
      
    
    
 
 
 
 

A Dissertation 
Submitted to 

the Temple University Graduate Board 
 
 
 
 
 

In Partial Fulfillment 
of the Requirements for the Degree 

      
 
 
 
 
 

by 
      
      

 
 
 
 
 
 
 
Examining Committee Members: 
 
      
      
      
      
      

NOVEL APPLICATION OF NONDESTRUCTIVE TESTING TO EVALUATE
ANOMALOUS CONDITIONS IN DRILLED SHAFTS AND 

THE GEOLOGIC MATERIALS UNDERLYING 
THEIR EXCAVATIONS 

DOCTOR OF PHILOSOPHY

Alireza Kordjazi
December 2019

Joseph T. Coe, Ph.D., Advisory Chair, Department of Civil and Env. Engineering
Bechara Abboud, Ph.D., Department of Civil and Env. Engineering
Ahmed Faheem, Ph.D., Department of Civil and Env. Engineering
Archibald Filshill, Ph.D., AeroAggregates
Fei Ren, Ph.D., External Member, Department of Mechanical Engineering



 

ii 

ABSTRACT 

 

Drilled shafts are deep foundation elements created by excavating cylindrical 

shafts into the ground and filling them with concrete. Given the types of structures they 

support, failure to meet their performance criteria can jeopardize public safety and cause 

severe financial losses. Consequently, quality control measures are warranted to ensure 

these foundations meet design specifications, particularly with respect to their structural 

integrity and geotechnical capacity. Due to their inaccessibility, non-destructive testing 

(NDT) techniques have received much attention for drilled shaft quality control. 

However, there are limitations in the NDT tools currently used for structural integrity 

testing. Moreover, there is no current NDT tool to evaluate conditions underlying drilled 

shaft excavations and aid in verifying geotechnical capacity.  

The main objective of this research is to examine the development of new NDT 

methodologies to address some of the limitations in the inspection of drilled shaft 

structural integrity and geotechnical conditions underlying their excavations. The use of 

stress waves in large laboratory models is first examined to evaluate the performance of 

ray-based techniques for detecting anomalies. The study then continues to investigate the 

improvements offered by using a full waveform inversion (FWI) approach to analyze the 

stress wave data. A hybrid, multi-scale FWI workflow is recommended to increase the 

chance of the convergence of the inversion algorithms. Additionally, the benefits of a 

multi-parameter FWI are discussed.  Since FWI is computationally expensive, a 

sequential optimal experimental design (SOED) analysis is proposed to determine the 
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optimal hardware configurations for each application. The resulting benefit-cost curves 

from this analysis allow for designing an NDT survey that matches the available 

resources for the project.
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CHAPTER 1 

INTRODUCTION 

 

Human beings, with their ingenuity and curiosity, have always tried to discover 

the governing physical and mechanical laws of the planet to utilize for their well-being. 

Mechanical oscillations and vibrations due to forces of nature, such as earthquakes, are 

among the main phenomena inspiring scientific and engineering projects. Such 

mechanical perturbations, or stress waves, are used at different scales to “see” what is 

hidden from our eyes.  

Seismic methods based on stress waves have long been used in exploration 

geophysics to discover reservoirs of natural fossil fuels. They have been actively used in 

marine studies to image the bottom of the ocean and its sub-bottom with the aim of 

understanding our planet. At a smaller scale, geotechnical engineers use such methods for 

site investigation and characterization purposes. Stress waves are also widely used for 

non-invasive and non-destructive testing (NDT) in numerous disciplines including 

medical sciences, material engineering, and civil engineering.  

This versatile use of stress-wave methods is due to the fact that they propagate 

over a large domain and their propagation is sensitive to the mechanical and physical 

properties of the intervening materials. By processing and analyzing the recorded stress 

waves, information about the intervening domain can be inferred. The quality and level 

of details in the results are heavily influenced by the type of the recorded waveform, the 

configuration of the hardware used for data collection, quality of the data, and, in 
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particular, the method of data processing and analysis. In ray-based methods of data 

analysis, it is assumed that stress waves travel along straight paths. Their travel paths are 

disturbed when the properties of the domain change. This change in the travel path is 

encoded within the recorded waves. For example, when propagating in a layered domain, 

some of the stress-wave energy is reflected back at boundaries between the layers; 

therefore, the changes in the layering of the domain can be inferred from reflections in 

the recorded data, even by simply plotting the signals alongside each other.  

Wave propagation, however, is a much more complicated phenomenon that 

cannot be completely modeled with ray-based methods. In fact, in order to properly 

model wave propagation, differential equations of motions are developed and solved. 

Depending on the complexity of the domain, such equations are solved using numerical 

methods. This leads to the development of waveform-based methods of analyzing the 

stress waves in which the entire recorded waveform is used to infer information about the 

domain. Full waveform inversion (FWI) is such a technique for analyzing stress-wave 

data to deliver high-resolution images of the domain under study. Moving from ray-based 

methods to waveform-based incurs higher complexity and computational costs because 

the governing equations of motions need to be properly solved.  

