = 0.006766
√

4πρ( 3
4π

)226 is evaluated using the value of

c3(1) from Table 3.1. The electron density is ρ = N
( 4
3
πR3)

for a sphere with radius R). N

is the total number of valence electrons (2 for He and 8 for the other rare-gas atoms). For

non-identical spheres, we replace
√
ρ by 2

√
ρA
√
ρB/(
√
ρA +

√
ρB).

58



The van der Waals coefficients (C6,C8,C10) used in the first part of the right-hand side of

Equation 3.4-16 are taken from their tabulated values in the VASP manual. All these stan-

dard van der Waals coefficients are produced by high-level calculation using AO basis sets

[2]. The van der Waals coefficients from Hamakers formula (CH
6 ,CH

8 ,CH
10) in the second

part of the right-hand side of the same equation are evaluated by extracting the coefficients

of d−6,d−8 and d−10 from the Taylor series expansion of the expression of EH(RA, RB, d)

of Equation (16) in power of d−1

EH(RA = RB = R, d) = −π
2β

6

(32RA
3RB

3

3d6
+

32RA
3RB

3(RA
2 +RB

2)

d8
+

64(5RA
7RB

3 + 14RA
5RB

5 + 5RA
3RB

7

5d10

)
+ .... (3.4-17)

For two identical spheres we can easily get the values of CH
6 ,CH

8 ,CH
10 from the simpler

expression EH(R, d) = −π2β
6

(
32R6

3d6
+ 64R8

d8
+ 1536R10

5d10

)
+ .....

3.4.4 Calculation of the binding energy using the unmodified Hamaker expression

More simply than in Equation 3.4-16, Hamakers [3] expression can be used without modi-

fication as a long-range vdW additive correction to the DFT results. We have used

EMGGA−MS2+H(d′) = EH(d′) + EMGGA−MS2(d)

= [−π
2β

6

{ 2RARB

d′2 − (RA +RB)2
+

2RARB

d′2 − (RA −RB)2
+ ln[

d′2 − (RA +RB)2

d′2 − (RA −RB)2
]
}

]

+EMGGA−MS2(d).

(3.4-18)

Here β is calculated in the same way as it is done for EH(RA, RB, d) discussed in the

above section. (See Appendix A for an explanation of EH(d)). In this version, no input

vdW coefficient is needed.
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3.5 Results & Discussions

We believe MGGA-MS2 gives better result than other semilocal GGA and meta-GGA func-

tionals (PBE,TPSS) in our calculation , since it uses ”α” [56, 57, 103] which can recognize

which can recognize and describe the intermediate-range vdW interaction [57].

3.5.0.1 Ar-Ar Dimer

In Figure 2 for Ar2 , binding energy curves are calculated using MGGA-MS2, MGGA-

MS2+vdW[d], MGGA-MS2+vdW[d’], MGGA-MS2+H[d], MGGA-MS2+H[d’], vdW-DF2,

and PBE-D2, and compared with the experimental result [122]. The binding energy (4E

in kcal/mol) and the equilibrium distance (Re in Å) for different methods are tabulated

in Table 3.3 along with the experimental results. Figure 3.2(a) shows that the MGGA-

MS2+vdW[d’] is in very good agreement with the experimental curve, while MGGA-MS2

binds slightly less than the experimental curve. In this figure the MGGA-MS2+vdW[d]

curve is calculated by adding the van der Waals correction part to the MGGA-MS2 result,

but without using the cut-off distance d′, and thus it clearly depicts the divergence near

d = 2R. The interesting thing about this graph is that MGGA-MS2 gives a comparatively

good intermediate-range part of the binding energy curve as expected [57, 103], slightly

overestimating the equilibrium bond length ∼ 3.75 Å compared to the experimental one at

3.76 Å. Figure 3.2(a) also shows that at larger atomic separation MGGA-MS2 significantly

underbinds the experimental binding energy curve. Figure 3.2(b) shows that when the un-

modified Hamaker (EH) expression is used, it also gives a very good long-range part of

the interaction potential although MGGA-MS2+H[d’] slightly overbinds the experimental

curve. The divergence in the additive correction part (see MGGA-MS2+H[d] curve) can be

seen as for the vdW correction part in Figure 3.2(a). We also calculated the binding energy

curves of the Ar-Ar dimer with two popular van der Waals corrected methods vdW-DF2 [1]

and PBE-D2 [2]. The binding energy curves from these calculations along with the MGGA-

MS2+vdW[d’] and experimental results can be seen in Figure 3.2(c). Both vdW-DF2 and
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(a) (b)

(c)

Figure 3.2: Binding energy curves for the Ar-Ar dimer calculated from the vdW method
combined with MGGA-MS2 using the system-averaged a = 2.09. Fig-
ure 3.2(a) shows the binding energy curves for MGGA-MS2, MGGA-
MS2+vdW[d], MGGA-MS2+vdW[d’] and experiment. Figure 3.2(b) shows
the binding energy curves for MGGA-MS2, MGGA-MS2+H[d], MGGA-
MS2+H[d’] and the experimental curve. Figure 3.2(c) compares the vdW-DF2
[1] and PBE-D2 [2] curves with the experimental one.

PBE-D2 overbind the experimental binding energy curve in the range 3.3 Å≤ Re ≤ 5.4

Å. Also, Figure 3.2(c) shows that MGGA-MS2+vdW[d’], PBE-D2 and vdW-DF2 almost

overlap with the experimental curve beyond 5.10 Å.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.17206 0.34025 0.36057 0.38889 0.43207 0.28500
Re 3.85 3.75 3.72 3.80 3.80 3.76

Table 3.3: Binding energy ( 4E in kcal/mol) and equilibrium bond length ( Re in Å) for
the Ar-Ar dimer.

61



3.5.0.2 He-He Dimer

Figure 3.3 shows the binding energy curves for He2 from MGGA-MS2, MGGA-MS2+vdW[d],

MGGA-MS2+vdW[d’], MGGA-MS2+H[d], MGGA-MS2+H[d’], vdW-DF2, and PBE-

D2 calculations along with the experimental result [122]. As predicted by Ref. [107],

nonempirical GGAs and meta-GGAs tend to overbind van der Waals-bound diatomics that

have valence s electrons, like He2 . Figure 3.3(a) shows that MGGA-MS2 and MGGA-

MS2+vdW[d’] overbind the experimental curve. When we plot MGGA-MS2+vdW[d] we

observe a divergence similar to the one for the Ar dimer, since in this case the cut-off d′

has not been used to remove the singularity. This graph also shows very good long-range

behavior of MGGA-MS2+vdW [d’]. Figure 3.3(a) shows an almost similar picture where

MGGA-MS2+H [d’] also overbinds the experimental curve. In this case a divergence in the

Hamaker (EH) expression can be seen. From Table 3.4 we note that the strong attractive

nature of MGGA-MS2 yields a minimum at 2.73 Å, 2.59 Å and 2.61 Å for MGGA+MS2,

MGGA+MS2+vdW[d’] and for MGGA-MS2+H[d’] respectively which is quite different

from the experimental one at 2.97 Å. From Figure 3.3(c) one can see that two other popular

methods PBE-D2 [2] and vdW-DF2 [1] overbind the experimental curve in the same way

as MGGA-MS2+vdW(d’), but all these three curves almost overlap with the experimental

curve in the very long-range part beyond 4.00 Å, a significant success for the method.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.06849 0.13913 0.12038 0.10742 0.06214 0.02201
Re 2.73 2.59 2.61 2.60 2.80 2.97

Table 3.4: Binding energy(4E in kcal/mol ) and equilibrium bond length (Re in Å) for the
He-He dimer.

3.5.0.3 Xe-Xe Dimer

In the Xe-Xe dimer, MGGA-MS2, MGGA-MS2+vdW[d’] and MGGA-MS2+H[d’] un-

derbind the experimental curve, which can be seen from Figure 3.4(a) and Figure 3.4(b).
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(a) (b)

(c)

Figure 3.3: Binding energy curves of the He-He dimer. Here also we have used the cut-
off distance d′ for long-range correction with the system-averaged a = 2.09 .
Figure 3.3(a) and Figure 3.3(b) show the binding energy curves for MGGA-
MS2, MGGA-MS2+vdW[d], MGGA-MS2+vdW[d’], MGGA-MS2+H[d], and
MGGA-MS2+H[d’], while Figure 3.3(c) compares the curves for vdW-DF2 [1]
and PBE-D2 [2] with the experimental curve.
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(a) (b)

(c)

Figure 3.4: Figure 3.4(a) shows the binding energy curves for MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d’]. Figure 3.4(b) shows the binding
energy curves for MGGA-MS2, MGGA-MS2+H[d], and MGGA-MS2+H[d’].
Binding energy curves using vdW-DF2 [1] and PBE-D2 [2] are plotted in Fig-
ure 3.4(c) with the experimental one.

These two graphs also show similar divergences for MGGA-MS2+vdW[d] and MGGA-

MS2+H[d] due to the singularity near d = 2R in both the vdW correction part and in

the Hamaker expression. Figure 3.4(c) compares PBE-D2 [2], vdW-DF2 [1] and MGGA-

MS2+vdW[d’] with the experimental curve. From these three figures and from Table 3.5,

it can be said that, where PBE-D2 and vdW-DF2 overestimate the binding energy, MGGA-

MS2+vdW[d’] and MGGA-MS2+H[d’] underestimate the same but all these four methods

give very different minima than the experimental one.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.23100 0.39302 0.42232 0.80012 0.65163 0.56057
Re 4.59 4.53 4.54 4.40 4.40 4.35

Table 3.5: Binding energy(4E in kcal/mol) and equilibrium bond length (Re in Å) for the
Xe-Xe dimer .
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3.5.0.4 Kr-Kr Dimer

Figure 3.5(a), Figure 3.5(b) and Figure 3.5(c) show the binding energy curves for the

Kr-Kr dimer for MGGA-MS2, MGGA-MS2+vdW[d], MGGA-MS2+vdW[d’], MGGA-

MS2+H[d], MGGA-MS2+H[d’], vdW-DF2, and PBE-D2 approaches. These figures show

that both MGGA-MS2+vdW[d’] and MGGA-MS2+H[d’] give a very satisfactory long-

range part of the van der Waals interaction. Note that these two curves cross the experi-

mental curve at R(Kr−Kr)∼ 4.1 Å and at∼ 3.77 Å. One can readily note the divergence

of MGGA-MS2+H[d] at small atomic separation due to the obvious singularity in the ex-

pression of EH . Table 3.6 gives the binding energy (4E in kcal/mol) and the equilibrium

distance (Re in Å) for different methods. We notice that MGGA-MS2+H[d’] gives very

good equilibrium bond length when compared to the experimental result. Figure 3.5(c)

confirms that other two methods PBE-D2 [2] and vdW-DF2 [1] significantly overbind the

experimental curve. We can see the same trend in MGGA-MS2+vdW[d’] along with the

PBE-D2 and vdW-DF2 in the very long-range part, where they tend to overlap with the

experimental result.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.20379 0.37102 0.39750 0.53832 0.53242 0.40005
Re 4.17 4.11 4.03 4.00 4.00 4.01

Table 3.6: Binding energy (4E in kcal/mol) and equilibrium bond length (Re in Å) for the
Kr-Kr dimer .

3.5.0.5 Ne-Ne Dimer

In the Ne-Ne dimer, MGGA-MS2, MGGA-MS2+vdW [d’] and MGGA-MS2+H[d’] overbind

the experimental curve. MGGA-MS2+H[d] and MGGA-MS2+vdW[d] show the diver-

gence at small atomic separation. But, Figure 3.6(a) and Figure 3.6(b) show the similar

kind of long-range correction by both MGGA-MS2+vdW[d’] and MGGA-MS2+H[d’]. We

plot the PBE-D2 and vdW-DF2 result with the experimental and MGGA-MS2+vdW[d’] re-
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(a) (b)

(c)

Figure 3.5: Figure 3.5(a) shows the binding energy curves for MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d’], and Figure 3.5(b) shows the
binding energy curves for MGGA-MS2, MGGA-MS2+H[d], and MGGA-
MS2+H[d’]. Binding energy curves using vdW-DF2 [1] and PBE-D2 [2] are
plotted in Figure 3.5(c) with the experimental one. The vdW corrected curves
are calculated using the cut-off distance d′ and system-averaged a = 2.09.
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(a) (b)

(c)

Figure 3.6: Binding energy curves for the Ne-Ne dimer for MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d] can be seen in Figure 3.6(a) and the
same for MGGA-MS2, MGGA-MS2+H[d], and MGGA-MS2+H[d] results in
Figure 3.6(b). Figure 3.6(c) compares the calculated binding energy curves
using vdW-DF2 [1] and PBE-D2 [2] with the experimental curve.

sults in Figure 3.6(c). We conclude that for the Ne dimer semilocal functionals normally

overbind the experimental result. From Figure 3.6(c) we find that the long-range part of the

MGGA-MS2+vdW[d’] and vdW-DF2 curves almost overlap with the experimental curve

in the range 3.9 Å≤ Re ≤ 5.0 Å.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.16811 0.33323 0.32208 0.27369 0.20395 0.08401
Re 2.94 2.83 2.81 3.00 3.00 3.09

Table 3.7: Binding energy (4E in kcal/mol) and equilibrium bond length (Re in Å) for the
Ne-Ne dimer .
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3.5.1 Ar-Kr Dimer

MGGA-MS2 underbinds the experimental curve [123] in the Ar-Kr dimer, as can be seen

from Figure 3.7(a) and Figure 3.7(b). This tendency is removed and we get very satisfactory

binding energy curves when the cut-off distance d′ is introduced in MGGA-MS2+vdW[d’]

and MGGA-MS2+H[d’] methods. This removes the singularity as expected and gives sig-

nificant improvement in the long-range part of the van der Waals interaction. The strong

divergence in van der Waals interaction series and in the Hamakers expression can be seen

in MGGA-MS2+ vdW[d] and in MGGA-MS2+H[d] in Figure 3.7(a) and in Figure 3.7(b).

PBE-D2 [2] and vdW-DF2 [1] results are not so satisfactory compared to the experimental

result. Table 3.8 shows the binding energy (4E in kcal/mol) and the equilibrium distance

(Re in Å) for different methods.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.18772 0.35712 0.38053 0.46469 0.46481 0.36123
Re 3.98 3.89 3.88 3.80 4.00 3.88

Table 3.8: Binding energy(4E in kcal/mol) and equilibrium bond length (Re in Å) for the
Ar-Kr dimer .

3.5.2 Ar-Xe Dimer

We plot the binding energy curves of the Ar-Xe dimer in Figure 3.8(a) and in Figure 3.8(b).

These figures show outstanding performance of the method in the long-range part of the

energy when either of the additive corrections EvdW (d′) or EH(d′) is used. Table 3.9 gives

a qualitative picture of different methods for the estimation of equilibrium bond length and

binding energy. It can be inferred from Table 3.9 that both MGGA- MS2+vdW [d’] and

MGGA-MS2+H[d’] produce almost correct binding energy but slightly overestimate the

equilibrium bond length.
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(a) (b)

(c)

Figure 3.7: Binding energy curves of the Ar-Kr dimer. Figure 3.7(a) shows the bind-
ing energy curves calculated using MGGA-MS2, MGGA-MS2+vdW[d], and
MGGA-MS2+vdW[d], and Figure 3.7(b) shows the MGGA-MS2, MGGA-
MS2+H[d], MGGA-MS2+H[d] and the experimental result, while Figure
3.7(c) compares vdW-DF2 [1] and PBE-D2 [2] with experiment. The vdW
corrected binding energy curves are calculated using the cut-off distance d’ and
system-averaged a = 2.09.
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(a) (b)

(c)

Figure 3.8: Binding energy curves of the Ar-Xe dimer calculated from the vdW method
combined with MGGA-MS2 using the system-averaged a. Figure 3.8(a)
shows the binding energy curves calculated using MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d], and the experimental one. The
vdW-corrected binding energy curve is calculated using the cut-off distance d′

and system-averaged a = 2.09. Figure 3.8(b) shows the binding energy curves
for MGGA-MS2, MGGA-MS2+H[d], and MGGA-MS2+H[d], and the experi-
mental results. Binding energy curves from other vdW-corrected methods can
be seen in Figure 3.8(c).
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Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.18677 0.34032 0.38191 0.53029 0.51532 0.37505
Re 4.24 4.10 4.10 4.00 4.20 4.07

Table 3.9: Binding energy (4E in kcal/mol) and equilibrium bond length (Re in Å) for the
Ar-Xe dimer.

3.5.3 Kr-Xe Dimer

As in the Ar-Kr dimer, in the Kr-Xe dimer MGGA-MS2 underbinds the experimental curve.

Figure 3.9(a) and Figure 3.9(b) show that introduction of the cut-off distance d′ not only

removes the singularity but also improves the underbinding of MGGA-MS2 in the long-

range part of the van der Waals interaction energy, although it remarkably overestimates

the equilibrium bond length. The binding energy estimated by MGGA-MS2+H [d’] is in

very good agreement with the experimental result. The PBE-D2, vdW-DF2, and MGGA-

MS2+vdW[d’], and the experimental curves are shown in Figure 3.9(c). PBE-D2 and vdW-

DF2 seem to be too attractive in the short-range part and overbind the experimental curve,

although the equilibrium bond lengths from these two curves are in very good agreement

with experiment.

Quantity MGGA-MS2 MGGA-MS2+vdW(d’) MGGA-MS2+H(d’) PBE-D2 vdW-DF2 Expt.
4E 0.20900 0.37242 0.39787 0.67692 0.58528 0.46422
Re 4.39 4.31 4.27 4.20 4.20 4.18

Table 3.10: Binding energy (4E in kcal/mol) and equilibrium bond length (Re in Å) for
the Kr-Xe dimer .

3.5.4 Be-Be Dimer

Be2 is chosen since it is a van der Waals-bound diatomic from the alkaline-earth group. The

characteristic difference of Be2 from the rare-gas dimers is that it shows much more density

overlap. Figure 3.10(a) gives us a qualitative picture how the strong divergence at d = 2R

in the EH(d) part of the van der Waals interactions energy expression of Equation 3.4-16

is successfully removed upon introduction of the cut-off distance d′. Figure 3.10(b) shows
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Figure 3.9: Binding energy curves of the Kr-Xe dimer calculated from the vdW method
combined with MGGA-MS2 using the system-averaged a = 2.09 Figure 3.9(a)
shows the binding energy curves for MGGA-MS2,MGGA-MS2+vdW[d], and
MGGA-MS2+vdW[d], and the experimental one. Figure 3.9(b) shows the
binding energy curves for MGGA-MS2, MGGA-MS2+H[d], and MGGA-
MS2+H[d], and the experimental results, while Figure 3.9(c) compares vdW-
DF2 [1] and PBE-D2 [2] with experiment.
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Figure 3.10: Binding energy curves for the Be-Be dimer calculated from meta-GGA-MS2
and from other vdW-corrected methods.

that MGGA-MS2+vdW [d’] gives a satisfactory long-range correction compared to PBE-

D2. In the same figure the similar performance of vdW-DF2 can be seen. The common

tendency of overbinding the experimental result [124] by semilocal functionals MGGA-

MS2 and PBE [107] can be seen in Figure 3.10(b). From this result we conclude that more

accurate correction is needed for semilocal functionals for He2,Ne2 and Be2. Moreover

Figure 3.10(b) shows that vdW-DF2 correctly estimates the equilibrium bond length ∼ 2.5

Å, where MGGA-MS2+vdW[d’] fails to do so. It overestimates the bond length at∼ 2.7 Å.

The experimental equilibrium bond length is 2.45 Å. Careful observation of Figure 3.10(b)

reveals that the too-attractive nature of PBE yields a deep minimum at very short distance

∼ 1.5 Å for the PBE-D2 curve.

3.5.5 Comparison between Hamaker and geometric Series for two identical solid

spheres

An interesting feature of the Hamaker expression [3] and the geometric expression [4] (see

Equation 3.8-26 in Appendix A) is that both have divergences at two different values of d

, one is at d = 2R and the other at d = 0. To investigate further the divergence of these
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Figure 3.11: Divergence of Hamaker’s [3] expression and the geometric expression of
Perdew et al. [4] for Ar-Ar dimer.

two expressions, we have plotted c∞
{

(1− (2R
d

)2))−1 −
∑2

k=0(2R
d

)2k
}

and ( c∞
cH∞

)EH(RA =

RB = R, d). These two quantities have the same singularity at d = 2R . But they are rather

different in the range of typical vdW energies which can be seen from Figure 3.11. This

could explain why the Hamaker expression works better in the fits.

3.6 Conclusions

In summary, our work is a reasonable and physical way to remove the nonzero - d singular-

ity in the summed-up van der Waals interaction series. We also conclude that, although the

fitting parameter ‘a’ is system-dependent and empirical in nature, averaging it and using

R = max[Rhbl, 1.37Rpol] as an input to our calculation gives our formulas some predictive

value. In this work we presented a simplified version with only one fitting parameter a ,

replacing the earlier model [4] with two parameters (g, h), to get the long-range van der

Waals correction to a density-functional binding energy curve for objects with spherical

densities. In this work we have reached similar or better accuracy when compared with the

PBE-D2 [2] and vdW-DF2 [1] correction schemes.

An interesting outcome of our work is that the complicated Equation 3.4-16, as proposed
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in Ref. [4], can be replaced without loss of accuracy by the simpler Equation 3.8-19. This

means in particular that no input vdW coefficient is needed.

One extension of this work could be to use it to get a semi-local density functional with an

embedded long-range vdW correction using this summed-up series method. The positive

outcome of this method motivates us to use it for other strongly dispersion-driven systems

such as layered-materials. Furthermore, MGGA-MS2 often provides a useful description

of intermediate-range vdW interaction. It underestimates this in most rare-gas dimers,

but overestimates it in He2 , Ne2 and Be2 . Appreciable performance by MGGA-MS2

[103] in predicting stacking energies between nucleobases of DNA and RNA confirms

that improved density functionals can give a better description of different chemical and

physical properties. It remains to be seen if further improvements in meta-GGAs will yield

a more consistent description of intermediate-range vdW interactions.
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3.8 Appendix

3.8.1 Appendix.A (Summed-up series expression )

The Casimir-Polder [69, 125] formula for the van der Waals coefficients between two ob-

jects A and B to the second-order in electron-electron interaction is

CAB
2k =

(2k − 2)!

2π

k−2∑
l1=1

1

(2l1)!(2l2)!

∫ ∞
0

duαl1
A(iu)αl2

B(iu), (3.8-19)
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where, l2 = k − l1 − 1 and αl1
A → 2l1 pole dynamic polarizability of A at imaginary

frequency ω = iu. Note l = 1, l = 2, l = 3 are for dipole , quadrupole and octupole

interactions respectively.

The dynamic multipole polarizabilities for a classical conducting spherical shell can be

found from the following expressions

αl(iu) = R2l+1 ωl
2

ωl2 + u2

1− θl
1− βlθl

, (3.8-20)

where

βl =
ωl

2ω̃2
l

(ωl2 + u2)(ω̃2
l + u2)

(3.8-21)

and

θl = (
R− t
R

)2l+1 = (1− t/R)2l+1 (3.8-22)

from the work of Lucas et al. [126]. Here ωl = ωp
√
l/(2l + 1) and ω̃l = ωp

√
(l + 1)/(2l + 1).

The plasma frequency of the system is ωp =
√

4πρ with ρ = N

[ 4
3
π
{
R3−(R−t)3

}
]

for the spher-

ical shell (With radius R and thickness t) and ρ = N
( 4
3
πR3)

for sphere ( with radius R). N is

the total number of valence electrons, equal to 2 for He and 8 for other rare-gas atoms.

In Ref. [116] it is shown that for a classical conducting spherical shell of radiusR, thickness

t and uniform density ρ the above integration Equation 3.8-19 can be performed to get all

the higher order vdW coefficients. For two identical spheres, i.e, when A = B, one can get

CAA
2k = ωp(2R)2k 1

22k

(2k − 2)!

4

k−2∑
l=1

1

(2l)!(2k − 2l − 1)!

× 1√
(2l + 1)/l +

√
(2k − 2l − 1)/(k − l − 1)

. (3.8-23)

Then the van der Waals interaction of Equation 3.2-2 can be written as

E(d) = −
√

4πρ
∞∑
k=3

ck(t/R)zk (3.8-24)
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Where ck(t/R) is related to C2k by the Equation 3.3-4 and z = (2R
d

)2.

Now by the introduction of the geometric series of
∑∞

k=1 z
k = (1 − z)−1 for 0 ≤ z < 1

and approximating ck → c∞ for k > 5 we find

Egeo(d) = −
√

4πρ[c3(
t

R
)z3 + c4(

t

R
)z4 + c5(

t

R
)z5 + c∞

{
(1− z)−1−

5∑
k=0

zk
}
. (3.8-25)

This expression interpolates between the very large-d and d → 2R limits. The above

expression for Egeo(d) has an unphysical divergence at z = 1 or d = 2R where the two

spheres touch each other. This divergence appears because we sum up all the terms. But

in reality there is no divergence in Equation 3.2-2 since it is an asymptotic expansion for

large value of d.

This is true since at large d the exponential density overlap between the two real quantum-

mechanical objects may be neglected. This divergence in the expression of Egeo(d) can

be removed by replacing z by z where z′ = (2R/d′)2 with a proper choice of d. The

expression for Egeo(d) is true for the interaction between identical spheres but it can be

generalized to nonidentical spheres (2R → RA + RB ), which leads to an equation like

Equation 3.4-15 for the expression of EvdW (d) .

In the pair interaction picture Hamaker’s [3] expression of the van der Waals interaction

between two solid spheres of uniform density ρ is

E(d) = −β
∫
A

d3r

∫
B

d3r′
1

|r − r′|6
, (3.8-26)

where β = c3(1)
√

4πρ( 3
4π

)226 = 0.006766
√

4πρ( 3
4π

)226 can be evaluated using the value

of c3(1) from Table 3.1.

77



(a) (b)

(c) (d)

Figure 3.12: Binding energy curves for different dimers using the geometric-series expres-
sion of Equation 3.8-26 with a = 4.09.

3.8.2 Appendix.B (Binding energy curves from geometric series )

The summed-up van der Waals series expression of Equation 3.3-4 can also be used to get

the binding energy curves for the rare-gas dimers if we use our short-range cut-off idea.

Reduced van der Waals coefficients c3(t/R),c4(t/R),c5(t/R) and c∞(t/R) are taken from

Table 1 for t/R = 1, e.g., for solid spheres. For identical solid-spheres the electron density

is ρ = N/(4πR3/3) for a sphere with radius R and N number of total valence electrons

(N is 2 for He and 8 for the other rare-gas atoms). The electron density for non-identical

spheres can be evaluated using 2
√
ρA
√
ρB/(
√
ρA+
√
ρB). We could not optimize the fitting

parameter for every dimer. We have used a = 4.09, the average of the optimum values for

Ar-Ar and Kr-Kr.
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(a) (b)

(c) (d)

Figure 3.13: Binding energy curves for different dimers using the geometric-series expres-
sion of Equation 3.8-26 with a = 4.09.
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CHAPTER 4

PROPERTIES OF REAL METALLIC SURFACES:

EFFECTS OF DENSITY FUNCTIONAL

SEMILOCALITY AND VAN DER WAALS

NONLOCALITY

Reprinted with permission from Patra, A., Bates, J.E., Sun, J. and Perdew, J. Properties

of real metallic surfaces: Effects of density functional semilocality and van der Waals

nonlocality. Proceedings of the National Academy of Sciences 114, 11577-81. Copyright

(2017).

4.1 Introduction

The rapid development of electronic structure theory has made it easier to analyze and de-

scribe complex metallic surfaces [127], but understanding the underlying physics behind

surface energies, work functions, and interlayer relaxations has remained a long-standing

challenge [128]. Metallic surfaces are of particular importance because of their wide range

of applications including catalysis [129–134]. A detailed knowledge of the electronic struc-

ture is required for accurate theoretical investigations of metallic surfaces [135, 136].

Consequently, metal surfaces have played a key role in the development and application

of Kohn-Sham density functional theory (KS DFT) [32]. The work of Lang and Kohn

[137–139] in the early 1970’s demonstrated the ability of the simple local density approx-

imation (LDA) [32, 43] for the exchange-correlation (xc) energy to capture the surface

energies and work functions of real metals. Their work stimulated the effort to understand
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why simple approximate functionals work and how they can be improved [67, 140]. Later,

correlated-wavefunction calculations [141, 142] gave much higher surface energies for jel-

lium, but were not supported by further studies [143, 144] and were eventually corrected by

a painstaking Quantum Monte Carlo calculation [145]. The too-low surface energies from

the Perdew-Burke-Ernzerhof [49] (PBE) generalized-gradient approximation (GGA) led in

part to the AM05 [48] and PBEsol [99] (PBE for solids) GGAs, and to general-purpose

meta-GGAs [52, 54, 56, 57, 59] that remain computationally efficient, including the recent

strongly constrained and appropriately normed (SCAN) meta-GGA [59, 146]. There have

also been surface studies based upon the random phase approximation (RPA) [147].

SCAN captures intermediate- range van der Waals (vdW) interaction (responsible for the

equilibrium binding of two closed-shell atoms [57, 59, 146]), but capturing longer-ranged

vdW interaction requires the addition of a non-local vdW correction as from the revised

Vydrov-Van Voorhis 2010 (rVV10) functional [76, 148]. The intermediate-range vdW

interaction is crucial for SCAN’s correct description of liquid water [149].

Ref. [76] suggests that the vdW interaction is semilocal at short and intermediate range,

but displays pairwise full nonlocality at longer ranges, and many-body full nonlocality

[150, 151] at the longest and often least energetically important distances. Accounting for

intermediate and long-ranged vdW interactions is especially important for layered materi-

als [76, 152, 153] and ionic solids [154–156]. van der Waals interactions are also needed to

correct the errors of GGAs for bulk metallic systems [155]. Ref. [157] reports long-range

vdW interaction between two jellium slabs. The importance of the vdW contribution for the

surface energy and the work function will be demonstrated here. By naturally accounting

for both intermediate- and long-range interactions, SCAN+rVV10 [76] represents a major

improvement over previous functionals for many properties of diversely-bonded systems

[146]. Its pairwise interactions at long range even match the RPA binding energy curve for

graphene on a nickel surface [76]. However, it had not been tested for real metallic surface

energies and work functions. By studying metallic surfaces with this general-purpose func-
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tional, we can better understand why LDA can be accidentally accurate, and demonstrate

the systematic improvement of SCAN over other non-empirical functionals. Furthermore,

we will also be able to untangle the effects of intermediate- and long- range dispersion.

The surface energy is the work required per unit area to cleave an infinite crystal and create

a new surface [137]. Accurate theoretical face-dependent surface energies are straightfor-

ward to obtain from accurate bulk and surface calculations, since we have absolute control

over morphology and purity. Experimentally, however, surface energies have been deter-

mined by measuring the surface tension of the liquid metal and then extrapolating to 0K

using a phenomenological method [5, 6, 158]. The surface tension of the liquid phase is

generally different from the actual surface energy of the solid state metals and can be con-

sidered as an “average” surface energy. Available experimental values are also rather old

(1970-1980). They provide useful but uncertain estimates for the low-energy faces of bulk

crystals.

The work function on the other hand is easier to measure [159–162] than is the surface

energy. However, it still remains an open question which experimental work function one

should compare to theoretical values. In practice, the work function can be calculated using

DFT by accurately determining the Fermi energy and vacuum potential [138, 139].

Another fundamental property of surfaces is geometric relaxation of the surface layer spac-

ings. This effect can be accurately measured experimentally using low-energy electron

diffraction (LEED) [5, 163] intensity analysis. The role played by the xc functional in

surface relaxations was unclear and worth exploring in more detail.

In spite of the theoretical challenges to model and explain these metallic surface properties,

density functional theory [32, 52, 59, 146, 164] has proven to be one of the leading elec-

tronic structure theory methods to understand characteristics of metal surfaces. Lang and

Kohn [137–139] pioneered the density functional calculation of surface energies and work

functions using the jellium model without and with perturbative lattice corrections. Skriver

and Rosengaard [165] reported the surface energies and work functions of close-packed
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metal surfaces from across the periodic table using Green’s function techniques based on

linear muffin-tin-orbitals within the tight-binding and atomic-sphere approximations. In

other work, Perdew et al. used the stabilized jellium and liquid-drop models (SJM-LDM)

[166] to understand the dependency of surface energies and work functions of simple met-

als on the bulk electron density as well as the atomic packing of the exposed crystal face.

For related work, see Refs. [167–170]. Developing functionals that are accurate for sur-

faces has been an active area of research [44, 48, 99, 171, 172].

Previous works [140, 172, 173] gave very reasonable descriptions of metallic surfaces, de-

spite their limitations [174]. Wang et al. [175] calculated surface energies and work func-

tions of six close-packed fcc and bcc metal surfaces using LDA and PBE, confirming the

face-dependence of the surface energy and work function. Singh-Miller and Marzari [176]

used PBE to study surface relaxations, surface energies, and work functions of the low-

index metallic surfaces of Al, Pt, Pd, Au and Ti. Ref. [176] found that LDA qualitatively

agrees with the experimental surface energies, but neither LDA nor PBE can be consid-

ered as a default choice for quantitative comparison with experimental values for surface

properties. Following what they have suggested, we will demonstrate that higher rungs of

Jacob’s ladder in DFT [129], such as meta-GGAs or the Random Phase Approximation

[171], must be used to accurately study surface properties.

In this work we investigate the surface energies, work functions and interlayer relaxations

of the low-index clean metallic surfaces of Al, Cu, Ru, Rh, Pd, Ag, Pt, and Au. (We do not

include the more difficult 3d elements Mn, Fe, Co, and Ni, for which semilocal functionals

may make non-negligible self-interaction errors.) The effects of interlayer relaxation are

included in our calculated surface energies and work functions. Here we focus on three

main crystallographic faces, (111), (100), and (110), to explore the face-dependence of the

surface properties [177]. Furthermore, we have explored the xc-functional dependence to

demonstrate the improvements non-empirical meta-GGAs can achieve compared to GGAs.

We utilized the following approximations: LDA [32, 43], the PBE generalized gradient ap-
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proximation [49] and its modification for solids, PBEsol [51, 99], and the newly constructed

meta-GGA SCAN [59], as well as SCAN+rVV10 [76].

4.2 Definitions

4.2.1 Surface energy

To define the surface energy σ, we consider a solid with a finite number n of infinitely-

extended planar atomic layers, and a slab of finite area A embedded in this solid. The slab

has n layers, each with Nl atoms. Then

σ = lim
n→∞

Eslab(n)− nNlεbulk
2A

, (4.2-1)

where Eslab(n) is the total energy of the slab and εbulk is the energy per atom of the infinite

bulk. The factor of 1/2 in this equation comes from the fact that the slab is bounded by

two symmetric surfaces. If the two terms in Eq.4.2-1 are calculated similarly, numerical

errors in each can cancel. If not, (4.2-1) can diverge [178], unless [128] both energies are

computationally well converged. (4.2-1) can also be written for large n as

Eslab(n) ≈ nNlεbulk + 2σA. (4.2-2)

The linear fit method [179, 180] is one way to find converged values for the surface en-

ergies. We have applied this method (as illustrated in the SI Appendix), using equivalent

cutoff energies and k-meshes for the bulk and slab calculations. For each surface, we used

9 slabs with N = 4 to 12 layers.

4.2.2 Work function

The work function of a metallic surface is the minimum energy needed to remove an elec-

tron to a distance that is large on the microscopic scale but small on the macroscopic scale
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Metals LDA PBE PBEsol SCAN SCAN+rVV10 RPA Experimental [5, 6]

Al 1.08 0.89 1.06 1.03 1.16 1.07 1.14± 0.2
Cu 1.98 1.48 1.74 1.68 1.89 2.03 1.79± 0.19
Ru 3.19 2.48 2.89 2.77 2.99 3.45 3.04± 0.33
Rh 2.86 2.47 2.71 2.6 2.81 3.17 2.66± 0.29
Pd 2.19 1.59 1.90 1.8 2.04 2.25 2.00± 0.22
Ag 1.2 0.84 1.08 1.03 1.22 1.40 1.25± 0.13
Pt 2.26 1.79 2.12 1.92 2.15 2.84 2.49± 0.26
Au 1.41 0.87 1.16 1.06 1.29 1.55 1.51± 0.16

MAE 0.18 0.64 0.35 0.46 0.24 0.23

Table 4.1: Mean surface energy (σ̄), of (111), (100), and (110) surfaces of different metals
in J/m2.