In this dissertation, novel applications of stress waves in the inspection of deep 

foundations will be investigated. The use of both ray-based methods and FWI will be 

explored in this study. The main motivations for research are presented first. This chapter 

continues by raising some of the main research questions to form the hypotheses of the 

study. The scope of the research is then discussed to highlight the framework and plans 
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for the evaluation of the hypotheses. The chapter is concluded with a brief overview of 

the content of the following chapters of this dissertation. 

 

1.1 Motivation for Research 

Deep foundations are widely used in civil infrastructure. Significantly large loads 

from bridges, buildings, and other structures are transferred by deep foundations to more 

competent layers of soil and rock (Figure 1.1). Drilled shafts and driven piles are the 

most commonly used deep foundation systems in geotechnical engineering. Piles are 

driven in place by special pile driving equipment and can be made of steel, reinforced 

concrete, or timber. Requiring excavations, drilled shaft elements are reinforced concrete 

foundations that are cast inside a pre-drilled hole.  

Figure 1.2 shows the general sequence in the construction of drilled shafts under 

dry conditions. In general, a cylindrical hole is excavated first and then the bottom of the 

excavation is cleaned of drilling debris. The construction process continues by placing 

the reinforcement cage inside the hole and finally it is filled with fresh concrete. In areas 

where the walls of the hole are prone to collapse, drilling mud or casings are used to 

make the excavation stable. 
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(a) (b) 

 

(c) 

Figure 1.1. (a) An elevated highway constructed on deep foundations (Brown et al. 

2010); (b) Drilled shaft resting on a competent layer; (c) A bridge foundation with 

drilled shafts (Gransberg et al. 2014). 

DRILLED SHAFTS 

FOUNDATION 

ROADWAY 

CABLE 

TOWER 
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Conventionally, deep foundations are designed to meet particular load-carrying 

capacity and settlement criteria. Given the type of structures constructed on these 

foundation elements, failure to meet their performance criteria can jeopardize the safety 

of the public and cause severe financial losses. For example, in 2013, severe corrosion of 

steel piles led to an overnight settlement of 0.6 m (2 ft) for the Leo Frigo bridge carrying 

I-43 over the Fox River in Green Bay, WI (Hannigan et al. 2016). 

 

 

Figure 1.2. Construction sequence in the construction of drilled shafts using the dry 

method (Brown et al. 2010): (a) excavation; (b) bottom cleaning; (c) placing the rebar 

cage; and (d) concrete placement. 

 

The performance of deep foundations is directly related to two primary factors: 

(1) the geometry of the foundation element and the quality of its comprising materials; 

and (2) the properties of the bearing layer (i.e., soil or rock). The integrity of both the 

foundation element and the geologic materials underlying it are therefore necessary for 
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satisfactory performance. For example, the quality of drilled shafts depends on the 

foundation element being made of a relatively uniform mass of concrete (Brown, 2004). 

Instability of shaft walls or difficulty in concrete placement can compromise the quality 

of the drilled shaft element and lead to defects in the foundation (Burland et al. 2012). 

Investigation on exhumed and extracted drilled shafts (Figure 1.3) also shows how these 

elements are prone to the development of defects, compromising their performance. It 

was reported that a defect as small as 15% of the cross-sectional area of the drilled shaft 

can reduce the lateral capacity of the foundation by 16% (Sarhan et al. 2002). Chapter 2 

presents literature that further quantifies the negative impacts of even small defects on the 

performance of drilled shafts. 

 

  

(a) (b) 

Figure 1.3. Structural defects in drilled shafts: (a) extracted drilled shaft with defect as 

a result of congested reinforcement (Brown 2004); (b) defective concrete in a drilled 

shaft after excavation and attempts to replace it (Brown et al. 2010). 
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With respect to the integrity of the underlying geologic materials, concerns about 

the presence of karst features and voids around drilled shafts have been highlighted in the 

literature (Brown 1990, Cadden 2012). Approximately 20% of the US is underlain by 

karstic bedrock material, where dissolution of the rock from groundwater percolation can 

develop soft zones and cavities that can form sinkholes. In such conditions, irregularly 

shaped voids and soft soil zones can compromise drilled shaft performance and render 

the idea of “sound rock” elusive (Brown, 1990). The construction of drilled shafts is quite 

problematic in areas of significant karst due to the uncertainties associated with locating 

soft zones underlying the drilled shaft excavation. Failure of a bridge in Tampa, Florida 

caused by the 6.4 m (21 ft) settlement of its drilled shaft foundation on karstic rock attests 

to this issue (Figure 1.4).  

 

  

Figure 1.4. Catastrophic failure of drilled shafts in karstic limestone for the Selmon 

Expressway in Tampa, Florida (Graham et al. 2015). 

 

Figure 1.5 shows a schematic of a drilled shaft with some examples of common 

anomalous features. Such anomalies fall under the two previously mentioned general 



 

8 

categories: (1) conditions affecting the structural integrity of the foundation element; and 

(2) conditions affecting geologic materials underlying the base of the drilled shaft 

excavation. It is obvious that finding a single method to detect all these anomalous 

features is neither possible nor sensible, for they are parts of two different stages of the 

construction of the drilled shaft element (i.e., before and after construction). 

 

 

Figure 1.5. A schematic presentation of main types of anomalous features encountered 

in drilled shaft construction.  

 

To ensure drilled shafts perform according to the design criteria and to prevent the 

negative impacts of defects, regulatory agencies and deep foundation associations have 

emphasized quality control as a critical part of drilled shaft construction (ADSC-DFI 

2004, Brown et al. 2010, Hannigan et al. 2016). The most straightforward quality control 

method is direct visual inspection. However, it is impossible to directly inspect any 
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anomalous conditions on a completed drilled shaft without extracting it from the ground 

or removing the soil surrounding the shaft. Such an intrusive approach can render the 

shaft ineffective or potentially undermine the foundation itself.  

Direct visual inspection of the bottom of the drilled shaft excavation to evaluate 

anomalies during construction may be possible depending on the manner in which the 

drilled hole is maintained open (e.g., casing). However, this poses safety risks to any 

inspectors who are tasked with being lowered to the bottom of the hole. Some drilled 

shafts may also not be large enough for direct access. Additionally, the hole may be filled 

with drilling fluid that prevents direct access and a clear view of the conditions at the 

bottom. 

Given the aforementioned limitations, there have been advances in the 

development of tools for drilled shaft inspection purposes. To overcome the issues of 

accessibility and safety, there is a tendency towards using non-destructive testing (NDT) 

methods. These methods have the benefit of being relatively fast, cost-effective, and 

capable of delivering promising results. Chapter 2 provides a detailed review of these 

methods.  

Despite the widespread use of NDT methods in practice, limitations regarding 

their success for detecting structural defects have been reported (Iskander et al. 2003, 

Brown et al. 2010). For example, it is still difficult to detect defects outside the rebar cage 

of drilled shafts based on the current NDT methods available. Moreover, when dealing 

with defects inside the rebar cage, defects smaller than 15% of the cross-sectional area of 



 

10 

the shaft are often not detected (Sarhan et al. 2002), despite the size of such defects 

negatively affecting foundation performance as will be further explored in Chapter 2.  

Regarding the inspection of drilled shaft base conditions, current NDT methods 

merely provide an indication of how much soft sedimentation has accumulated at the 

bottom of the hole due to drilling. Evaluation of the stiffness of the materials underlying 

the hole and the presence of any anomalous conditions often relies on probe holes that 

extend up to two times the diameter of the shaft below the bottom (Brown 1990, ADSC-

DFI 2004, Turner 2006). Probing these holes provides spatially limited and subjective 

information.  

The limitations in current NDT methods for drilled shaft structural integrity 

testing and a lack of an NDT system for the evaluation of the condition under the base of 

the excavation provide an opportunity to introduce new systems and data analysis 

methods. In particular, the main objective of this research is to examine how stress-wave 

data can be used to find solutions that could address the limitations in drilled shaft 

structural integrity testing and inspection of condition under the base of excavations.  

In general, stress waves are vibrations due to a mechanical perturbation. They 

vary both in magnitude and frequency. For example, earthquakes generate vibrations of 

high amplitudes with a relatively small vibration period. However, vocalization by some 

animals like dolphins generates stress waves of very high frequency and low amplitudes. 

Appendix A and Chapter 2 provide a detailed description of the fundamentals of stress 

wave propagation along with the most common analytical methods used to analyze these 

signals where recorded by NDT instrumentation. 
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Since structural integrity and verification of base conditions are associated with 

two different stages of construction, using a single NDT approach is not possible to 

address both issues. Therefore, the use and advancements of stress wave NDT will be 

investigated separately for each problem in this dissertation. In this study, the principles 

of stress-wave propagation are used in laboratory experiments and numerical simulations 

to propose solutions for some of the challenges in their application for drilled shaft 

inspection. The investigation starts with the application of the most straightforward data 

analysis technique and continues by incorporating more advanced methods.   

 

1.2 Hypotheses and Experimental Plans 

In the previous section, it was briefly explained that current drilled shaft 

inspection methods encounter limitations when used to detect structural defects and 

conditions underlying shaft excavations. The goal of this research is to evaluate a stress 

wave NDT methodology that can provide an image to improve drilled shaft inspection 

capabilities for both of the aforementioned issues. Research efforts will primarily focus 

on the development of novel techniques for analyzing data collected by existing 

hardware. More specifically, the research efforts will explore the use of full waveform 

tomography with high frequency stress waves as a viable approach to develop higher 

resolution images of conditions inside drilled shafts and underlying their excavations 

during construction. Performance will be evaluated on the basis of the dimensions of 

defects detectable by the novel techniques developed in this study. 
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1.2.1 Structural Defects 

The hypotheses and experimental plans for evaluating new methodologies in 

structural integrity testing are provided in this section. 