† GPAW.

of facet dimensions:

φ = Vvacuum − εFermi. (4.2-3)

The electrostatic potential V (r) and the Fermi energy εFermi each contain the same additive

arbitrary constant, which cancels out of φ in Eq. 4.2-3. Vvacuum is the maximum of V (r) at

the center of the vacuum region. The work function defined in this way depends upon the

chosen crystallographic face. However, the work to remove an electron from a finite crystal

to a distance much greater than the dimension of any crystal facet is of course independent

of the face through which it is removed.

4.2.3 Surface lattice relaxation

Surface relaxations arise due to the minimization of the energy at the surface, and can be

computed using the simple formula

dij% =
dij − d0

d0

× 100, (4.2-4)

where dij is the distance between neighboring layers i and j, and d0 is the distance between

the layers of the unrelaxed slab.
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4.2.4 Crystal structure

All the studied metals are fcc except Ru, which is really hcp. Both hcp and fcc are close-

packed, and for convenience we have also treated Ru as fcc. For fcc, the lowest-index

crystal faces, in decreasing order of packing density in the face layer, are (111), (100), and

(110).

4.3 Results & discussion

4.3.1 Surface energy
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Figure 4.1: The errors in mean surface energy (σ̄) (left) of the (111), (100), and (110)
surfaces compared to experiment [5, 6]. The mean absolute percentage error
(MAPE) of the surface energies (right) for each functional. Note that the mean
experimental uncertainty from Table 4.1 is 0.22 J/m2 or 12%.

Surface energies from measured liquid-metal surface tensions [5, 6, 158, 181] are usually

“average” surface energies over crystal faces. Hence, the experimentally measured surface

energy can be compared with the mean of the surface energies for (111), (110), and (100)

surfaces [182]. As we will see later, the calculated face dependencies are not strong, which

helps to justify this choice. Here we also use the mean surface energies to compare with the

experimentally measured values, but from a different perspective: LDA is known to yield

accurate surface energies for jellium, within the uncertainty of the latest QMC values [145],
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Figure 4.2: Surface energies σ111 (left), σ100 (middle), and σ110 (right) for the selected met-
als in this work. The chemical trends are similar for all functionals.

and an equally-weighted average over the three lowest-index faces from LDA reproduces

the experimental surface energies to within their uncertainties. LDA displays a remarkable

error cancellation between its exchange and correlation contributions [67, 140]. Usually

the LDA exchange energy contribution to the surface energy is an overestimate, while the

correlation contribution is a significant underestimate, and their combination results in an

accurate prediction. PBE improves both the exchange and the correlation contributions, but

loses the remarkable error cancellation of LDA.

In Table 4.1 we report the mean surface energies calculated using different density func-

tionals, including results from the random phase approximation (RPA). Figure 4.1(left)

shows the error (in J/m2) of the computed values of the mean surface energies compared

to the best available experimental results for each metal. The consistent performance of

SCAN+rVV10 can be seen in all cases, whereas PBE and SCAN both perform less well.

The RPA results are overall in good agreement with the experimental results, however the

computational cost is higher. One can argue that SCAN+rVV10 is the “best” candidate for

predicting metallic surface energies with its moderate computational cost and high accu-

racy.

The errors and mean absolute percentage errors of the computed mean surface energies are

shown in Figure 4.1. The errors are computed with respect to the experimental values. Our
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results are in agreement, within an acceptable margin, with those previously reported in

the literature [175, 176, 182, 183]. For Al, the lefthand plot illustrates the accuracy of all

methods for simple metals that are close to the jellium limit.

Metals Surface LDA PBE PBEsol SCAN SCAN LDA GGA
+rVV10 (Other works) (Other works)

Al 111 0.99 0.77 0.99 0.91 1.11 0.91 [128], 1.27 [165] 0.67 [176], 1.19 [183]
100 1.15 0.95 1.08 1.08 1.18 0.86 [176], 1.35 [183]
110 1.09 0.96 1.11 1.09 1.19 0.93 [176], 1.27 [183]

Cu 111 1.81 1.33 1.59 1.49 1.74 1.96 [165] 1.95 [183], 1.94 [175]
100 1.99 1.48 1.76 1.71 1.91 2.09 [165] 2.17 [183], 2.15 [175]
110 2.13 1.63 1.88 1.84 2.02 2.31 [165] 2.24 [183], 2.19 [175]

Ru 111 2.81 2.14 2.49 2.39 2.55 2.99 [184]
100 3.34 3.02 3.25 3.11 3.3 3.52 [184]
110 3.42 2.27 2.94 2.81 3.12 3.45 [184]

Rh 111 2.67 2.09 2.40 2.33 2.61 2.78 [165], 2.53 [184] 2.47 [183] , 2.61 [175]
100 3.04 2.77 2.97 2.71 3.00 2.90 [165], 2.81 [184] 2.79 [183] , 3.01 [175]
110 2.86 2.55 2.77 2.76 2.82 2.88 [184] 2.89 [183] , 3.08 [175]

Pd 111 1.88 1.36 1.63 1.54 1.77 1.88 [165], 1.64 [184] 1.31 [176], 1.92 [183], 1.90 [175]
100 2.43 1.79 2.15 2.03 2.29 1.90 [165], 1.86 [184] 1.49 [176], 2.33 [183] , 2.15 [175]
110 2.25 1.61 1.93 1.83 2.05 1.97 [184] 1.55 [176],2.33 [183] , 2.23 [175]

Ag 111 1.13 0.78 1.00 0.97 1.16 1.12 [165], 1.12 [184] 1.17 [183] , 1.15 [175]
100 1.16 0.81 1.04 1.00 1.18 1.20 [165], 1.21 [184] 1.20 [183] , 1.27 [175]
110 1.32 0.93 1.19 1.12 1.33 1.29 [165], 1.26 [184] 1.24 [183] , 1.35 [175]

Pt 111 1.98 1.56 1.85 1.64 1.89 2.23 [128], 2.35 [165] 1.49 [176], 2.29 [183], 2.00 [175]
100 2.35 1.88 2.21 2.04 2.25 2.48 [165] 1.81 [176], 2.73 [183], 2.47 [175]
110 2.46 1.94 2.31 2.08 2.32 1.85 [176], 2.82 [183], 2.49 [175]

Au 111 1.24 0.75 1.1 0.93 1.17 1.61 [165], 1.04 [185] 0.74 [176], 1.28 [183], 1.14 [175]
100 1.39 0.86 1.13 1.05 1.24 1.71 [165], 1.39 [186] 0.85 [176], 1.63 [183], 1.36 [175]
110 1.61 0.99 1.26 1.2 1.47 1.79 [165], 1.55 [187] 0.9 [176], 1.7 [183] , 1.41 [175]

Table 4.2: Surface energies σ (J/m2) of the (111), (100), and (110) surfaces for the selected
metals.

Table 4.1 demonstrates that there is an overall systematic improvement from PBE to PBEsol

or SCAN and then to SCAN+rVV10 in the Al surface energy due to the sequential incor-

poration of intermediate-range dispersion in PBEsol or SCAN and long-range dispersion

in rVV10. We expect that PBEsol+rVV10 could be comparably accurate for solids and

surfaces (but not for molecules, unlike the general-purpose SCAN+rVV10). The long-

range contribution from rVV10 in Al accounts for 12% of the total surface energy, and

foreshadows the importance of including this contribution for the d metals.

Transition and noble metal surfaces are more challenging due to their localized d or-

bitals which cause strong inhomogeneities in the valence electron density. These inho-
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mogeneities lead to a wider spread in the results from the different functionals. PBE

yields the largest errors for the transition metal surface energies, because it neglects most

of the vdW interaction, i.e., it radically underestimates the equilibrium binding energy of

two closed-shell atoms or molecules. PBEsol and SCAN incorporate intermediate-range

vdW, and so improve the surface energy. With the addition of the long-range vdW from

rVV10, SCAN+rVV10 surpasses the accuracy of SCAN, indicating that the long-range

vdW contribution to the surface energy is more important than previously recognized. The

intermediate- and long-range vdW attraction between separating half spaces must increase

the work needed to pull them apart, and thus the surface energy.

In LDA, the van der Waals attraction is overestimated at intermediate range but neglected at

long range, leading to another remarkable error cancellation. Without using the vdW lan-

guage, the same cancellation can be seen in the wavevector analysis of the RPA exchange-

correlation surface energy of jellium [147]. RPA includes vdW attraction at all ranges but

overestimates the magnitude of short-range correlation that is properly described by our

LDA, GGAs, and meta-GGA. RPA tends to overestimate the surface energy slightly. This

is expected based upon the results for jellium slabs [188, 189].

The righthand plot in Figure 4.1 shows the mean absolute percentage errors (MAPE).

SCAN+rVV10 is the best semilocal density functional, though LDA is a close second.

Incorporation of vdW interactions is important for dealing with the interactions of clean

metallic surfaces and their surroundings. Because it treats intermediate and long-range

vdW interactions accurately, SCAN+rVV10 can be expected to perform more systemati-

cally than LDA for a broader set of properties.

Table 4.2 (with some inputs from Refs.[184–187]) and Figure 4.2 display the calculated

surface energy for each crystallographic face. While we could not find corresponding ex-

perimental values for any of our metals, the numbers in Table 4.2 could be used to predict

the equilibrium shapes of the elemental solids by the Wulff construction. SCAN+rVV10

frequently overlaps with LDA, while the systematic underestimation of the surface ener-
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gies by PBE is easy to see. We find excellent agreement of our PBEsol results with those

of Sun et al. [190], and that our LDA and PBE values and trends are in good agreement

with others recently reported [175, 176, 182]. The general trend of σ111 < σ100 < σ110 can

be seen from Fig. Figure 4.2 for most metals. However, this trend seems to be broken for

Ru, Rh, and Pd.

4.3.2 Work function

The errors of the mean work functions (averaged over crystal faces) and the MAPE of the

face- dependent work functions are plotted in Fig Figure 4.3. Ru is hcp, and the experimen-

tal work function we have for it is for polycrystalline Ru, so Ru is excluded from the MAPE

and MAE. Calculated values of the work function for each face can be found in Table 4.3

(with some inputs from Refs.[191–210]), and are plotted in Fig. Figure 4.4. Our results for

LDA and PBE are generally within ∼0.15 eV of those reported in the literature [176, 211].

For Al, LDA overestimates the work function for the (111) surface by 0.1 eV, but is dead

on experiment for the other two faces. PBE and SCAN perform similarly for Al, but show

larger deviations from one another for the d-block metals. PBEsol and SCAN+rVV10 yield

the smallest errors for Al.

Figure 4.3 also shows the errors in the calculated values of the work function for the tran-

sition and noble metals. These systems have entirely or partly filled d-orbitals which are

localized on the atoms. Hybridization between the d and s orbitals varies with the crys-

tallographic orientation, resulting in changes in the surface-dipole and, consequently, the

work function. The redistribution of the d electrons in noble metals also impacts the work

function, and these changes vary from one face to another [212].

From Fig. Figure 4.3 it is clear that PBE systematically underestimates the work function,

and its accuracy is erratic. In general SCAN improves upon PBE through its incorporation

of vdW contributions to the surface potentials. Although PBEsol and SCAN differ in many

ways, both incorporate intermediate-range vdW interactions. Their overall performance for

90



Al Cu Ru Rh Pd Ag Pt Au
Metals

0.4

0.3

0.2

0.1

0.0

0.1

0.2

0.3

0.4

 E
rro

r (
eV

)

LDA
PBE
PBEsol
SCAN
SCAN+rVV10

LDA PBE PBEsol SCAN SCAN+rVV10
Functionals

0

1

2

3

4

M
AP

E 
(%

)

4% 4%

2% 2% 2%

Figure 4.3: The errors in mean work functions (φ̄) (left) for the (111), (100), and (110) sur-
faces predicted by each functional. Mean absolute percentage errors (MAPE)
of the face-dependent work functions (right) for the same systems. Note that
the mean experimental uncertainty from Table 4.3 is 0.09 eV or 2.0%.
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ied in this work. The chemical trends are similar for all functionals.
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Metals Surface LDA PBE PBEsol SCAN SCAN LDA GGA Expt.+rVV10 (Other work) (Other work)

Al 111 4.36 4.2 4.24 4.19 4.23 4.25 [191] 4.02 [176] 4.26± 0.03 [192], 4.32± 0.06 [193]
100 4.41 4.27 4.32 4.35 4.42 4.38 [191] 4.09 [176] 4.41± 0.03 [192], 4.32± 0.06 [193]
110 4.08 3.96 3.98 3.99 4.00 4.3 [191] 4.3 [176] 4.06± 0.03 [194], 4.23± 0.13 [193]

Cu 111 5.20 4.88 4.98 4.98 5.09 4.94 [195], 4.9± 0.02 [193]
100 4.79 4.42 4.43 4.47 4.54 4.59± 0.03 [196], 4.73± 0.1 [193]
110 4.68 4.38 4.48 4.47 4.53 4.59 [197], 4.56± 0.1 [193]

Ru 111 4.78 4.37 4.51 4.38 4.65 5.33 [184] 4.71 [162]
100 5.1 4.78 4.86 4.9 4.97 5.03 [184]
110 4.68 4.42 4.55 4.52 4.72 4.65 [184]

Rh 111 5.23 5.00 5.12 5.16 5.20 5.3 [198], 5.46± 0.09 [193]
100 5.44 5.12 5.38 5.34 5.37 5.25 [184] 5.11 [199], 5.3±, 0.15 [193]
110 4.9 4.53 4.66 4.65 4.83 4.98 [184] 4.8± 0.05 [200], 4.86± 0.21 [193]

Pd 111 5.66 5.32 5.52 5.39 5.47 5.64 [128] 5.25 [176] 5.44± 0.03 [201], 5.67± 0.12 [193]
100 5.54 5.12 5.25 5.19 5.26 5.11 [176] 5.3 [202], 5.48± 0.23 [193]
110 5.32 4.95 5.07 5.04 5.09 4.87 [176] 5.2 [203], 5.07± 0.2 [193]

Ag 111 4.97 4.49 4.66 4.57 4.63 4.75± 0.01 [204], 4.53± 0.07 [193]
100 4.64 4.26 4.35 4.3 4.37 4.42± 0.02 [205], 4.36± 0.05 [193]
110 4.61 4.16 4.28 4.21 4.26 4.25± 0.03 [206], 4.1± 0.15 [193]

Pt 111 6.08 5.72 5.85 5.90 5.97 6.06 [128] 5.69 [176] 6.08± 0.15 [207], 5.91± 0.08 [193]
100 6.06 5.69 5.82 5.94 6.01 5.66 [176] 5.9 [208], 5.75± 0.13 [193]
110 5.6 5.18 5.31 5.27 5.36 5.52 [187] 5.26 [176] 5.4 [209], 5.53± 0.13 [193]

Au 111 5.49 5.12 5.19 5.32 5.41 5.63 [212] 5.15 [176] 5.3-5.6 [210], 5.33± 0.06 [193]
100 5.49 5.07 5.17 5.26 5.28 5.53 [212] 5.1 [176] 5.22± 0.04 [213], 5.22± 0.31 [193]
110 5.36 4.94 5.02 5.17 5.3 5.41 [212] 5.04 [176] 5.2 [213], 5.16± 0.22 [193]

MAE 0.16 0.21 0.11 0.11 0.08

Table 4.3: Work functions φ (eV) for the (111), (100) and (100) surfaces of different metals.

work functions is quite similar, and typically the errors from these functionals are within

the experimental uncertainties. They also outperform LDA for the work functions, which

was not the case for the surface energies above.

The inclusion of intermediate-range vdW interactions is not enough, however, as the long-

range contributions can still raise the work function by an appreciable amount. The (110)

surface of Rh is one such case, where the addition of rVV10 to SCAN increases the work

function by nearly 0.2 eV, significantly reducing the error compared to experiment. Incor-

porating the long-range dispersion amounts to between 3 and 6% of the total work func-

tion, underscoring the importance of its inclusion. Though LDA and SCAN+rVV10 were

of similar quality for the surface energies, SCAN+rVV10 clearly takes the top spot for

computing accurate work functions. We note that the trend φ110 < φ100 < φ111 predicted

by Smoluchowski [214] is not observed for Al, Ru and Rh, but is observed for the other

metals.
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By incorporating a long-range contribution to the potential from rVV10, SCAN+rVV10

systematically and accurately predicts work functions within experimental uncertainties.

Addition of rVV10 to the GGAs would likely reduce their errors as well, since the bare

functional underestimates the experimental reference, but it would worsen the LDA results.

The systematic behavior of SCAN for diversely-bonded systems lends itself to correction

by rVV10, achieving a well-balanced performance both for surface and bulk [59, 146]

properties.

4.3.3 Surface lattice relaxation and other studies

At the surface, the presence of fewer neighboring ions can change the equilibrium position

of a given ion due to changes in the inter-ionic forces. The distances between surface

layers always relax as a result. Moreover, surface reconstructions have been observed for

Pt and Au [213, 215, 216], in which the ions within the top layers rearrange to reach a new

equilibrium. Our calculations here include the former effect but not the latter one.

Tables S1-S3 of the SI Appendix show the tabulated values of the percentage relaxation

for the top 4 layers of the three surfaces. Different exchange-correlation functionals may

predict different interlayer relaxations compared to the experimental data [163, 217–222].

It is important to note that for d23% and d34% we have found only a few experimental

results to compare with.

In most cases SCAN+rVV10 and SCAN predict reasonably accurate interlayer relaxations

in comparison to the experimental results. However, for the Au (100) surface, the exper-

imental d12% is much stronger than any of our functionals predict, due to a corrugated

surface reconstruction [221] not included in our calculation. Tables S1-S3 also show that

the LDA and PBE results calculated in this work are in agreement with Ref. [176].