 

1.2.1.1 Reflection Analysis 

Current stress-wave hardware is primarily employed inside access tubes attached 

to the drilled shaft rebar cage. This presents a host of challenges when attempting to 

evaluate the geometric extent of anomalous conditions around the perimeter of the drilled 

shaft. Relying on ray-based methods of data analysis, the current methods of structural 

integrity evaluation offer a straightforward and relatively fast tool for the inspection of 

foundation elements. For example, cross-hole sonic logging (CSL) and cross-hole sonic 

tomography (CT) are widely used in drilled shaft construction practice. However, as 

noted previously, these methods can fail to adequately evaluate anomalies that are 

smaller in size than 15% of the cross-sectional area of the drilled shaft (Iskander et al. 

2003). 

Ultrasonic waves increase the chance of generating higher resolution images. For 

example, Coe and Brandenberg (2012) utilized ultrasonic waves from a custom cone 

penetration test (CPT) probe to generate a reflection image from an individual pile 

foundation element with a small cross section. Given that the thickness of the concrete 

cover on the rebar cage is relatively small compared to the diameter of the foundation, the 

defect due to inadequate concrete coverage also becomes small in its cross-sectional area. 

Since even small structural defects can negatively affect the performance of drilled shafts 
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(Sarhan et al. 2002, O’Neil et al. 2003), it is important to evaluate structural integrity 

both inside and outside the rebar cage of drilled shafts. This objective will be investigated 

in this research by evaluating the following hypothesis: A borehole ultrasonic stress wave 

probe can generate reflection signals that will detect structural anomalies capable of 

negatively affecting shaft performance (i.e., smaller than at least 15% of the cross-

sectional area of the shaft element). 

For the evaluation of this hypothesis, a laboratory testing plan was developed to 

attempt to visualize anomalous features on the perimeter of a model drilled shaft. An 

existing ultrasonic probe (Coe and Brandenberg, 2012) was used on a laboratory model 

of a drilled shaft with pre-installed defects. The probe was lowered inside a borehole 

alongside the foundation element to acquire stress wave data. Although the testing was 

performed in a scaled laboratory environment, the foundation element was designed to 

simulate the true dimensions of drilled shafts constructed in the field. Details on model 

development, shape and dimensions of the defect, data acquisition system, and finally 

data analysis method and results are provided in Chapter 3. 

 

1.2.1.2 Full Waveform Tomography 

As was noted previously, CSL and CT are the most commonly used NDT 

methods for structural integrity testing of drilled shafts in practice. Anomalies smaller 

than 15% of the cross-sectional area of drilled shafts are not detected by these methods 

(Iskander et al. 2003). Though the ultrasound probe proposed in the laboratory testing in 

Chapter 3 is one solution to address this limitation, field application will necessitate the 
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drilling of one or more adjacent boreholes alongside the drilled shaft. This need for 

additional drilling and other potential limitations to be discussed in Chapter 3 are the 

motivation behind attempts to revise the manner in which existing CT data is analyzed. 

A waveform-based approach like FWI has the potential to generate high-

resolution images with the existing data acquisition framework for CT (Pratt 1990; 

Modrak and Tromp 2016; Nguyen and Modrak 2018). However, FWI is a relatively new 

technique to the field of NDT and is computationally expensive. The advent of more 

effective computational tools like graphical processing units (GPUs) has increased 

interest in FWI as an active area of NDT research. Therefore, another objective of this 

study is to examine the use of FWI for the structural integrity of drilled shafts. The main 

goal is to evaluate the performance of FWI in this application and develop an effective 

workflow that increases its success in developing high-resolution images of the 

foundation. Correspondingly, the second hypothesis in this study is in regard to the use of 

full waveform tomography for detecting structural defects: 

FWI performed with cross-hole stress-wave data will detect structural anomalies 

capable of negatively affecting shaft performance (i.e., whose size is smaller than at least 

15% of the cross-sectional area of the shaft).  

Given the complexity of the implementation of FWI, the evaluation of this 

hypothesis was performed through numerical simulations to provide insight on future 

laboratory and field testing. In Chapter 4, both 2D and 3D models of drilled shafts with 

known defects are numerically developed to investigate the performance of FWI and 

compare it with the existing methods. The dimensions of the model drilled shafts, their 
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material properties, and dimensions of the defects were developed based on information 

in existing literature. Although the ultimate goal is to demonstrate that FWI could 

potentially detect defects of smaller than 15%, the study focusses on the process of 

achieving this via FWI. In fact, a workflow is proposed on how various aspects of the 

FWI data analysis methods should be implemented in order to achieve the goal. 

One of the key challenges in surveys that use ray-based methods of data analysis 

is that they often require a dense data sampling program. An example is in near surface 

applications, where in order to properly separate different modes of wave propagation 

multiple sets of sensors are used (Nuber et al. 2017). In the specific example of CT and 

CSL, spacing as small as 5 cm (2 in) is recommended between the sensors, which leads to 

a very dense configuration of sources and receiver. FWI, however, might not necessarily 

require such extensive instrumentation for satisfactory performance. In fact, it is expected 

that FWI can outperform CT using a fewer number of sources.  

The direct benefit of reducing the number of sources and receiver is obviously 

reducing the hardware and data acquisition cost (both in terms of financial costs and time 

for conducting the survey). However, a more important effect is reducing the 

computational cost and expediting the analysis time for FWI. Therefore, it is ideal to find 

an optimal hardware configuration for acquiring data to increase the practicality of 

pursuing an FWI approach for structural integrity purposes. The idea of optimizing 

hardware configuration is quite challenging because the defect and its location are not 

known prior to the data acquisition. Moreover, this configuration should be decided 

before acquiring any data from the domain. Finding the optimal hardware configuration 
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should also honor the limitations imposed by the geometry of the domain. In this study, it 

is proposed that an experimental design approach can yield guidelines on the selection of 

optimal hardware configuration. The third hypothesis of this section is subsequently 

formulated as follows: 

A sequential optimal experimental design (SOED) approach can determine the 

reduction of the number of sources necessary for FWI in comparison to CT testing.  

In Chapter 4, a sequential optimal experimental design (SOED) approach is 

introduced as a mechanism by which optimal survey configuration can be evaluated for 

FWI. This method relies on re-formulation of the inversion problem to decide on the 

optimal source-receiver configuration. In order to test the hypothesis, the SOED is 

performed on numerical 2D models of drilled shafts. A very important feature of this 

formulation is that it is independent of the exact properties of the domain and the 

acquired data.  

The results are presented through cost-benefit curves. Therefore, quantifiable 

measures and criteria for cost and benefit are separately defined. The number of sources 

can be used as a measure of cost. Intuitively, it is expected that increasing the number of 

sources, increases the benefit. However, it is expected that the rate at which the benefit 

increases slows down as the number of sources increases, leading to a plateau in the cost-

benefit curve. This representation allows users to select an optimal configuration based 

on their hardware and computational resources. 
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1.2.2 Geotechnical Conditions Underlying Drilled Shaft Excavations 

Currently, there is a lack of NDT tools for the inspection of conditions under the 

base of drilled shaft excavations. The unique geometrical constraints (i.e., spatial 

limitations imposed by the walls of the excavations) and the potentially harsh 

environment (i.e., presence of drilling mud and loose sediments) have rendered NDT 

methods difficult to implement. The motivation for the research efforts related to this 

application are two-fold: (1) evaluate the potential of a reflection analysis approach based 

on existing hardware; and (2) explore the performance of an FWI approach. In order to 

propose any new system that can non-destructively test condition under the base of the 

excavation, there are many issues that need to be properly addressed. In this section some 

of these issues are raised and the recommended solutions to them are hypothesized. 

Finally, the research plan for testing the hypotheses is briefly introduced. 

 

1.2.2.1 Reflection Analysis 

When conditions under the base of a drilled shaft excavation are evaluated, 

Brown (1990) has suggested a criterion for acceptable drilled shaft performance where 

any anomalous conditions must be smaller than 25% of the cross-sectional area of the 

drilled shaft. Such dimensions would allow mitigation by methods like post-grouting. 

Obviously, the minimum size that can be detected is always of interest, but the 25% 

threshold can be used as a general guideline for evaluating the success of any NDT 

approach. Moreover, the ability to detect the lateral extent of the anomaly and its material 
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properties in the domain are other criteria for the evaluation of a proposed NDT approach 

for this application.  

Since there has been no previous development of an NDT system for conditions 

underlying drilled shaft excavations, it is necessary to have some very general hypotheses 

to evaluate the feasibility of such a proposed system. A straightforward data acquisition 

and analysis scheme as offered by a reflection approach represents a good starting point 

by which to gauge the potential for stress wave NDT to evaluate base conditions. The 

validity of this idea is hypothesized as below and subsequently tested: 

Zero-offset stress-wave reflection data can detect the geometry of anomalous 

karst features underneath drilled shaft excavations without using intrusive methods. 

This hypothesis will be examined through laboratory testing. Details are provided 

in Chapter 3 regarding the development of a large laboratory model that mimics a 

heterogenous condition underneath the base of excavation. The application of an 

ultrasonic stress wave source-receiver pair on the surface of this laboratory model is 

subsequently examined. It is anticipated that a reflection-based analysis method of the 

stress-wave data will yield indications of the presence of anomalous features. This can be 

used along with the existing geotechnical site investigation information to make informed 

decisions on proper post-construction countermeasures for anomalies underlying the 

drilled shaft foundation. 
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1.2.2.2 Full Waveform Tomography 

Even if promising performance is exhibited by a simple reflection analysis, there 

will be some systemic limitations that such an approach will not be able to address. For 

example, the presence of excavation walls will impose decrease the quality of the 

reflection data due to the limited spatial sampling. Moreover, such methods inherently 

suffer from poor resolution when dealing with lateral extents of anomalous features that 

only exacerbate this problem. Detailed discussions on these issues are presented in 

Chapter 2. 