Table S4 of SI Appendix shows that SCAN and SCAN+rVV10 are highly accurate for

the bulk lattice constants of all the metals. Other tables in the SI Appendix show surface

properties of jellium and stabilized jellium, calculated using the code of Ref. [223].
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4.4 Why the van der Waals attraction raises surface energies and work

functions, and why Eq.4.2-3 is valid even in generalized Kohn-

Sham theory

Adding an attractive van der Waals correction to a semilocal functional increases the sur-

face energies and work functions of metals, as we have seen numerically. It can also change

the bulk energy.

By the work-energy theorem, the surface energy is the external work per unit area needed to

cleave a bulk crystal along a plane and carry the two macroscopic fragments to a separation

much greater than the bulk Fermi wavelength or screening length. Since the van der Waals

forces between these fragments are attractive, they necessitate a positive contribution to

this work and thus to the surface energy. Note that the bulk energy does not change in the

separation process.

This conclusion can also be reached by comparing the total energies of the bulk crystal

before and after the separation. Before the separation, there are negative van der Waals

interactions between the two fragments, which disappear when the fragments are fully

separated. Thus the energy stored in the surface is raised by the addition of an attractive

van der Waals correction.

The work function of a metal surface is the least work needed to remove an electron from

the metal to a distance that is large compared to the bulk Fermi wavelength and screening

length, and thus the least total-energy increase that occurs when the electron is so removed.

The total-energy theory of the work function [223] uses Janak’s theorem to equate this total-

energy change to the one-electron-like Eq.4.2-3 within Kohn-Sham density functional the-

ory. Our meta-GGA calculations (like most meta-GGA and hybrid-functional calculations)

are carried out in a generalized Kohn-Sham theory, in which the exchange-correlation po-

tential is not constrained to be a multiplication operator. (It becomes a differential operator

for a meta-GGA, and an integral operator for a hybrid of GGA with exact exchange.) The
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generalized Janak theorem [224] shows that (4.2-3) still provides the needed total-energy

difference that defines the work function.

The neutral system will have a lower van der Waals total energy than the singly-positive

system, since it has one more electron but the same bulk density. Thus the addition of an

attractive van der Waals correction raises the work function.

4.5 Summary

We studied three important surface properties of metals (Al, Cu, Ru, Rh, Pd, Ag, Pt, and

Au) using the local density approximation, two generalized gradient approximations (PBE

and PBEsol), and a new meta-GGA (SCAN) with and without a long-range van der Waals

correction. The surface energy, work function and interlayer relaxation were calculated and

compared with the best available experimental values. The choice of exchange-correlation

functional has a noticeable effect on the surface properties of metals, especially on the

surface energy [225]. For surfaces, the performance of SCAN is comparable to that of

PBEsol, but PBEsol is a special-purpose functional for solids while SCAN is a general-

purpose functional.

Table 4.4: Intermediate- and long-range van der Waals correction (eV) to the PBE work
function of the (111) surface. Shown for this work is the difference between
SCAN+rVV10 and PBE.

Metals Ref [226] This work

Cu 0.06 0.21
Rh 0.29 0.20
Ag 0.30 0.14
Pt -0.03 0.25
Au -0.04 0.29

van der Waals forces are present at metallic surfaces. They non-negligibly increase the

surface energies and work functions, as we have seen from numerical calculations and

from qualitative arguments. Ferri et al. [226] found that van der Waals corrections to PBE
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can increase work functions significantly for some metals, while slightly reducing them for

others, whereas we find consistent increases for all the metals we have studied. Our results

are compared to theirs in Table 4.4.

We have also justified the one-electron-like (4.2-3) for the work function, even when the

vacuum potential and Fermi energy are calculated in a generalized Kohn-Sham scheme

such as the one we used for SCAN and SCAN+rVV10.

All tested functionals predict comparable inter-layer relaxations. Unlike the surface en-

ergies and work functions, these relaxations show no interesting trend as van der Waals

attraction is added from PBE to SCAN to SCAN+rVV10.

LDA overestimates the intermediate-range vdW attraction but has no long-range compo-

nent. These two errors of LDA may cancel almost perfectly for surface energies. PBE un-

derestimates the intermediate-range vdW and has no long-range vdW, so it underestimates

surface energies (by about 25%) and work functions (by about 5%). PBEsol and SCAN

have realistic intermediate-range vdW and no long-range vdW, so they are more accurate

than PBE but not as good as LDA for predicting surface energies. The asymptotic long-

range vdW interactions missing in semilocal functionals can make up to a 10% difference

in the surface energy or a 3% difference in the work function. SCAN+rVV10 stands out in

this regard, as it is a balanced combination of the most advanced non-empirical semilocal

functional to date and the flexible non-local vdW correction from rVV10. In addition to de-

livering superior performance for layered materials [76], SCAN delivers high-quality sur-

face energies, work functions, and surface relaxations for metallic surfaces. SCAN+rVV10

includes realistic intermediate- and long-range vdW interactions, so it tends to yield more

systematic and accurate results than LDA, PBEsol, or SCAN (However, all functionals

other than RPA underestimate the surface energies of Pt and Au). More-accurate mea-

surements for these properties are needed in order to validate the performance of new and

existing density functionals. Overall we find that SCAN is a systematic step up in accuracy

from PBE, and that adding rVV10 to SCAN yields a highly accurate method for diversely
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bonded systems.

4.5.1 Computational details

We performed first-principles density functional theory (DFT) calculations using the VASP

package [227] in combination with projector augmented wave (PAW) method [96, 121].

We used the PAW pseudopotentials recommended in the VASP 5.3.5 manual for LDA and

PBE. For example, the electrons treated as valence are 5d106s1 for Au. Relativistic effects

are included in the construction of the pseudopotential, but not otherwise. Because the PBE

pseudopotential is transferable, we also used it for PBEsol and SCAN. For both bulk and

surface computations, a maximum kinetic energy cutoff of 700 eV was used for the plane-

wave expansion. The Brillouin zone was sampled using Gamma centered k-mesh grids of

size 16×16×16 for the bulk and 16×16×1 for the surfaces. The top few layers (up to four)

of the slab were translated without reconstruction until the total energy changes converged

to less than 1.0× 10−6 eV and the residual atomic forces converged to less than 0.01 eV/Å.

Dipole corrections were employed to cancel the errors of the electrostatic potential, atomic

forces and total energy, caused by periodic boundary condition.

For the slab geometry, 20Å of vacuum was used to reduce the Coulombic interaction be-

tween the actual surface and its periodic image. These FCC surfaces are built using a cell

containing one atom per layer. Theoretical lattice constants, obtained by fitting the Birch-

Murnaghan (BM) equation of state for the bulk with each functional (see Table S4), are

used to build these cells. We used Pt (111) to test the convergence of the surface proper-

ties with respect to different computational variables such as k-mesh, cut-off energy, layer

and vacuum thickness of the slab geometry. Four- to twelve-layer slabs were used in the

linear fit for the surface energy, and eight-layer slabs for the work function. All the com-

puted surface properties presented in this work are well converged with respect to these

computational variables.

The RPA calculations were made with GPAW. The PAWs included the scalar relativistic
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effect on the core, and the electrons treated as valence were 5d106s1 for Au. Because

the RPA calculations are expensive, we have used only 4-layer slabs. Our calculations

with SCAN+rVV10 suggest that using only a 4-layer slab overestimates the face-averaged

surface energy by less than 0.05 J/m2, except in Pd where the overestimation is by 0.1

J/m2.

Supporting Information Appendix

4.5.2 Results of surface lattice relaxation

See Tables S1-S3.

4.5.3 Lattice constant

See table S4.

4.5.4 Jellium surface energies from semilocal density functionals

Jellium surface energies for different bulk densities n = 3
4πrs3

(in atomic units) can depend

on the semilocal exchange-correlation functional. In Tables S5-S8, we tabulate the calcu-

lated values of the jellium exchange-correlation surface energy for LDA, PBE, PBEsol, and

SCAN. The exchange-correlation contribution is often greater in magnitude than the total.

Note that it was the total surface energy of real metals that was reported in the main text.
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Table 4.5: Inter-layer relaxations for the (111) surfaces of different metals.

Metals dij% LDA PBE PBEsol SCAN SCAN LDA PBE Expt.
+rVV10 (Other work) (Other work)

Al d12% 1.6 1.5 1.6 1.8 1.9 +1.4g +1.0f 1.7± 0.3a

d23% -0.7 -0.7 -0.7 -1.3 -1.3 +0.5g −0.5f +0.5± 0.7a

d34% 0.1 0.1 0.1 0.2 0.2 +1.0g +0.2f

Cu d12% -0.4 -0.3 -0.4 -0.4 -0.5 −0.7± 0.5b

d23% -5.4 0.0 0.1 -0.1 0.1

d34% -4.8 0.0 -0.1 0.1 -0.1

Ru d12% -16.7 -18.4 -19.8 -19.8 -17.3 −3.9i

d23% -15.4 -9.6 -11.4 -12.1 -15.8

d34% -3.7 -8.4 5.8 6.11 -4.0

Rh d12% -1.2 -1.9 -1.6 -1.5 -1.4 −2.5i

d23% -0.5 -0.9 -0.4 -0.2 -0.7

d34% -1.1 1.1 1.1 1.16 1.3

Pd d12% -0.5 -0.5 0.6 0.9 1.1 −0.2g, −0.1i +0.3f +1.3± 1.3c

d23% -0.5 -0.2 -0.3 -0.5 -0.4 −0.5g −0.3f −1.3± 1.3c

d34% -0.5 0.2 0.11 0.2 0.1 −0.3g +0.1f

Ag d12% 0.2 -0.2 -0.1 -0.4 0.2 −0.5h, −1.4i −0.3h −0.5± 0.3d

d23% -0.1 -0.3 -0.1 -0.1 -0.3 −0.1h 0.0h −0.4± 0.4d

d34% -0.1 -0.2 -0.8 -0.2 -0.5 0.2h 0.2h 0± 0.4d

Pt d12% 1.1 0.9 0.8 2.5 2.7 0.9g +0.9f +1.1± 4.4e

d23% -0.3 -0.7 -0.7 -0.4 -0.2 −0.2g −0.6f

d34% 0.1 0.0 0.0 -0.6 -0.6 −0.2g −0.2f

Au d12% -0.4 1.0 0.8 1.1 1.5 0.8g 0.0f

d23% -0.6 -0.8 -0.7 -0.8 -0.8 −0.3g −1.9f

d34% -0.2 -0.3 -0.2 -0.3 -0.3 −1.4f

a LEED ; Ref. [163] b LEED ; Ref. [228]
c LEED ; Ref. [229] d LEED ; Ref. [222]
e LEED ; Ref. [220] f PBE ; Ref. [176]
g FLAPW-LDA ; Ref. [128] h DFT(LDA & PBE) ; Ref. [230]
i Full potential LMTO ; Ref. [184]
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Table 4.6: Inter-layer relaxations for the (100) surface of different metals.

Metals dij% LDA PBE PBEsol SCAN SCAN LDA PBE Expt.
+rVV10 (Other work) (Other work)

Al d12% 1.2 1.2 0.9 1.1 1.3 +0.5g +1.7g 1.8a

d23% -0.4 -0.7 -0.4 0.0 -0.1 0.5h 1.2l

d34% -0.3 -0.3 -0.2 -0.7 -0.7 −0.3h

Cu d12% -2.9 -2.5 -2.2 -3.9 -3.2 −1.1± 0.4b

d23% -0.4 1.2 1.2 -0.3 -0.8 1.7± 0.6b

d34% 0.0 0.1 0.0 -0.1 -0.0

Ru d12% -17.7 -13.1 -15.8 -15.9 -15.7 −4.4i

d23% -2.2 0.4 -1.7 -2.8 -2.5

d34% 0.8 3.3 1.3 1.5 1.4

Rh d12% -7.7 -4.1 -3.6 -4.4 -4.4 −3.5i

d23% -2.4 0.5 0.8 1.3 1.8

d34% -2.2 0.9 1.1 0.9 1.3

Pd d12% -0.7 -1.1 -1.2 -0.9 -0.9 −0.6i −1.3g 3.0± 1.5c

d23% 0.3 0.2 0.4 0.3 0.2 0.0g +1.0± 1.5c

d34% -0.5 0.3 0.2 0.5 0.6 +0.4g

Ag d12% -1.1 -1.7 -1.4 -1.8 -1.2 −1.4i, −1.8k −1.9k 0± 1.5d

d23% 0.9 0.8 0.7 0.9 0.8 0.6k 0.5k

d34% 0.2 0.2 0.2 -0.1 0.3 0.4k 0.3k

Pt d12% -2.6 -2.2 -3.8 -4.3 -3.7 −2.4g +0.2± 2.6e

d23% 0.0 0.0 0.4 -0.9 -0.9 −0.6g

d34% -1.7 -1.4 -1.4 -1.4 -0.8 +0.3g

Au d12% 0.9 0.5 0.6 0.5 0.5 −1.2j −1.5g +20± 3f

d23% -0.7 -0.8 -0.7 -0.8 -0.8 0.4j 0.3g +2± 3f

d34% 0.4 0.2 0.2 0.2 0.2 0.2g

a LEED ; Ref. [231] b LEED ; Ref. [232]
c LEED ; Ref. [233] d LEED ; Ref. [234]
e LEED ; Ref. [235] f Hex XRD ; Ref. [221]
g PBE ; Ref. [176] h PBE ; Ref. [236]
i Full potential LMTO ; Ref. [184] j PWPP-LDA ; Ref. [186]
k DFT(LDA & PBE) ; Ref. [230] l LEED ; Ref. [237]
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Table 4.7: Inter-layer relaxations for the (110) surfaces of different metals.

Metals dij% LDA PBE PBEsol SCAN SCAN LDA PBE Expt.
+rVV10 (Other work) (Other work)

Al d12% -7.0 -7.3 -6.8 -8.9 -8.4 −6.9g −5.6f −8.5± 1.0a

d23% 5.3 4.1 3.9 6.1 3.9 +2.2f +5.5± 1.1a

d34% -1.0 -0.9 -0.9 -1.1 -0.8 +2.2± 1.3g −1.3f +2.2± 1.3a

Cu d12% -9.9 -9.9 -10.1 -11.8 -11.2 −10± 2.5b

d23% 5.3 4.8 5.0 5.8 5.7 0± 2.5b

d34% -2.9 -1.2 -0.9 -3.9 -2.6

Ru d12% -18.4 -19.8 -14.7 -15.8 -17.2 −13.0h

d23% -9.7 -6.2 -8.6 -9.4 -9.2

d34% -2.0 0.9 1.6 -0.9 -1.9

Rh d12% -14.2 -10.5 -8.9 -11.3 -11.3 −7.5h

d23% 2.7 2.5 3.1 2.9 3.6

d34% -1.5 1.4 1.9 3.3 3.9

Pd d12% -6.9 -5.4 -8.9 -9.5 -7.6 −5.3h −8.5f −5.8± 2.2c

d23% 4.0 3.8 4.1 4.7 4.0 +3.5f +1.0± 2.2c

d34% -0.4 -0.2 -0.3 -0.3 -0.4 −0.2f

Ag d12% -7.7 -6.9 -8.8 -8.8 -7.4 −3.6h, −8.8j −9.2j −7.8± 2.5d

d23% 4.7 3.7 4.5 3.9 4.2 3.6j 4.1j

d34% -1.1 -0.9 -1.2 -0.9 -0.4 −1.1j −1.5j

Pt d12% -16.5 -17.2 -16.1 -24.5 -23.3 −15.0f −18.5± 2.2e

d23% 8.9 10.1 8.9 14.4 14.6 +7.6f −24.2± 4.3e

d34% -1.8 -1.9 -1.8 -2.5 -2.2 −1.7f

Au d12% -14.1 -13.9 -13.5 -14.5 -14.1 −9.8g −12.9f −20.1± 3.5i

d23% 9.0 9.2 8.7 10.1 10.1 −7.8g +7.8f −6.2± 3.5i

d34% -4.0 -3.3 -3.6 -4.2 -3.7 −0.8g −2.7f

a LEED ; Ref. [238] b LEED ; Ref. [239]
c LEED ; Ref. [240] d LEED ; Ref. [241]
e LEED ; Ref. [220] f PBE ; Ref. [176]
g PWPP-LDA ; Ref. [242] h Full potential LMTO ; Ref. [184]
i LEED ; Ref. [215] j DFT(LDA & PBE) ; Ref. [230]
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Table 4.8: Calculated values of the lattice constants of the metals. Experimental data are
taken from Refs [8, 9].

Metals LDA PBE PBEsol SCAN SCAN+rVV10 Experimental

Al 3.981 4.034 4.008 4.004 3.996 4.018

Cu 3.524 3.631 3.561 3.558 3.545 3.595

Ru c=4.265 c=4.269 c=4.267 c=4.265 c=4.266 c=4.281

c/a =1.571 c/a=1.574 c/a=1.573 c/a=1.572 c/a=1.575 c/a= 1.582

Rh 3.751 3.825 3.8 3.784 3.773 3.794

Pd 3.834 3.935 3.866 3.896 3.877 3.876

Ag 4.001 4.145 4.079 4.087 4.060 4.062

Pt 3.897 3.967 3.916 3.919 3.896 3.888

Au 4.052 4.156 4.079 4.087 4.073 4.063

Table 4.9: Surface exchange energy σX (J/m2) of the jellium surface at various density
parameters rs.

rs Exacta LDA PBE PBEsol SCAN

2 2.624 3.036 2.436 2.666 2.632
3 0.526 0.669 0.465 0.54 0.489
4 0.157 0.224 0.128 0.162 0.127
6 0.022 0.044 0.012 0.023 0.006

a Refs. [188, 243]

Table 4.10: Error (in J/m2) in exchange surface energy σX for the jellium surface for dif-
ferent values of rs calculated from the values in Table 4.9.