Given the aforementioned issues, the application of a more advanced waveform-

based method of data analysis is warranted to overcome these limitations (Widess 1973; 

Pratt 1990; Modrak and Tromp 2016; Nguyen and Modrak 2018). Similar to the second 

hypothesis for the structural integrity testing application, in order to address the 

limitations of a reflection-based method, an FWI approach will be adopted for the 

evaluation of conditions underlying the base of drilled shaft excavations. It is expected 

that FWI will provide information on both the material properties and geometry of the 

anomaly. The hypothesis for this aspect of the research efforts is summarized as: 

FWI performed on single-sided stress-wave data can detect anomalies underlying 

drilled shaft excavations that are capable of affecting shaft performance (i.e., whose size 

is smaller than at least 25% of the shaft cross-sectional area). 

Through a series of 2D and 3D numerical simulations, the performance of an FWI 

workflow will be examined in Chapter 5. Flexibility of numerical simulations with 

advanced tools allows for a better understanding of the limitations of the method when 
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compared to laboratory and/or field studies. In each model, anomalous features are placed 

within a domain that represent competent base materials. The properties of the anomaly 

and competent materials are selected from the published literature. The model will be 

parametrized with wave velocity and density. The shape of the anomaly is inspired by the 

arbitrary orientation of the geological features. A source-receiver array on the surface of 

the domain, leading to a one-sided hardware configuration, will be used to mimic the 

most probable mode of data acquisition at the bottom of a drilled shaft excavation. 

Performance of the proposed FWI NDT methodology will be assessed based on size of 

the anomalous features that can be detected. However, as part of these experimental 

efforts, proper selection of FWI parameters will also be explored to develop an effective 

workflow. Examples of workflow issues to be explored in Chapter 5 include: (1) choice 

of misfit function; (2) regularization applied to the inversion; and (3) effectiveness of 

inverting for multiple material properties (e.g., velocity, density, etc.). These issues are 

more thoroughly discussed in Chapter 2 and Appendix C.  

The idea of finding an optimal hardware configuration is even of more importance 

in this application. In fact, the inspection using this proposed NDT system should ideally 

take place within the same timeframe as construction of the drilled shaft, as opposed to 

upon completion of construction in the case of structural integrity testing. Therefore, it is 

necessary to find an arrangement of the smallest number of sources that can deliver high 

quality results. Moreover, there is no prior experience with NDT in this application where 

the sources and receivers have to be deployed on a surface that is bound within the sides 

of the excavation. Theoretically, a comprehensive configuration of sources and receivers 
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can be defined that contains as many sources and receivers as possible. This is obviously 

not practical and the dimensions of the sensors and spacing between them should be also 

considered in the survey design. The ability to quantify the effect of adding new sensors 

allows one to decide on the optimal configuration of sources and receivers based on the 

available resources. It is expected that an optimal experimental design approach could 

potentially provide the tool to address this issue. This research objective is then 

hypothesized as: A SOED approach can quantify the relative impact of introducing new 

hardware in an FWI survey for a one-sided hardware configuration of the sources and 

receivers for the evaluation of the conditions under the base of excavation. 

Despite similarity of this hypothesis to the one in the structural integrity testing, 

the problem is this case is very challenging. In fact, in very simple terms, the SOED 

relies on the waveform coverage to select the optimal configuration. In a circular or even 

cross-hole setting, this coverage is well quantified. However, in the case of a one-sided 

configuration the task of quantification becomes very difficult and, in some cases, 

unstable. The hypothesis is tested on 2D FWI models of the conditions underlying drilled 

shaft excavations. The results will be presented in terms of the variation of the benefit 

versus cost to provide guidelines on the selection of the optimal hardware configuration. 

 

1.3 Dissertation Outline 

Chapter 2 starts with briefly answering the question “Why are drilled shaft 

inspections necessary?” by quantitatively examining the effects of their structural defects 

and anomalous conditions under their excavations. This chapter continues with a more 



 

22 

detailed account of the current state of practice for inspection and quality control in the 

construction of drilled shafts, including the various NDT technologies currently available. 

This review also highlights the advantages and shortcoming of each method and the 

motivations for potentially improving the data analysis methods or even new testing 

systems.  

The choice of the technique for analyzing NDT stress wave data can significantly 

affect the results. Chapter 2 therefore continues with an overview of the data processing 

and imaging techniques using stress wave data. The emphasis of the review is placed on 

the principles, advantages, and disadvantages of each analytical method. Relevant 

literature in which these methods are used for NDT applications are also presented in this 

section. Among these methods, reflection methods and FWI are introduced in more detail 

as they will be used in the laboratory and numerical simulation of this dissertation. 

Additional Appendices are also provided to offer more in-depth background regarding 

the solution to wave equations used to simulate wave propagation and FWI. 

  Chapter 3 focuses on the use of ultrasonic reflection for NDT of drilled shafts. 

The first hypothesis for each drilled shaft application is evaluated in Chapter 3. 

Reflection techniques typically develop a representation of the domain by plotting 

acquired signals next to each other along the scan axis. Additionally, models can be 

developed based on the first arrival time of reflected signals. Through a series of 

laboratory tests, the straightforward data acquisition and analysis used in a reflection-

based approach is investigated for these applications. The results are discussed to 

highlight the conditions that are required to achieve relatively successful performance of 
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these methods. The discussion of the results also focuses on the limitations of this 

approach. These limitations are more thoroughly discussed to provide justification for 

pursuing more advanced data analysis of stress waves. Alternative solutions are 

recommended to be investigated. The content of this chapter is based on a paper 

published in the Deep Foundations Institute Journal. 

In Chapter 4 an FWI approach is proposed for analyzing the waveforms with the 

goal of addressing some of the limitations of a reflection approach as introduced in 

Chapter 3. The success of FWI is application-dependent and requires in-depth 

investigation of various factors affecting its performance, particularly for deep foundation 

applications where FWI has not been implemented in the past. The main components of 

the FWI’s implementation algorithms are examined in structural integrity of drilled 

shafts. These components include the choice of misfit function, regularization scheme, as 

well as constrained inversion. Chapter 4 continues with discussion of optimal testing 

configurations. An SOED approach is proposed for the selection of the proper source-

receiver configuration for testing. This approach is intended to provide insight on how to 

systematically select the optimal hardware configuration for data acquisition. 

Chapter 5 deals with the application of FWI for the evaluation of geotechnical 

conditions beneath drilled shaft excavation. Through 2D and 3D numerical simulations, 

the second and third hypothesis developed for the condition under the base of drilled 

shaft excavations are examined. In the first part, the implementation of FWI for this 

application is investigated. The chapter continues to evaluate an SOED approach for 

finding cost-benefit curves and evaluating optimal hardware configurations. Some of the 
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material presented in this chapter forms separate conference papers for the 2019 and 2020 

ASCE Geo Congress and the 2019 Deep Foundation Institute Annual Conference. 

Chapter 6 concludes this dissertation by providing a summary of the 

achievements and the conclusions that can be drawn from the research efforts. 

Recommendations for future research are included in the final section of this chapter. 
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CHAPTER 2 

LITERATURE REVIEW 

 

  2.1 Introduction 

This chapter starts with a review of the main defective features that can 

compromise the performance of drilled shafts. To provide a quantitative account of how 

these defects can affect drilled shaft performance, a detailed review of the existing 

literature is presented. Then drilled shaft inspection methods for construction quality 

control are introduced. After a brief introduction of each method, their limitations are 

discussed to provide context for why there is still room for the development of additional 

tools and NDT techniques for quality control testing in drilled shaft construction.  

The ultimate goal of these NDT methods is to provide an indication of the 

presence of a potential defect. Intuitively, a high resolution image that contains 

information on both the geometry and mechanical properties of the defect is desired. The 

selected data analysis method is largely responsible for the resolution and quality of the 

results. A review of data processing and analysis techniques is therefore provided that 

highlights the advantages and disadvantages of the different methods. Moreover, this 

introduction provides the necessary information for the selection of the data analysis 

method to test the hypotheses of this research. 

This chapter is concluded with a summary of the potential advances that stress-

wave data can offer for structural integrity testing and evaluating the conditions under the 
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excavation of drilled shafts during construction. This will provide a transition to the 

implementation of such advancements in the following chapters of this dissertation.  

 

2.2 Quality Control of Drilled Shaft Foundations  

As noted in Chapter 1, drilled shafts are cast-in-place deep foundation elements 

that are constructed by drilling a cylindrical excavation to the desired depth and placing 

reinforcement and concrete. Drilled shafts offer high bearing capacity and the ability to 

limit settlement, making them essential foundation systems in the construction of 

infrastructure (O’Neill and Reese 1999; Brown et al. 2010). Drilled shafts are often 

designed as end bearing foundations (O’Neill and Reese 1999), especially when the base 

of the shaft is placed into rock (i.e., rock sockets). Given the manner in which drilled 

shafts are constructed, construction quality has a tremendous impact on performance 

(O’Neill 2001). Quality control of drilled shaft foundations must address a number of key 

issues: appropriate concrete production; consistency in shaft geometry and rebar 

placement; cleanliness of the shaft bottom; and verification of surrounding soil/rock 

conditions. These issues can be divided into two major categories: (1) structural integrity 

(i.e., soundness of material, geometry, and presence of anomalous features); and (2) 

geotechnical reliability (i.e., spatial variability of soil and rock conditions). 

 

2.2.1 Structural Integrity 

Despite significant advancements in construction equipment and processes, 

defects still often occur in drilled shaft foundations. The presence of construction defects 
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can compromise the structural integrity of the drilled shafts and negatively affect their 

performance (Poulos 2005). O’Neil et al. (2003) provides a definition of drilled shaft 

defects as “zones within a shaft in which the structural material has lower strength than 

intended”. Such defects can result from a number of issues: inappropriate concrete mix 

design (e.g., lack of workability); steel reinforcement congestion; casing mismanagement 

during construction; and excessive buildup of drilling spoils at the bottom of the drilled 

shaft excavation. 