Error LDA PBE PBEsol SCAN

ME 0.161 -0.072 0.016 -0.019
MAE 0.161 0.072 0.016 0.022
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Table 4.11: Exchange-correlation surface energy σXC (J/m2) of the jellium surface at var-
ious density parameters rs.

rs TDDFTa DMCb LDA PBE PBEsol SCAN

2 3.466 3.392± 0.05 3.354 3.265 3.374 3.442
3 0.797 0.768± 0.01 0.764 0.741 0.774 0.788
4 0.278 0.261± 0.008 0.261 0.252 0.267 0.274
6 0.058 0.053 0.053 0.052 0.056 0.059

a Ref. [144]; see also Ref. [172]. (Because Ref. [144] repeated the calculation of Ref. [172], with slightly
higher accuracy.)

b Ref. [145]

Table 4.12: Error (in J/m2) in exchange-correlation surface energy of jellium surface for
different values of rs. The TDDFT or kernel-corrected RPA value of Table 4.11
is chosen as the reference value to calculate the errors.

Error LDA PBE PBEsol SCAN

ME -0.041 -0.072 -0.032 -0.009
MAE 0.041 0.072 0.032 0.009

4.5.5 Stabilized jellium model

The jellium model (JM) studied in Refs. [137, 138, 244] is a simple model to study surface

properties in which the positive ionic charge is replaced by a uniform positive background

truncated at a planar surface. Although the jellium model shows “universality” in predicting

the rs dependence of metallic surface properties, it’s not very realistic. It has the following

defects:

1. Negative surface energy for rs ≈ 2 [137],

2. Negative bulk modulus for rs ≈ 6 [245].

These defects are corrected in the stabilized jellium model (SJM) using a “structureless

pseudopotential” [246]. The effects of packing density in the first layer can be estimated
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from the liquid drop model (LDM) [166]. SJM treats the “difference potential” between

the pseudopotential of the lattice and the electrostatic potential of the uniform positive

background perturbatively, adapting the idea that each bulk ion belongs to a neutral Wigner-

Seitz sphere of radius r0 with r0 = z1/3rs.

Table 4.13: Surface energies (J/m2) of the (111) surface of Al, from different jellium mod-
els.

surface JM SJM SJ-LDM Expt

Al 111 −.605a 0.953 1.096b 1.14a

a Refs. [173, 247]
b Ref. [248]

Table 4.14: Work function (eV) of the (111) surface of Al, from different jellium models.
surface JM SJM SJ-LDM Expt

Al 111 3.74a 4.24 4.09b 4.3a

a Refs. [173, 247]
b Ref. [248]

4.5.6 Linear-fit method for surface energy

Figure S1 shows how the linear-fir method has been used in this work to achieve a con-

verged value of surface energy.
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Figure 4.5: The surface energy can be found by a linear fit to Eq.4.2-2 using standard soft-
ware. This figure shows an implementation of the linear-fit method for Al (111)
surface. The fitting equation displayed in the figure has units of eV , but one can
readily find the surface enregy in J/m2 from the intercept of the fitting equa-
tion. This way the unavoidable oscillations present in the calculated surface
energy values using Eq.4.2-1 can be removed.
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CHAPTER 5

ADSORPTION OF MOLECULES ON METALLIC

SURFACES

Some figures and tables of this chapter are reprinted with permission from Attanayake, N.

H., Thenuwara, A. C., Patra, A., Aulin, Y. V., Tran, T., Chakraborty, H., Borguet, E., Klein,

M. L., Perdew, J. P., Strongin, D. R. Effect of Intercalated Metals on the Electrocatalytic

Activity of 1T-MoS2 for the Hydrogen Evolution Reaction. ACS Energy Letters 3 (1), 7–13.

Copyright (2018).

5.1 Introduction

Once correctly said by Wolfgang Pauli- “The surface was invented by the Devil”. The

study of interaction of molecules with surfaces is one of the most important and challeng-

ing problems to understand catalysis. The process through which a molecule in gas phase

or liquid phase binds with a solid surface is called adsorption, the surface is called adsor-

bent and the molecule which binds called adsorbate . However, for the same adsorbent,

interaction of a molecule in gas phase is quite different than the interaction in a liquid

phase. For many years both theoretical and experimental studies have been done to ex-

plore the underlying physics and chemistry of the complex adsorbed structure. However,

the bridge connecting experimental studies with the theoretical studies is often not very

smooth. The struggle is still on in both aspects. Many of the modern experimental stud-

ies are claimed to have clear understanding of the heterogeneous catalysis process, where

molecular adsorption is the central picture. First-principles simulation of such processes

are often not easy and require new methods. In principle, the interaction of the molecule
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with the surface can be classified into two distinct types- physisorption, where the bonding

between the molecule and the surface is often weak and dispersion interactions (such as

the van der Waals interactions) mediated, with adsorption energies typically less than 0.5

eV, and, chemisorption, where the adsorption energy is greater due to a strong chemical

bond formation between the molecule and the surface. Where the electronic structure of the

adsorbate changes in chemisorption, physisorption barely affects the electronic structure of

the adsorbent. In this chapter we will explore both of the two types of adsorption processes

on different surfaces.

5.2 Adsorption on d-metal surfaces

Molecule-metal interaction happens on transition metal surfaces through the conduction

band of the d-metals. Usually, the s- and p- orbitals of the adsorbate bind with the broad

s-band and the narrow d-band of the metal. Interaction with the surface gives rise to the

broadening of adsorbate’s electronic levels. The narrow d-band of the metal interacts with

the σ bonding orbital of the adsorbate, which causes splitting into two energy levels. The

lower one is the bonding state (d − σ) and the higher one is the anti-bonding state (d −

σ*). The position of the d-band center of metal with respect to the metallic Fermi level

determines the filling of bonding and anti-bonding levels. A lower d-band center causes

filling of the anti-bonding state. This indeed destabilizes the metal-adsorbate bonding. On

the other hand, higher d-band center compared to the Fermi level causes more filling of the

bonding state and leads to metal-adsorbate strong binding. Details about the d-band theory

of adsorption can be found in ref. [249].

5.2.1 CO adsorption

Adsorption of inorganic and organic molecules on different surfaces is an important prob-

lem in surface science [131, 134, 164], both in theory and in experiment. The adsorption of

CO on metallic surfaces is one of such adsorption problems [250, 250, 251]. For past few
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decades much effort has been given to study the adsorption behavior of CO on transition

metals mainly due to it’s potential application in the catalytic oxidation of CO in industry.

It is considered as a “prototype” model in both theory and experiment that mimics many

other interesting and practically important adsorption processes. Modern electronic struc-

ture theory especially, density functional theory (DFT) [29, 32] is considered a successful

theory to describe many surface related difficult problems including molecular adsorption.

However, almost more than a decade ago in a report by Feibelman et al. [252] the accuracy

of GGA and LDA functionals has been challenged for CO adsorption on Pt(111) surface.

In that work their extensive study using plane-wave based calculations showed that GGA

and LDA are both qualitatively and quantitatively wrong in predicting correct adsorption

site of adsorbed CO on Pt(111) surface independent of the technical details involved in cal-

culations. This study created a puzzle- “CO/Pt(111)”, which is studied [253, 254] further

by many electronic structure theory methods including different level of functional approx-

imations within the KS-DFT. Choice of exchange-correlation functional for this problem

can be a tricky business. As of now almost all the five rungs of Jacob’s ladder[129] has

been used to study this particular problem. However, success rate in predicting both cor-

rect adsorption site and adsorption energy by the candidates of different rungs from Jacob’s

ladder is a matter of debate now. The local density approximation (LDA[32]), generalized

gradient approximations (PBE, PBEsol)[49, 51] and, meta generalized gradient approxi-

mations (TPSS, revTPPS) [53, 54] give a different picture of CO adsorption on metallic

surfaces compared to the low-energy electron diffraction (LEED) and electron energy loss

spectroscopy (EELS) experimental result.

Many previous study showed that the hollow adsorption site is theoretically more prefer-

able than experimentally preferred top site. In another recent study by Janthon et al. [255]

claimed that MO6-L meta-GGA can be considered as the successful candidate to predict

both correct adsorption site and adsorption energy. Sun et al.[190] showed that using a

revised version of TPSS meta-GGA, revTPSS functional the adsorption energy of CO on
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metallic surfaces can be significantly improved. These two studies suggest that inclusion

of the kinetic energy density (τ ) in the development of meta-GGA’s can be extremely im-

portant as far as the surface properties of metals are concerned. In a recent study [256], it is

shown that inclusion of vdW correction to SCAN meta-GGA [76] further improves metallic

surface properties. SCAN+rVV10 also accurately described the interplay between strong

graphene-nickel chemisorption and long-range vdW physiosorption for Graphene/Ni(111),

in good agreement with RPA calculations [257]. This suggests that a constrained satis-

fied non-empirical meta-GGA, such as SCAN, can be accurate energetically. Semi-local

functionals satisfying more physical constraints are considered to be the closer to exact

functionals [258], as they improve the electronic density compared to the LDA and GGAs.

Although in most cases energy of the functional is more relevant than the density, error in

density can give nonphysical result [259].

As described in Blyholder’s model[260], bonding of CO on metal surfaces can be de-

scribed by the σ bonding through electron transfer from filled 5σ (HOMO) orbital of CO

to unfilled d-orbital of metal and the π bonding due to the back-donation of electron from

filled t2g band of the transition metal to the unfilled 2π∗ orbital of CO. Detailed study of the

“CO/Pt(111)” puzzle in last few decades revealed that the incorrect leveling of the highest

occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) of

adsorbed CO compared to the transition metal’s Fermi level is the reason for predicting hol-

low site as the preferable or the stable adsorption site. Self-interaction error (SIE) present

in the popular local- (semi local-) exchange-correlation density functional is to be blamed

for this anomaly. In principle, one- electron density is self-interaction error free since there

exist no electron-electron interaction in a one-electron system. Exact exchange-correlation

functionals should be free of this error as the exchange and Coulombic repulsion cancels

out in the exact theory. However in practice, all the exchange-correlation functionals are

designed in a way that the non-local nature of the exchange and correlation part is approx-

imated by either local (for LDA) or semi local (for GGAs and meta-GGAs) integration
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over the electronic density. This results an inappropriate prediction of the HOMO level of

CO and places the 2π∗ (LUMO) in a too low energy level compared to the metallic Fermi

level. This causes enhanced back-donation of the electron from the metal-to-molecule.

Strong-delocalization of the electronic charge is seems to be the reason for the nonphysical

adsorption of CO on the fcc hollow site of (111) surfaces of Cu, Rh, and Pt. Overestimation

of the back-donation of the electronic charge also accounts for the too large adsorption en-

ergies and the underestimation of the HOMO-LUMO gap of the adsorbed CO on the metal

surface.

Many methods and techniques has been prescribed over the past few decades to correct

this back-donation problem due to the SIE. Among those the most computationally eco-

nomic one is the “DFT+U” method suggested by Kresse et al.[261] for “CO/Pt(111)”

problem, where the empirical parameter U is applied to the molecular orbital in order to

achieve the correct top site adsorption site by adjusting the HOMO-LUMO gap of the ad-

sorbed CO to the experimental value. This method (combined with the PW91 functional)

was also applied for Cu (111) surfaces by Gajdos et al.[262] successfully, and, their re-

sults agree with the experimental findings. Mason et al.[263] reported another empirical

method to solve this back-donation problem for the CO adsorption on many metallic sur-

faces. In their method, CO singlet-triplet excitation energy from high-level coupled-cluster

and configuration-integration methods is used to obtain a linear relationship between the

CO adsorption energy and the CO singlet-triplet splitting energy. The presence of the exact

exchange in the hybrid functionals tends to reduce the SIE in most cases, at moderate to

very high computational cost compared to the LDA, GGAs and meta- GGAs. The success-

ful hybrids PBE0[61], B3LYP[60], and HSE[63] give more accurate descriptions of the

adsorption energies and correct HOMO-LUMO gap of the adsorbed CO. Wang et al.[264]

found PBE0 to be a successful candidate for CO/Cu (111) and CO/Rh (111) cases but failed

to solve the “CO/Pt (111)” puzzle. Gil et al.[265] used the B3LYP hybrid functional for

the CO/Pt (111) problem modeled using clusters. They showed that B3LYP predicts both
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the top and fcc site as degenerate “preferred” adsorption sites. Later, Stroppa et al.[266]

used the HSE03 hybrid functional in several systematic works to understand this problem,

HSE03 can be correct for most metals but not for Pt (111). In the case of CO/Pt(111),

HSE03 predicted weak bonding between CO and Pt (111) surface compared to the strong

bonding observed in LDA, PBE, and PBE0 calculations. Developing a new dispersion

correction method and testing them for different complex problems including surface ad-

sorption of molecules has been an active research area in DFT community. However, the

role of weak vdW interactions is not clearly understood for CO adsorption on metallic sur-

faces. For example, a study by Dion et al.[267] revealed that adding a non-local dispersion

correction to the PBE and revPBE stabilizes the top configuration as the preferred adsorp-

tion site compared to fcc site. In some recent studies [268, 269] it has been reported that

statistically fitted GGA type and meta-GGA type functional can reduce the error of CO

adsorption on transition metal surfaces. These functionals show improved chemisorption

energies for adsorption of CO on metallic surface, albeit underestimating surface energies

compared to reported experimental data. While the performance of the mBEEF meta-GGA

for CO adsorption energies is similar to RPBE and TPSS, both failed to yield correct ad-

sorption site for CO/Pt(111). So, it is of great interest to test the SCAN and it’s vdW

corrected form SCAN+rVV10 for CO adsorption on transition metal surfaces.

In this work we aim to discuss this CO adsorption problem using the new meta-GGA,

SCAN and SCAN+rVV10. In section 5.2.1 we discuss the details of the computational

method used in this work. Section 5.2.1.1 gives a clear explanation of our results and, in

Section 5.2.2 we give the conclusion of this work to the reader.

5.2.1.1 Computational Details

The results represented in this work are obtained from periodic density functional calcu-

lations performed in Vienna Ab Initio Simulation (VASP)[119, 120] package. Projector-
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Figure 5.1: Top view of the slab used to for the calculations. First from the top is for “top”
site followed by “fcc” and “hcp” site structure.

augmented-wave method(PAW) is used to describe the electron-ion interaction, with a

plane-wave cut-off of 600 eV. Careful observation and previous studies revealed that mod-

erate to high cut-off energy can be used to study CO adsorption on transition metal surfaces.

We used PBE PAW[96]pseudo-potential for GGA and meta-GGA calculation and PAW for

LDA calculations. The substrate for this adsorption problem is modeled using 6 layers of

metals with a 10 Å of vacuum on the c(2×2) fcc surfaces of the metals. The Brillion-Zone

sampling is done by 12 × 12 × 1 Γ centered k-mesh for the metallic surface slabs. To

calculate the energetics of the CO molecule, we used the 15× 16× 17Å box where the CO

molecule is centered at the box. A 600 eV cut-off energy and a Γ centered single k-mesh

is used for this calculation. In our calculation “prototype” CO on Pt(111) slab model (see

Figure 5.1) is followed for other metal surfaces as well. The top site is modeled by placing
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the C atom of CO directly on top of the Pt atom, whereas the fcc and hcp hollow sites are

modeled such a way that there is no Pt atom directly under C atom of CO in third and sec-

ond layer respectively. For all the metallic surface over-layer we chose a 1/4 ML coverage

to maintain the consistency. For our c(2 × 2) over-layer 1/4 ML coverage is the optimum

choice for all the three adsorption sites. We define the calculated CO adsorption energies

as-

Eads = ECO/M(111) − (ECO + EM(111)) (5.2-1)

whereECO/M(111) is the total energy of the M(111) (M=Pd, Rh, Pt, Cu, Au, Ag) slab model

with the adsorbed CO molecule,ECO is the energy of an isolated CO molecule, andEM(111)

is the energy of the relaxed clean M(111) surface.
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Figure 5.2: Adsorption energy of CO at “top”, “fcc” and “hcp” site on different d-metals
calculated using different methods. Experimental adsorption energies are for
top site except for Pd (111). The adsorption energies for other two hollow sites
can be seen from Table 5.2.

5.2.1.2 Results & Discussions

Table 5.1 gives a complete description of calculated adsorption energies of CO molecule

on several transition metal surfaces. That table also includes adsorption energies for the

most stable adsorption site observed experimentally. These results are also presented in

Figure 5.2 graphically. The most noticeable fact of the reported results in this work is
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the performance of SCAN and SCAN+rVV10 compared to other three popular density

functionals. However, analyzing Figure 5.2 one can notice a clear discrepancy between

the predicted values of adsorption energies from the calculation and the experimental data.

Experimental adsorption energy values are overestimated by the used functionals in this

work. This overestimation is greatest in case of LDA and least for PBE. Both SCAN and

SCAN+rVV10 fall between PBE and PBEsol. We suspect substrate-to-molecule charge

transfer is enhanced in case of SCAN and, adding vdW correction to it rather encourages

this charge transfer. The failure of vdW correction methods- especially the one added with

the semi-local functional facilitates this charge transfer as reported in earlier work [255].

SCAN predicts correct adsorption site for Pd (111) (fcc-hollow), Rh (111) (top) and, Ag

(111) (top). The difference in adsorption energies between the top and the fcc site for

CO/Pt (111) from SCAN is 0.02 eV while the same for PBE is 0.15 eV. Performance of

SCAN in other surface problems suggest that the SCAN density is more accurate compared

to the PBE energetically. In principle, the error due to density of a functional cancels

out by the error in the approximation of the functional. However, this cancellation is not

universal even though a functional can be energetically accurate. The functionals used in

this work predict wrong adsorption site for Cu (111), Au (111) and Pt (111). We tried

to get deeper understanding of the famous “CO/Pt(111)” puzzle by plotting the orbital-

decomposed density of states (DOS) of the adsorbed systems using PBE and SCAN in

Figure 5.3,5.4. SCAN+rVV10 performs like SCAN when the adsorption site preference is

considered. It predicts correct adsorption site- top for Rh (111), hcp-hollow for Pd (111)

and top for Ag (111). We noticed SCAN+rVV10 overestimates the adsorption energies

by 54% for Pd (111), 28% for Rh (111) and by more than 71% for Ag (111). On the

other hand, SCAN overestimates 50% for Pd(111), 21% for Rh(111) and underestimates

adsorption energy on Ag(111) by 25%. For Rh (111), PBE not only predicts hcp-hollow site

as the preferable adsorption site but also overestimates the reference data by 13%. PBE also

overestimates the adsorption energy on Pd (111) by 33% giving hcp-hollow as the preferred
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site. In case of Ag (111) and Au (111) the underestimation by PBE is significant. However,

this under-estimation is lower in case of Pt (111) and Cu (111) as can be seen from Table

5.1. For Pt (111) and Cu (111) SCAN overestimates reference result significantly. Our work

agrees with previously published works [174, 190, 270], where significant underestimation

of adsorption energies by PBE is reported. The wrong adsorption site prediction by PBE

is a long-standing challenge for especially “CO/Pt (111)”. We did not see any changes in

PBE prediction from previously published results. The bond-length of CO molecule and

the distance between the surface metal atom and the C atom can be seen from Table II

of SI. Our reported results from SCAN are in good agreement with LEED experimental

data [271]. Experimentally observed C-O bond length (dCO) of 1.15 ± 0.05Å for CO/Pt

(111) is well reproduced by SCAN for all the three sites. The dPt−CO distance for the

top and the two hollow sites calculated from SCAN are within the experimental accuracy

(1.85± 10Å). SCAN predicts more accurate distance than PBE. For the other two higher-

coordinate adsorption sites (fcc and hcp) dPt−CO distances are comparable for both SCAN

and PBE. SCAN is more accurate than other functionals for the metal-to-molecule binding

distances in other systems.

Methods Pd Rh Pt Cu Au Ag

TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP

LDA -2.12 -2.90 -2.93 -2.49 -2.72 -2.85 -2.22 -2.57 -2.56 -1.34 -1.67 -1.64 -0.93 -1.16 -1.08 -0.70 -0.88 -1.08

PBE -1.38 -1.98 -1.99 -1.87 -1.84 -1.93 -1.61 -1.76 -1.74 -0.72 -0.79 -0.77 -0.25 -0.26 -0.21 -0.17 -0.12 -0.11

PBEsol -1.72 -2.43 -2.44 -2.18 -2.27 -2.36 -1.94 -2.21 -2.20 -1.05 -1.09 -1.28 -0.56 -0.71 -0.66 -0.45 -0.52 -0.66

SCAN -1.64 -2.24 -2.22 -2.07 -1.95 -2.03 -1.92 -1.94 -1.89 -0.88 -1.01 -0.99 -0.42 -0.45 -0.38 -0.21 -0.21 -0.20

SC+rVV -1.71 -2.31 -2.32 -2.19 -2.08 -2.16 -2.03 -2.21 -2.18 -0.98 -1.09 -1.12 -0.21 -0.57 -0.50 -0.48 -0.32 -0.32

Expt. −1.48± 0.09[272](F) −1.71(T )[273] −1.68(T )[274] −0.50± 0.05(T )[275] -0.40(T) −0.28(T )[276]

Table 5.1: Adsorption energies (in eV) of CO on (111) surfaces of different d- metals.
Bold numbers suggest the favorable adsorption site for each metallic surfaces
predicted by different functionals. The letter(T= top, F= fcc, H=hcp) in the
parentheses of the experimental adsorption energy row indicate stable adsorption
site as found in experiments.

The wrong adsorption site prediction by PBE is a long-standing challenge for especially

“CO/Pt(111)”. We did not see any changes in PBE prediction from previously published

results. However, we found in this work the top-fcc adsorption energy difference for
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Figure 5.3: Density of states (DOS) plots for the ‘top’, ‘fcc’ and, ‘hcp’ sites of CO/Pt(111)
calculated using PBE.
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Figure 5.4: Density of states (DOS) plots for the ‘top’, ‘fcc’ and, ‘hcp’ sites of CO/Pt(111)
calculated using SCAN.
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CO/Pt(111) surface is decreased significantly from PBE to SCAN by almost 0.1 eV.

The bond-length of CO molecule and the distance between the metal atom at the surface

and the C atom can be seen from Table II of SI. Our reported results from SCAN are in

good agreement with LEED experimental data[271]. Experimentally observed dC−O dis-

tance of 1.15 ± 0.05Å for CO/Pt(111) is well reproduced by SCAN for all the three sites.

The dPt−C distance for top and two hollow sites calculated from SCAN is within the ex-

perimental accuracy (1.85 ± 0.10Å). SCAN predicts more accurate dPt−C distance than

PBE. This explains why there are more metal to LUMO (2π∗) charge back donation in

case of SCAN than PBE, resulting in overestimation of adsorption energy for top site in

CO/Pt(111). For the other two higher-coordinate adsorption sites (fcc and hcp), dPt−C dis-

tances are comparable for both SCAN and PBE. Same trend can be seen for other systems

as well where the metal-to-molecule binding distance are more accurate for SCAN density

functional than the other functionals used in this work. The relationship between the metal-

Methods Pd Rh Pt Cu Au Ag

TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP TOP FCC HCP

LDA dC−O 1.15 1.18 1.19 1.15 1.18 1.19 1.15 1.18 1.18 1.15 1.17 1.17 1.15 1.17 1.17 1.15 1.17 1.17

dM−C 2.02 1.35 1.24 2.00 1.42 1.30 1.96 1.43 1.32 1.98 1.43 1.36 2.21 1.45 1.34 1.97 1.57 1.29

PBE dC−O 1.16 1.19 1.19 1.16 1.19 1.19 1.16 1.19 1.19 1.15 1.18 1.18 1.15 1.18 1.18 1.15 1.17 1.17

dM−C 1.87 1.40 1.29 2.00 1.46 1.35 2.00 1.46 1.33 1.85 1.57 1.43 2.06 1.43 1.36 2.09 1.66 1.58

PBEsol dC−O 1.15 1.19 1.19 1.16 1.19 1.19 1.15 1.19 1.18 1.16 1.18 1.18 1.15 1.18 1.18 1.15 1.17 1.17

dM−C 1.87 1.35 1.30 1.97 1.47 1.45 1.93 1.45 1.32 1.87 1.54 1.40 2.05 1.42 1.35 2.10 1.58 1.52

SCAN dC−O 1.15 1.18 1.18 1.15 1.18 1.19 1.14 1.18 1.19 1.15 1.17 1.17 1.14 1.17 1.17 1.15 1.16 1.16

dM−C 1.85 1.42 1.29 1.99 1.45 1.33 1.94 1.47 1.32 1.91 1.55 1.39 2.04 1.41 1.32 2.02 1.66 1.54

SC+rVV dC−O 1.15 1.18 1.18 1.15 1.18 1.18 1.16 1.19 1.19 1.15 1.17 1.17 1.14 1.18 1.18 1.14 1.16 1.16

dM−C 2.02 1.35 1.24 1.94 1.45 1.34 2.09 1.56 1.35 1.88 1.59 1.42 2.03 1.39 1.29 2.13 1.62 1.57

Expt. dC−O 1.14± .014[277] 1.20± 0.05[278] 1.15± 0.1[271]

dM−C 1.27± 0.04[277] 1.87± 0.04[278] 1.85± 0.1[271] 1.91± 0.01[279]

Table 5.2: Calculated values of C-O bond length of adsorbed CO on metals. The metal-to-
carbon (dM−C) distances are also tabulated for different metals.

molecule binding distance and the CO adsorption energy can be understood in relevance to

the d-band center position for different d-metals. The usual mechanism of CO adsorption

on d-metal surfaces involves two frontier orbitals of CO, 5σ (HOMO) and 2π∗ (LUMO). It

is proved by numerous study that when CO approaches a metal surface there is a charge do-
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nation form the filled 5σ of CO to empty metallic surface orbitals. On the other hand, there

is also a charge back-donation from the occupied surface orbitals to the empty 2π∗ orbital

of CO. Both bonding mechanisms play very important role in CO adsorption on metallic

surfaces. However, the degree of charge transfer largely depends on the d-band width of

the respective metal. For the top site the 5σ − dz2 interacts much strongly. But for the

higher coordinate adsorption sites fcc and hcp 2π∗ orbital of CO interacts with the metallic

dx2−y2 , dxy, dxz orbitals. These difference in orbital interaction is supported by symmetry of

the geometry. Hybridization of 5σ and dz2 results shifting the hybridized orbital more to the

Fermi level. Nevertheless, the important contribution in metal-molecule binding distance

comes from the empty 2π∗ and metal orbital interaction. This determine the C-O bond

length and metal-to-molecule binding distance. In case of semi-local exchange correlation

functionals, charge back-donation from metal to molecule increases for the high-coordinate

sites and hence enhances the C-O bond length and reduces the metal-to-molecule binding

distance. It causes much stronger binding of CO to metal at these sites compared to the top

site. It is a known fact that in the stretched-bond limit the self-interaction error of popular

DFT functionals can be very large. So, the increased charge back-donation also increases

the fractional occupancies and results wrong site preference from the calculation. Usually,

the narrower the d-band width, the closer the d-band peak to Fermi level and the weaker the

bonding between the metal and molecule. The position of d-band peak determines the de-

gree of bonding between metallic and molecular orbitals. Therefore, narrow d-band width

causes weaker 2π∗ -metal interaction for hollow sites, hence overestimates the hollow-

site-molecule interaction. Now, LDA predicts right d-band width and good surface ener-

gies for d-metals due to excellent error cancellation between its exchange and correlation

part. PBEsol can also predict very good surface energy of these metals by incorporating

intermediate range vdW interactions, while PBE fails to do so and hence gives very poor

surface energy for d-metals. One should note here that, despite of this fact, PBE manages

to predict not-so-poor adsorption energies for CO on metals, but drastically fails when it
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comes to the many-body nature of the vdW interaction as in the case of graphene on metal-

lic surface. SCAN further improves the description of intermediate range vdW interactions,

compared to the other semi-local density functionals. As the d-band filling increases the C-

O bond length increases and stretches the metal-molecule distance weakening the bonding

between the metal and CO. This is mostly true for the noble metals since they have highly

localized d-orbitals and almost free s-electrons which contribute to long-range correlation.

For this reason, long-range vdW correction is very important for these metals. This fact is

further supported by our SCAN calculation where the improved adsorption energy (except

for Cu) can be noticed. However, PBE lacks intermediate to long range vdW correction,

which causes underestimation of adsorption energies for Cu, Ag and Au.

5.2.2 Organic molecule adsorption

Another type of adsorbate-substrate system is when organic molecule get adsorbed on the

metallic surface to form a molecule-metal system which are extremely important from

technological perspective. Recent progress in molecule based electronic devices such as

molecular field-effect-transistor (FET) [280] and other nano-electronic devices [281, 282]

demands a thorough understanding of the electronic and structural properties of these

molecule-metal systems. In this regard, thiophene [283] and pyridine on Copper surfaces

are considered prototype model as thiophene being the basic functional of oligothiophene,

widely used to build molecular field-effect-transistor. The nature of the adsorption (ph-

ysisorption or chemisorption) for pyridine on copper surface also mimic the molecule-

metal bonding of the molecule-based electronic devices. Unlike the benzene molecule

both of these molecules binds with surfaces either by sulfur (for thiophene) or by nitrogen

(for pyridine). In case of thiophene adsorption on metal surfaces, two main interactions

are responsible for molecule-metal binding- one is the Cu-S covalent bonding and another

one is the relatively-weak Cu-π interaction. The adsorption of pyridine on copper surface

happens via (i) the interaction of π-like molecular orbital with the copper surface and (ii)
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the nitrogen lone-pair electrons with the metallic orbitals.

Experimentally thiophene adsorption [10, 284] have been studied on Cu(111) surfaces

using normal incidence x-ray standing wave (NIXSW) [10], near edge x-ray absorption

fine structure (NEXAFS) , and temperature programmed desorption (TPD) [284] measure-

ments. These study reveals different structural informations of the adsorbed molecule on

the metallic surface such as molecule-surface distance, tilt angle of the adsorbed molecule,

adsorption sites. Several theoretical studies of a single thiophene adsorbed on metal sur-

face suggest that strong chemisorption with desulfurization can be seen in case of Ni (100)

[285, 286] surface, however, non-local vdW mediated physisorption is the main mechanism

for Pd, Cu and Au surfaces. While the adsorption mechanism is the main puzzle for thio-

phene on metal surfaces, predicting right geometry of adsorbed pyridine on metal surfaces

created different views. Many theoretical works suggest that the interaction between thio-

phene and metallic surface is mostly dispersion mediated and dispersion corrected func-

tionals must be used in order to understand the correct molecule-metal interaction. For

example, in a work by Sony et al. [287] thiophene adsorption on Cu (110) was studied

using non-local vdW-DF method which resembles the similar argument by Tonigold et al.

[288] work using semi-empirical correction DFT-D2. In a very recent work (cite PRB)

Callsen et al. [289] explored the effect of semi-local and non-local correlation on adsorp-

tion of single thiophene molecule on Cu (111) surface. They found that while semi-local

correlation predicts a strong chemisorption followed by charge-transfer at the interface,

the non-local correlation rather predict weak chemisorption. This study indeed raised a

question about the accuracy of the semi-local density functionals. Experimental study with

STM of pyridine adsorption on Cu (110) [11] surface suggested that the adsorbed pyri-

dine molecule shows a tilted geometry possibly due to both nitrogen lone-pair and π-like

molecular orbital contributions to the bonding. Similar findings have been reported in some

theoretical works [290] using first-principles calculation. Another work by Atodiresei et al.

[291] explored this geometry issue and the electronic structure of the pyridine-metal system
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using semi-empirical long-range dispersion correction method DFT-D2. They found that

pyridine prefers to get adsorbed in either perpendicular or parallel geometry on Cu (110)

surface depending on the position of N atom on the surface. When the N atom is close

enough to the surface the final relaxed geometry is perpendicular while if the N atom is in

between two metal atoms adsorbed pyridine remains flat. They explained that this anomaly

in final relaxed geometry is due to two different interaction mechanism of pyridine with

the metal surface. For the case of perpendicular geometry it is the HOMO of pyridine that

interacts most with the metallic d-bands while for parallel position two lower most HOMO

orbitals interact with metallic d-band. However, the interesting fact one can get from their

work is that inclusion semi-empirical dispersion correction significantly affects both the

final geometry and the adsorption energy.

In this work, we will show that the newly developed meta-GGA, SCAN can predicts ad-

sorption energy and adsorbed geometry in very good agreement with the available experi-

mental results. We further infer that, the intermediate-range vdW of SCAN is good enough

to describe the adsorption energy of these two molecules on three low-index copper sur-

faces -Cu(111), Cu(110), and, Cu (100). We also employed vdW-corrected form of SCAN,

SCAN+rVV10 in this work to understand the role of non-local long-range dispersion inter-

actions.

5.2.2.1 Computational details

The first-principles calculation done in this work is based on plane wave density functional

theory (PAW-DFT) [96] framework. We have used Vienna Ab Initio Simulation Package

(VASP) [119–121] within pseudopotential plane-wave implementation. We have employed

PBE (GGA) [49], SCAN (meta-GGA) [59] and SCAN+rVV10 [76] vdW-corrected form

of SCAN density-functionals for this work. The pseudopotentials are generated using the

projector augmented wave (PAW) method to describe the electron-ion interactions. We

have used slab with six atomic layer thickness to model the molecule-metal system. The
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surface slab were built using a 3 × 3 surface unit cell and a 12 Å vacuum. We found that

vacuum thickness of 10 Å is good enough to avoid the interactions between a molecule and

its periodically repeated images. All these metallic slabs are generated using the theoret-

ical lattice constants obtained fitting the Birch-Murnaghan equations of state (BM-EOS)

to the energy-volume data. Single organic molecule (thiophene or pyridine) was adsorbed

in flat configuration with sulfur and nitrogen atom sitting on top of a metal atom. Since

it is already proved that within DFT framework top site is the most stable adsorption site.

The coverage used in this work is 0.03 ML, which we find relevant to the experimental and

other theoretical works. We did not try other coverage since the purpose of this work is

to understand the molecule-metal interaction from functional perspective. The molecule-

metal system was optimized by relaxing the top three layers of the metallic slab and the

molecule. In this work, geometric relaxation was obtained satisfying the convergence cri-

teria of Hellmann-Feynman [97] forces smaller than 0.005 eV/ Å. We have used a plane

waves cutoff energy Ecut of 450 eV and the Brillouin zone was sampled by the 6 × 6 × 1

Γ centered k-points. In case of molecule only, we have used a simulation box of size

13× 14× 16 Å3 using same Ecut of 450 eV and a single Γ centered k-point. We have used

same set-up values of Ecut and k-points for all the three functionals. It is also important to

note that since we have used GGA and meta-GGA level functionals in this work, we used

same PAW-PBE pseudopotentials for all calculations. Adsorption energy calculated using

the following formula-

Eads = Emol/metal − (Emetal + Emol), (5.2-2)

where the Emol/metal is the total energy of the molecule-metal system, Emetal total energy

of the clean surface slab, and, Emol is the total energy of the molecule in gas phase.
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5.2.2.2 Results & Discussions

Our calculated results for adsorption energies are tabulated in Table 5.3 and visualized in

Figure 5.5 and Figure 5.6. The relaxed geometries of adsorbed thiophene are tabulated

in Table 5.4. We have considered only the top adsorption site for thiophene on copper

surface when the molecular orientation is parallel compared to the surface. Some of the

earlier works [289] suggest that at low-coverage thiophene prefers the parallel configura-

tion rather than perpendicular configuration as at high to very high-coverage. It is clear

from these tables that PBE underestimates thiophene-Cu adsorption energies for all the

three low-index surfaces. The Cu-S bond lengths are also overestimated by PBE in good

agreement with other recent theoretical studies. As previously reported in some of the

previous works [290], including dispersion correction can significantly improve both ad-

sorption energy and adsorbed geometry, while lack of vdW interactions in PBE can not

describe this molecule-metal interaction in thiophene-Cu system. Thiophene binds with

the Cu surface through two different kind of bondings- the stronger covalent bonding be-

tween Cu dxz,dyz,dz2 orbitals and S pz-orbital and another one is via a relatively weaker

between metallic Cu orbitals and π orbitals of thiophene. In case of perpendicular config-

uration lone-pair electrons of sulfur might be also be responsible for the metal to molecule

binding and hence significant tilting of thiophene.This can be understood due to the strong

atomic polarizibility of sulfur which can polarize the metallic surface as well. It can be

seen from Table 5.4 that PBE and SCAN+rVV10 overestimates the binding distance be-

tween the S atom of molecule and Cu atom and SCAN predicted both binding distance and

tilting angle with greater accuracy with reference to the experimental data. The accurate

description of adsorption energy and adsorption geometry of adsorbed thiophene molecule

on the Cu (111) surface implies that intermediate-range vdW interactions present in SCAN

is sufficient enough to describe the adsorption of thiophene on Cu (111) surface. SCAN

not only provides better description of thiophene adsorption on Cu (111) surface but also

accurately produce adsorption energies and adsorption geometries for the other two Cu
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surfaces.

Surfaces Thiophene Pyridine

PBE SCAN SCAN Expt. PBE SCAN SCAN Expt.
+rVV10 +rVV10

Cu (111) -0.06 -0.68 -0.88 -0.66i -0.06 -0.46 -0.78 -0.56j

Cu (110) -0.27 -0.67 -0.82 -0.63 ± 10%i -0.60 -0.69 -0.88

Cu (100) -0.06 -0.68 -0.88 -0.63i -0.80 -0.89 -1.01

Table 5.3: Adsorption energies (in eV) of thiophene and pyridine on Cu (111), Cu (110) &
Cu (100) surfaces.Refs. i [10] j [11, 12]

The weak dispersion interaction present in this adsorption process is significantly underes-

timated by PBE and on the other hand sort of overestimated by the non-local long-range

vdW correction by rVV10 when added to SCAN. As a result, PBE predicts too low ad-

sorption energies and binding distances of thiophene molecule on Cu (110) and Cu (100)

surfaces and SCAN+rVV10 overestimates adsorption energies for all the three Cu surfaces.

It is important to note here that the vdW correction should have minimum to no effect on

the adsorption geometry of the molecule. This is also been pointed out by several authors

earlier.
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Figure 5.5: Adsorption energy of Thiophene on Copper surfaces as tabulated in Table 5.3.

Adsorption energies of pyridine on three Cu surfaces also tabulated in Table 5.3. One can
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Figure 5.6: Adsorption energy of Pyridine on Copper surfaces as tabulated in Table 5.3.

notice that PBE also underestimates the adsorption energies of pyridine on Cu surfaces

similar to the thiophene adsorption. Adsorption of pyridine on Cu surfaces is similar to

the thiophene on Cu surfaces mainly because of two reason- dominating vdW interactions

between the molecule and metallic surfaces in parallel (low-coverage) configuration and

the changes in the geometry of the adsorbed molecule due to strong covalent bonding be-

tween N and Cu atom in perpendicular configuration (high-coverage). Adsorption energies

of pyridine on Cu surfaces are well described by SCAN functional comparable to the ex-

perimental precision. We find that the effect of this vdW interactions are important only

in the range of binding distance and as a result the long-range corrected form of SCAN,

SCAN+rVV10, overestimates this interaction and the adsorption energies as well.

Functionals Cu (111) Cu (110) Cu (100)
Cu-S (Å) δo Cu-S (Å) δo Cu-S (Å) δo

PBE 2.67 20.96 2.40 16.0 2.47 15.1
SCAN 2.61 27.8 2.66 12.1 2.46 3.25
SCAN+rVV10 2.81 2.04 2.77 8.7 2.44 1.05
Expt.i 2.62 ± 0.03 26 ± 5 2.42 ± 0.02 0 ±5

Table 5.4: Adsorption geometry of thiophene on Copper surfaces calculated using three
density functionals and the experimental values (Ref. i [10, 13])
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5.3 Hydrogen evolution reaction of 1T-MoS2

Increasing global population and demand for energy has forced the scientific community

to develop alternative sustainable fossil-free sources of energy [292–294]. Fossil fuels

are used as the energy sources to produce more than two-thirds of the worlds total en-

ergy. However, burning these carbon based fuels is detrimental to the environment, causing

global warming. Thus, it is of great research interest to find environmental friendly re-

newable energy sources. One of the most efficient ways is to convert molecules in the

atmosphere such as water, carbon dioxide, nitrogen by means electrocatalysis [295] to

produce hydrogen, oxygen, hydrocarbons. This way chemical energy can be converted

to electrical energy without polluting the environment. Recently, the water-splitting re-

action which consists of hydrogen evolution reaction (HER) [296–298] and oxygen evo-

lution/reduction reaction (OER/ORR) [299, 300] is considered as the important catalysis

process to create hydrogen fuel. In general, the physical process of the catalysis is studied

in the descriptor-based framework. For example, a HER catalyst satisfying the optimum

hydrogen adsorption Gibbs free energy condition i.e. ∆GH = 0 is considered as the best

suitable catalyst. Similarly, in ORR/OER a catalyst has to satisfy a more complex relation

- ∆GOOH = ∆GOH + 0.32 ± 0.2 eV to get the top place on the Volcano plot. However,

it is being proved now that the precious metals in case of HER and the precious metal-

oxides for OER [301]. The so called non-precious catalyst such as MoS2, van der Waals

heterostructures, intercalated or doped two-dimensional metal-dichalcogenides can be used

as the alternative of the sparse and precious Pt, Ir, Rh metals. However, the efficiency of

these non-precious catalysts is limited and cannot be increased to the level of Pt either by

increasing active sites or by increasing the activity of a single site by doping or mechanical

deformation. Efficiency of the catalyst can be increased or modulated by following the

Stability-Activity-Selectivity (SAS) rule within the descriptor-based framework. It is pos-

sible to study the surface morphology of these catalyst in a much more detailed way and to

predict the catalytic strength of these materials by accurately studying the surface energy,
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surface electronic structure or even the electron-phonon coupling at the surface. Hydrogen

evolution reaction, a process of two-electron transfer through one catalytic intermediate

production, is usually of two kinds- Volmer-Tafel, Volmer-Heyrovsky. Both of these two

mechanism starts with the common Volmer step H+ + e−+∗ → H∗, where one hydrogen

atom at the active adsorption site of the catalyst transforms to a free hydrogen atom by

gaining one electron from the site. This hydrogen atom then can form a hydrogen molecule

with one of the following two steps-

H∗ +H∗ + e− → H2+∗ ( Heyrovsky )

2H∗ → H2+∗ (Tafel).

Gibbs free energy of hydrogen adsorption (∆GH) [302] is used to understand the mecha-

nism of HER. However, too strong or too weak binding of hydrogen atom to the surface

limits the HER. A good catalyst should neither bind hydrogen atom too strongly nor too

weakly, minimizing the required overpotential for the HER. Pt always sits at the top of the

Volcano plot with an optimum ∆GH = 0. It is found that as a non-precious metal catalyst

MoS2 [303–305] is one of the promising candidates. However, the 2H form of MoS2 shows

catalytic activities only at its edge sites, whereas the 1T (metallic) form of the MoS2 (in

both pristine- and intercalated- form) basal plane has enough active sites to conduct HER

process due to the increased density of states at the Fermi level. Other two-dimensional ma-

terials such as black phosphorene [306], silicene [307], germanene [308], transition metal

carbides/nitrides (MXenes) [309] also show remarkably promising catalytic properties. I

will study the effect of van der Waals interaction, layer thickness, interlayer separation of

these materials in HER with great detail using the newly available meta-GGA’s (SCAN,

SCAN+rVV10), hybrid functionals (HSE06) [63] and some other high-level methods such

as random phase approximations (RPA) [310].

I have studied the HER process in pristine and intercalated 1T-MoS2 using different den-

sity functionals using the ∆GH as the descriptor. In this work, I have observed that it
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Figure 5.7: Hydrogen evolution reaction in pristine and metal intercalated 1T- MoS2 [7].
Intercalation of cations (Na+, Ca2+, Ni2+, andCo2+) into the interlayer region
of 1T-MoS2 is an effective strategy to lower the overpotential for the hydrogen
evolution reaction (HER).

is extremely important to correctly capture the details of the lattice structure in order to

determine the Gibbs free energy of the process accurately.

5.3.0.1 Experimental Findings

Electrochemical experiments has been performed to understand the effect of the interca-

lated metals on the HER activity of 1T-MoS2. Three electrode system was used to perform

the experiment. In figure 5.8 overpotential measured for different structures are plotted

against the applied current density. From the figure it can be seen that Na/1T-MoS2 shows

the lowest overpotential (changes from 183 meV to 120 meV) and 50 meV lower than

pristine 1T-MoS2.

5.3.0.2 Calculation Details & Method

The calculations done in this work were performed in the Vienna Ab Initio Simulation

Package (VASP) [119–121] software package within the projector augmented wave method

(PAW) [96] framework. For the density functional approximation, we have used meta-GGA

SCAN [59] and it’s van der Waals (vdW) corrected form SCAN+rVV10 [76]. Correct ad-

sorption energies are obtained using these two exchange-correlation functionals. A plane-

wave cut-off energy of 550 eV is used for th truncation of the plane-waves. The structures

were geometrically relaxed until the convergence criteria of 0.01eV/Å was achieved for
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Figure 5.8: Experimentally measured overpotential for different structures.

each atomic coordinate. Electronic convergence was achieved using the convergence cri-

teria of 0.00001 eV. The structure used in this work were modeled using a bilayer surface

slab of 1T-MoS2 with the interlayer distances determined from the experiment. The surface

slabs of this bilayer MoS2 were separated by 15Å of vacuum in order to avoid the interac-

tion between the two periodic images. The surface slabs were built on 2 × 2 supercell of

1T-MoS2 bulk with lattice constants of a = 3.176Å, b = 3.17Å and an Mo-Mo distance of

3.17Å. The Brillouin-Zone integration was performed in a Γ-centered 8×8×1 K-mesh for

the geometric optimization and the density of states (DOS) calculations. To model the in-

tercalated structures two cation atoms were introduced between the two layers of 1T-MoS2.

To calculate the adsorption energy of H atom, a H atom was placed on top of S atom of

1T-MoS2. This adsorption site is considered to be the preferable one for 1T-MoS2. The top

layer and the H atom was relaxed in order to relax the structure. The relaxed H-S distance

can be found from Table 5.5.

To calculate the hydrogen adsorption free energy difference (∆GH) we have considered

adsorption of H atom on both pristine and intercalated 1T-MoS2. We have chosen this

Gibbs Free energy difference (∆GH) as the descriptor to understand the electrochemical
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HER activity of the catalytic surface. Highest catalytic activity is related to a optimum

value of ∆GH ≈ 0. We have utilized the following formula to calculate the ∆GH-

∆GH = ∆EH + ∆EZPE − T∆SH , (5.3-3)

where ∆EH is the hydrogen absorption energy, ∆EZPE is the zero point corrections to the

adsorption energy and ∆SH is the entropic correction of hydrogen molecule. The entropy

correction is taken from the gas phase of H2 -∆SH u −1
2
S0
H2

. Hydrogen adsorption energy

was calculated using -

∆EH = EMoS2−H − EMoS2 −
1

2
EH2 , (5.3-4)

with EMoS2−H is the total energy of the adsorbed structure, EMoS2 is the total energy of

the pristine structure, and, EH2 is the total energy of the hydrogen molecule in a box. The

hydrogen molecule total energy was calculated keeping one H2 molecule in a 14× 15× 16

box with the same 550 eV cut-off energy and single point Γ-centered K-mesh in VASP.

Similarly for the intercalated structures, we used related form of eq. 5.3-4. But now

EMoS2−H get replaced by EMoS2−X−H where X=Na2+, Co2+, Ni2+ and Ca2+. To esti-

mate the zero point energy correction we used phonon calculations in density functional

perturbation theory (DFPT) approximation within the DFT framework in VASP software

package. Finally, EZPE is calculated using EZPE = EH−Adsorbed
ZPE −EClean

ZPE −E
H2
ZPE , where

EH−Adsorbed
ZPE , EClean

ZPE and EH2
ZPE are the ZPE corresponding to the H adsorbed, clean struc-

tures and H molecule respectively. Finally, the change in Gibbs free energy is calculated

using ∆GH = ∆EH + 0.278, where ∆EZPE − T∆SH = 0.278 from the phonon calcula-

tions.
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5.3.1 Results and Discussions

The Gibbs free energy change (∆GH) with respect to different structures are plotted in

figure 5.9. For the pristine 1T-MoS2 structure largest value of the ∆GH can be seen whereas

the Na+ intercalated structure is associated with the ∆GH ≈ 0. These results are consistent

with the experimental finding where the highest and lowest overpotential was observed for

1T-MoS2 and Na/1T-MoS2 structure. The density of states (DOS) plots in figure 5.10.

Structure SCAN SCAN+rVV10
Pristine(Clean MoS2) 1.362 1.362

Na/1T-MoS2 1.361 1.362

Ca/1T-MoS2 1.360 1.361

Ni/1T-MoS2 1.361 1.362

Co/1T-MoS2 1.361 1.362

Table 5.5: Distance (in Å) between adsorbed H atom and the S atom of the top layer of
MoS2 calculated using SCAN, and SCAN+rVV10

Figure 5.9: Differential Gibbs Free energy vs reaction coordinate plot for SCAN+rVV10.

In case of Co/1T-MoS2 and Ni/1T-MoS2 structures, d-states are more localized at the Fermi

level explaining the increment in the electron population due to the introduction of d-metals
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(a) (b)

(c) (d)

(e)

Figure 5.10: Density of states (DOS) for H-adsorbed pristine and intercalated (Na2+, Co2+,
Ni2+ and Ca2+) 1T-MoS2. Increased density of states near Fermi level in case
intercalation with d-metal atoms can be clearly observed.

Co and Ni. However, sp-states are more delocalized for Na/1T-MoS2 and Ca/Na/1T-MoS2

structures. All these interlcalated structures show lower value of ∆GH compared to the

pristine 1T-MoS2 structure due to the increment of DOS at the Fermi level by all the used

intercalants whether it is a d-metal atom such Ni, Co or the sp metal as Na and Ca. Figure
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5.11 shows that both SCAN and SCAN+rVV10 values of ∆GH have the similar trend, but,

SCAN+rVV10 results are more accurate.

Figure 5.11: The differential Gibbs Free energy calculated using SCAN and SCAN+rVV10
for different structures.

5.4 Conclusions

In this chapter we have studied molecular adsorption on different metallic surfaces and on

the basal plane of layered material 1T-MoS2. This work can be divided into three parts-the

first part deals with adsorption of CO on (111) surfaces of different d-metals, the second

part presents the adsorption study of organic molecules thiophene and pyridine on three

low-index surfaces (111), (110), and, (100) of copper, and, finally the last part discuses the

hydrogen evolution reaction (HER) of 1T-MoS2 via hydrogen adsorption on the basal plane

of 1T-MoS2. CO adsorption on metallic surfaces is a typical example of chemisorption phe-

nomenon where most semi-local functional overbind the experimental adsorption energies

and predict wrong adsorption site. The reason for this often described as self-interaction

error inherent in these semi-local functionals. In this work, we tried to understand this

problem using SCAN and SCAN+rVV10 meta-GGA functional and other popular LDA

and GGAs. We found that the behavior of SCAN and SCAN+rVV10 for this problem is
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somewhat similar to the other popular semi-local functionals, which also overbind the CO

molecule on metallic surfaces and in most cases prefer hollow adsorption site. However,

we hypothesized this error as due to the wrong description of densities by these semi-local

functionals. It is possible to correct this error of the popular functionals by using more

accurate densities as an input to the non-self consistent calculations. Nevertheless, within

the generalized KS-DFT implemented in many codes this might be troublesome. We also

found that the calculated values of binding distances and bond-lengths of adsorbed CO

molecule are in good agreement with the previously reported values and with the experi-

mental values. Since the typical interaction distance between these molecules and copper

surface falls in the intermediate range SCAN seems to be pretty accurate method for ad-

sorption of thiophene and pyridine on copper surfaces. The binding energies calculated us-

ing PBE are too small because this intermediate range vdW interaction lacks in PBE. PBE

describes thiophene and pyridine adsorptions on copper surfaces as physiosorptions while

these adsorptions are truly vdW mediated and chemisorption in nature. SCAN+rVV10

turned out to be an extremely good and useful functional for cases where long-range vdW

plays important roles such as Graphene adsorption on Ni(111) surface. We found that vdW

interactions acting between thiophene/pyridine and the copper surface is not truly long-

range in that sense. Hence, adding an extra correction to SCAN, can simply overestimate

the correlation energies causing and the binding energies as in SCAN+rVV10. Now, when

it comes to the layered materials such as MoS2, the interlayer interactions in these materials

are truly non-local and often missed by semi-local functionals. We showed that the calcu-

lated values of Gibbs free energy differences (∆GH) of hydrogen adsorption on different

structures of 1T-MoS2 are in good agreement with the experimental observations. In our

calculation, both SCAN and SCAN+rVV10 showed similar trends in Gibbs free energy

differences (∆GH). Work presented in this chapter shows that inclusion of vdW interac-

tions in semi-local density functionals can be very useful in cases where the contribution

from the vdW interactions are energetically very important. Although, these semi-local
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functionals are not self-interaction error free and can be wrong in some situations, using

more accurate densities can fix this error.
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CHAPTER 6

CERIUM PHASE TRANSITION

6.1 Introduction

Cerium (Ce), being the first lanthanide element with one 4f electron, is also one of the most

interesting elements of periodic system. It was named after the asteroid Ceres in 1803 by

two Swedish chemists Baron Jöns Jakob Berzelius and Wilhelm Hisinger. Cerium is also

considered one of the most abundant rare earth metals in the world. Although pure Cerium

has little applications, the oxides and alloys of Cerium have several important applications

in different industries. However, synthesis and characterization of these materials are of-

ten very troublesome since Cerium exhibits in several structural phases associated with

different magnetic properties. It has several magnetic phases: [311] anti-ferromagnetic,

paramagnetic and sometimes a superconducting-phase. It has different structural phases

in the low- and high-temperature regime but at a very small atmospheric pressure. In the

low-temperature regime (≈ 200K) it has the double-hexagonal closed packed (dhcp) β-Ce

phase and the face centric cubic (fcc) α-Ce phase and in the high-temperature regime it has

fcc γ-Ce phase (≈ 600K) [15, 312]. The beta-to-alpha phase transition of Ce mostly medi-

ates by the d-electrons of Ce whereas the alpha-to-gamma phase transition occurs due to the

localization-delocalization of f -electron. The beta-to-alpha Ce phase transition is a normal

first order phase transition with no significant volume or magnetic changes. But, the alpha-

to-gamma Ce transition followed by about 15% volume changes and changes with the

magnetic ordering. Understanding of this volume and magnetic changes is a long standing

to the physicists. This volume collapse happens at around 1.5 GPa in the lower-temperature

regime. The high-pressure α-Ce phase exhibits Pauli-like behavior of magnetic susceptibil-
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ity whereas, the low-pressure γ-Ce phase obeys Curie-Weiss law of magnetic susceptibil-

ity. Several experimental works [313–315] have showed this Pauli paramagnetism in α-Ce

from the measurement of magnetic susceptibility with respect to the pressure and tempera-

ture. The Curie-Weiss behavior of γ-phase has also been established in many experimental

works [316, 317]. Different behaviors of the two Ce-phases are often explained in terms

of the localized f electron of Ce. At the low-pressure γ-Ce phase, the f -electrons are more

localized forming local magnetic moments. When pressure is increased or temperature is

decreased, the localized f-electron get delocalized by forming bonds with the spd-electrons

and lose the local magnetic moment associated with them. There are numerous experimen-

tal studies which can be found that utilizes photoelectron spectroscopy (PES) [318–322],

x-ray absorption (XAS) [323, 324], x-ray photoemission spectroscopy (XPES) [312], and

inverse photoelectron spectroscopy (IPES) [15, 325] to address this problem. However,

none of the above mentioned techniques could successfully describe the driving mecha-

nism of α ↔ γ phase transition of Ce at the room temperature. Consequently, theoretical

and experimental studies to understand the underlying mechanism of this phase transition

are important.

Different theoretical models has been proposed to describe this phenomenon in last few

decades, but, none of those has proven to be accurate enough. First of these models sup-

ported the promotion of f electron into spd orbitals under pressure, however, by photoemis-

sion spectroscopy [318–321] no changes in the electronic configuration has been noticed.

The Mott transition model as proposed by Johansson [326] explains this phase transition

in terms of the localization-delocalization problem of the f -electron. According to this

model, in the low-pressure γ-Ce phase 4f state is more localized due to the higher intra-

atomic Coulomb interaction compared to the bandwidth. As a result the 4f- electrons stay

in non-bonding states with local magnetic moment. When pressure is applied, 4f- wave-

functions overlap with neighboring atoms, and Hubbard bands move towards the Fermi

level. This forms the α phase with Pauli paramagnetism. Many theoretical studies have
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utilized this model in DFT+U [86, 87, 90]. In a work by Svane et al. [327, 328] showed

that two minima corresponding to the two phases can be obtained when Self Interaction

Corrected-LSD (SIC-LSD) method [329] was employed for the γ-Ce phase and the usual

LSD for the α-Ce phase. Later on, Allen and Martin wanted to explain this puzzle with

Kondo Volume Collapse (KVC) model [330–332], where they argued that energies associ-

ated to the spin degrees of freedom are enough to initiate this phase transition. The basic

difference between the Mott transition model and the KVC model is: in the Mott transition

model spd-electrons remain nonbonded in the high-pressure phase while in the KVC model

the spd-electorns hybridize with the f-electrons resulting lowering in volume of α phase.

These two models are not so much physically different from each other and can be stud-

ied together using Hubbard model and Anderson impurity model in dynamical mean field

theory (DMFT) [333]. Within the framework of DMFT, it is found that neither of these

two models can totally explained the localization-delocalziation of f -electrons in Cerium,

rather, they both contribute partially to the big picture.

Another approach is to use density functionals theory (DFT) framework to understand this

localized- delocalized mechanism of Ce f -electrons. For this purpose, many works utilized

local density approximation (LDA) [43], generalized gradient approximation (GGA) [49],

hybrid density functionals (such as PBE0, HSE06) [61, 63]. LDA and GGA are used both

with and without the combination of U in the DFT+U approach. The localized f -electron

of Ce are often difficult to describe using simply bare density functionals due to the inher-

ent self-interaction problem of DFT. It is known now that the self-interaction error often

tends to delocalizes the f -electron in many Ce-like actinide metals. Study by Johansson

et al. [326] showed that the two minima in cohesive energy curve corresponding to the α-

and γ-Ce phase can be obtained if one treat the 4f electron as core electron. In principle,

SIC-LSD should predict both the high- and low-pressure phases in one curve. However,

Svane et al. [327, 328] reported that SIC-LSD can only predict γ phase but not the α phase

which can only be produced in a bare LSD calculation. In view of the Mott transition pic-
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ture, it reasonable to assume that an appropriate value of Coulomb interaction in form of

U in DFT+U scheme can well describes the localized f electron. All these methods rely

on localization-delocalization hypothesis of Ce phase transition but none of these methods

include electronic temperature. The Gutzwiller approximation [334] combined with LDA

could successfully predict this low-temperature-low-pressure phase transition, taking into

account the spin-orbit coupling. In a recent study it is shown that a mixture of hybrid func-

tional and exact exchange with correlation in RPA scheme (EXX+cRPA) [14] predicted the

two minima in cohesive energy curve within the experimental accuracy.

Although, LDA and GGAs have been tested by many to understand this problem, none

of the meta-GGAs are tested for this peculiar problem so far. In this work we explored

this isomorphic phase transition of Ce in view of the newly developed meta-GGA SCAN

functional. SCAN turned out to be one of the most versatile and accurate density functional

within the desired computational expense. Hence, it is important to use this functional to

study this puzzle with or without spin-orbit coupling. We also added U to the SCAN

functional, and, found that a very small value of U could successfully gives two minima in

energy-volume curve.

6.2 Computational details

We have used the Vienna Ab Initio Simulation (VASP) [335] software package for all the

calculations done in this work. The energy-volume curve is calculated using 600 eV cut-off

energy and a dense 16 × 16 × 16 Γ centered K-mesh. The volume of the conventional Ce

cell has been changed by ±10% to get the energy of the cell at different volumes. We have

used PAW [96] pseudopotential with [Xe]s2d1f 1 valence electron configuration. α and γ

Ce calculations are the same in all aspects except the differnece in the spin-polarization

of the two systems. The γ-Ce phase is spin-polarized (ISPIN =2) where the α-Ce is spin-

nonpolarized. The equilibrium volume and bulk modulus have been deduced by fitting the

energy-volume curve to the BM-EOS. The spin-orbit coupling calculations i combination
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with the different density functional approximations are also employed in this work.

6.3 Results & Discussions

In the DFT community the mechanism behind the α↔ γ phase transition of Ce is usually

viewed as localization of f -electron in the γ-Ce phase and delocalization of f -electrons in

the α-Ce phase under applied pressure. Figure 6.1 describes the energy-volume curve for

Ce calculated using LDA and PBE without spin-orbit coupling. As one can see the LDA

and PBE delocalize the f -electron in the low-pressure phase. So, they can only describe the

high-pressure phase, failing to get the low-pressure phase. The lattice constant of the α-Ce

phase is also showed in the figure. The LDA and PBE results in this work are in very good

agreement with the previously published works. Since these two functionals delocalize

the f -electron of Ce, the local magnetic moment cannot be produced in the LDA and PBE

calculations. Table 6.1 shows the tabulated values of the equilibrium lattice constants and

bulk moduli found in this work using LDA and PBE. For comparison, previously reported

values with LDA and GGA calculations are also tabulated with the experimental results.

One can clearly notice that both LDA and PBE lattice constants are slightly better in this

work compared to the previous calculations. However, consistent underestimation of ex-

perimental lattice constants by these two functionals is prominent. The predicted values

of equilibrium lattice constants and bulk moduli of α-Ce phase by SCAN functional is in

between LDA and PBE.

To understand the effect of spin-orbit coupling we also performed a spin-orbit coupling

calculation in SCAN. There is no significant difference found between SCAN and SCAN-

SOC predicted lattice constants of the high-pressure α-Ce phase. However, figure 6.2 tells

us a different picture. The small energy difference between the α- and γ-Ce phases are

extremely sensitive to the spin of the f -electron and well captured in the SCAN-SOC cal-

culation. Moreover, SCAN-SOC calculation not only predicts the right minima for the

α-Ce, but also produces a shoulder to the gamma-Ce phase almost accurately.
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Figure 6.1: Energy-volume curve computed using LDA and PBE functionals. Both of these
two functionals can predict high pressure α-Ce phase with lattice constants in
better agreement with the experimental references.

Functionals α-Ce γ-Ce
a (Å) B (GPa) a (Å) B (GPa)

LDA* 4.52 57.7
LDAi 4.50 64.1
PBE* 4.73 39.6
PBEi 4.68 36.6
SCAN* 4.63 46.8
SCAN* (SOC) 4.63 46.5
Expt.j 4.83 27 5.16 19

Table 6.1: Computed equilibrium lattice constants, bulk moduli for the α and γ phase. Pre-
viously reported values and experimental results are also shown. Refs. i [14] j
[15, 16]

The α ↔ γ phase transition is also associated with the spin-screening of the f -electron.

In the low pressure gamma-Ce phase the f -electron get completely screened by the spd-

electrons producing a local magnetic moment. This screening vanishes upon applying

pressure in the alpha-Ce phase. The high-pressure α-Ce phase is paramagnetic with local

magnetic moment close to zero. As the volume decreases this local magnetic moment also

start to decrease from a value of 2.25 µB/atom to 0.05 µB/atom at the equilibrium volume of

α-Ce. Figure 6.3 shows predicted magnetic moment by SCAN functional with and without

SOC. SCAN gives a magnetic moment of Ce ≈ 0.90µB/atom at higher volume, close to

the PBE0 magnetic moment. The SOC calculation with SCAN results much greater value
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of magnetic moment and very close to the experimental result ≈ 2.50µB/atom. In the

same figure a sharp increase in the magnetic moment can be seen in this figure as volume

increases.
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6.4 Conclusions

Density functional theory study is performed to understand the α ↔ γ isostructural phase

transition of Ce. Understanding the underlying physics behind this abnormal first order

phase transition is the main concern of the work. This understanding is further facilitated

by using the SCAN density functional. The f -f exchange interactions of 4f electrons results

the magnetic moment in γ-Ce phase. We understand that the volume collapse from gamma

to alpha is associated with the sharp decrease of the local magnetic moment of 4f electron

in Ce. The SCAN calculation in this works shows a magnetic moment of≈ 1µB/atom in the

region with lattice constant bigger than 5.1 Å and ≈ 0.05µB/atom for the lattice constants

lower than 4.83 Å. Inclusion of spin-orbit coupling increases the value of magnetic moment

in the low-pressure volume region, but remains close to zero in the high-pressure phase.

Delocalized f -electron in the high-pressure phase cause changes of magnetic properties of

Ce in γ to α transition. Our work agrees with the theory of localization-delocalization of

f -electrons as mentioned by others. Popular semi-local density functionals delocalizes the

f -electron in the lanthanide elements. This is also true for the SCAN meta-GGA functional.

We suspect that the density-driven self-interaction error associated with the functional has

a greater effect in this kind of strongly correlated f -electron system.
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CHAPTER 7

SUMMARY AND OUTLOOK

In this thesis a broad area of condensed matter physics has been explored using the density

functional theory (DFT) framework. Several problems related to the real-life applications

were investigated using LDA, GGA, meta-GGA and RPA. The newly developed meta-GGA

SCAN and its long-range vdW corrected form SCAN+rVV10 were also investigated.

First chapter of the thesis gives a brief overview of the theoretical background of DFT and

different exchange-correlation functional approximations. The necessities and formalisms

for vdW correction in DFT were also given. The next chapter of this thesis gives a detailed

description of a vdW correction method to the MGGA-MS2 meta-GGA and other func-

tionals. This method was developed based on the spherical-shell approximation utilizing

the summed-up vdW series and was applied to different rare-gas dimers. The results given

in this chapter were for different homo- and hetero- dimers of rare-gases such as Ar2,Kr2,

Ar-Kr, Kr-Xe etc. Results show that this method when combined with the MGGA-MS2

yields accurate binding energy and binding distance for these dimers. This method not

only removes the singularity in the summed-up vdW series but also gives significant im-

provement to the MGGA-MS2 binding energy curves in long-range. The binding energy

curves given this chapter also show the binding energy curves from other popular vdW-

corrected methods such as vdW-DF2, PBE-D2 and the new method. In conclusion, using

summed-up vdW series one can add vdW correction to semi-local functionals with no ex-

tra computational cost. However, this method uses the accurate values of C6, C8 and C10

coefficients for different system which need to be calculated using higher-level theory such

as TDDFT.

In the next chapter clean surface properties of metals (Al, Pd, Pt, Cu, Ag, Au, Rh) are stud-
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ied using the new meta-GGA SCAN and its long-range vdW corrected form SCAN+rVV10.

The surface energies, work functions, inter-layer relaxations were studied using these two

functionals with other popular functionals LDA, PBE, PBEsol and with RPA. This chapter

gives a very nice description about how vdW interactions can significantly influence the

surface energy and work function of these metals. The attractive vdW force between two

surfaces add an extra energy to the surface. Therefore adding vdW correction to any semi-

local functional can significantly improves the computed surface energy values. However,

it is also shown in this chapter when a long-range vdW corrected method rVV10 added

with the SCAN functional, outcome is remarkably good. Computed surface energies with

SCAN+rVV10 are in excellent agreement with the experimental data. The results given

in this chapter also depict that the accuracy of SCAN+rVV10 is even better compared to

the computationally robust method like RPA. Similarly, in generalized Kohn-Sham scheme

vdW not only influence the interaction between two surfaces but also between the surface

and the extracted electron and the surface. The accuracy of SCAN+rVV10 in work func-

tion prediction is also discussed in this chapter, and, it was explained that why a “right”

combination of semi-local functional and a non-local vdW correction like SCAN+rVV10

can be considered as an accurate method. The reliability and accuracy of the available

experimental results for these surface properties are also discussed in this chapter.

Chapter 5 presents molecular adsorption on metallic and also on 2D material surfaces. The

first part of the chapter gives a description of adsorption on d-metal surfaces. The second

part presents study of catalytic activity of 1T-MoS2 with and without intercalated cations

(Na2+, Co2+, Ni2+ and Ca2+). Adsorption on d-metals is extremely interesting and impor-

tant phenomenon in condensed matter physics. For this reason, both inorganic and organic

molecules were adsorbed on different d-metallic surfaces. In this chapter we showed the

results for CO molecule adsorption on (111) surfaces of Pt, Pd, Cu, Ag, Au, Rh using

different level of approximations to the density functionals. The adsorption energies, bind-

ing distances reported in this chapter were calculated using LDA, PBE, PBEsol, SCAN
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and SCAN+rVV10 functionals. The main finding was that the self-interaction error fo

the semi-local functional prohibits them to accurately model such adsorption. The error

of density from the semi-local functionals could be the main reason behind this SIE. On

the other hand, in the next section of this chapter it was shown that when adsorption of

typical organic molecules such as thiophene and pyridine is considered on Cu (111), Cu

(110), Cu (100) surfaces, SCAN functional predicts accurate binding energies and struc-

tural parameters. It was understood that this kind of vdW mediated adsorption can be

legitimately described using SCAN functional. However, it was also found that vdW cor-

rected functional often overestimates the molecule-metal binding in such situations. The

hydrogen evolution reaction (HER) for the pristine and intercalated 1T-MoS2 structure was

studied experimentally and theoretically and described in the last section of this chapter.

However, in the scope of this thesis only theoretical results were presented in details. It

was found that the Gibbs free energy difference of H-adsorption calculated using SCAN,

SCAN+rVV10. SCAN+rVV10 results are in excellent agreement with the experimental

findings. To understand better about the HER mechanism the density of states (DOS) plots

were also calculated.

Chapter 6 of this thesis was about the study of Ce α ↔ γ phase transition within the DFT

framework. It was shown that spin-orbit coupling calculation with SCAN predicts the right

magnetic moment for the low-pressure γ-Ce. The energy-volume curve presented in this

chapter depicts that SOC-SCAN calculation gives an accurate high-pressure phase, α-Ce,

and a shoulder of γ-Ce.

Finally this thesis presents a very details description of different properties of materials ac-

cessed by newly developed meta-GGA functional SCAN and its long-range vdW corrected

form of SCAN, SCAN+rVV10.
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[282] S. Karthäuser. Control of molecule-based transport for future molecular devices. J.
Phys. : Cond. Matt., 23:013001, 2011.

[283] A. S. Blum, J. G. Kushmerick, D. P. Long, C. H. Patterson, J. C. Yang, J. C. Hen-
derson, Y. Yao, J. M. Tour, R. Shashidhar, and B. R. Ratna. Molecularly inherent
voltage-controlled conductance switching. Nat. Mat., 4:167, 2005.

[284] G.B.D Rousseau, N. Bovet, S.M. Johnston, D. Lennon, V. Dhanak, and M. Kadod-
wala. The structure of a coadsorbed layer of thiophene and CO on Cu(111). Surf.
Sci., 511:190, 2002.

[285] H. Orita and N. Itoh. Adsorption of thiophene on Ni(100), Cu(100), and Pd(100)
surfaces: ab initio periodic density functional study. Surf. Sci., 550:177, 2004.

[286] C. Morin, A. Eichler, R. Hirschl, P. Sautet, and J. Hafner. DFT study of adsorption
and dissociation of thiophene molecules on Ni(110). Surf. Sci., 540:474, 2003.

[287] P. Sony, P. Puschnig, D. Nabok, and C. Ambrosch-Draxl. Importance of van der
waals interaction for organic molecule-metal junctions: Adsorption of thiophene on
Cu(110) as a prototype. Phys. Rev. Lett., 99:176401, 2007.

[288] K. Tonigold and A. Grob. Adsorption of small aromatic molecules on the (111)
surfaces of noble metals: A density functional theory study with semiempirical cor-
rections for dispersion effects. J. Chem. Phys., 132:224701, 2010.

167



[289] M. Callsen, N. Atodiresei, V. Caciuc, and S. Blügel. Semiempirical van der waals
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