O’Neil (1991) provides a detailed account of common defects and their causes, 

including issues due to general construction practices, drilling, and handling of casings 

and slurry. An example of poor construction practice that can lead to defects is pouring 

the fresh concrete into the shaft by free fall, without directing the stream within the shaft. 

The direct consequence of this is segregation of the aggregate and a decrease in the 

quality of concrete. Another example is generating lateral load and displacement near the 

freshly poured concrete, without using any protection for the drilled shaft near the 

surface. This leads to the development of cracks in areas close to the top of the drilled 

shaft and a corresponding negative effect on its performance. Moreover, issues like cave-

in of the excavation wall or intrusion of the surface materials into the excavation are the 

most common causes of defects due to drilling. Such defects can be to a large extent 

prevented by contractor diligence during the drilling process (O’Neil, 1991). For 

example, avoiding negative suction pressure under the drilling tool, stabilizing the 

excavation wall by drilling mud or casing, avoiding vibrations that can destabilize the 

excavation walls are among good practices to minimize drilling related defects.  



 

28 

Handling of the temporary casings is another common cause of drilled shaft 

defect. It is common in unstable soils to support the excavation walls with metal casings 

and upon construction these elements might be kept in place or removed. Attempting to 

remove a casing when its inside wall is rough or concrete has lost its workability through 

hydration can impose excessive shear between the concrete and casing. This will 

consequently lead to an upward movement of the concrete in some parts of the drilled 

shafts, leading to a smaller cross-sectional area or necking along the foundation element. 

In severe cases, a complete separation between the two parts of the drilled shaft might 

occur. 

The development of defects in drilled shaft can also arise from the mis-

management of drilling fluid and slurry. As explained by O’Neil (1991), soft zones or 

honeycombs can develop due to poor management of slurry and concrete placement in 

the shaft (Figure 2.1). An example is when there is a relatively long interruption in the 

placement of concrete in the shaft. Under such circumstances, the contractor tends to 

remove the guiding pipe for concrete placement (tremie) inside the drilled hole to prevent 

it from sticking to the setting concrete. When the new fresh concrete arrives, there is a 

difference between the workability of the old concrete and new one. Additionally, during 

this interruption some of the solid material in the slurry has settled. The high-pressure 

injection of the fresh concrete can cause the old concrete to move away from its existing 

location while it cannot move easily due to the loss of workability. This will cause areas 

close to the rebar cage to not be properly filled with concrete, leaving behind 

honeycomb-shaped areas of low-quality materials and even areas with no materials. 
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Figure 2.1. Formation of structural defects due to improper management of slurry 

(Brown et al. 2010). 

 

To quantify the effects of structural defects on the performance of drilled shafts, 

Sarhan et al. (2002) used load testing to show that a defect approximately 16% of the 

nominal cross-sectional area of the shaft can reduce the lateral capacity by 16%. The 

same study showed that a defect as small as approximately 10% of the shaft cross-

sectional area can reduce the lateral capacity by 11%. Petek et al. (2002) numerically 

demonstrated that the combination of defect size, location, and the surrounding soil 

profile determine the amount of capacity reduction. For example, a defect that is closer to 
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the surface can more negatively affect capacity. O’Neil et al. (2003) highlighted that the 

presence of minor voids can cause up to 30% reduction in drilled shaft structural strength. 

In the past, drilled shaft defects and concerns regarding the corresponding effects on 

capacity have led to rejection of as many as 20% of drilled shafts after construction 

(O’Neil and Sarhan, 2004). 

The aforementioned studies demonstrate that even minor defects can have 

noticeable impacts on the performance of drilled shafts. Therefore, structural integrity 

testing has become an inseparable part of the quality control and assurance of these 

foundation elements upon construction. However, any effective sets of tools for the 

evaluation of drilled shaft structural integrity must be able to detect defects that are large 

enough to compromise shaft performance. In this dissertation, a quantitative definition of 

the minimal detectable size for a defect that negatively affects foundation performance is 

adopted as an anomaly whose cross-sectional area is 15% of the gross cross-sectional 

area of the shaft based on the previously described efforts of Sarhan et al. (2002) and 

O’Neil et al. (2003). 

 

2.2.2 Geotechnical Capacity 

The other key aspect that affects drilled shaft performance is the competency of 

the bearing layer (i.e., geotechnical capacity). Drilled shafts are often constructed as end-

bearing members in stiff strata. Therefore, quality control of drilled shafts should ensure 

sufficient cleanliness of the excavation bottom and sufficient capacity of the underlying 

base materials. This is particularly the case in geological environments where there is 
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significant variability in the geotechnical properties of the surrounding bearing material. 

For example, there can be significant spatial variability in the bearing capacity of rock 

sockets when soluble bedrock (e.g., limestone and dolostone) is dissolved by 

underground water and leaves behind karst cavities (Figure 2.2) filled with air or loose 

materials (Brown 1990, Cadden 2012). Approximately 20% of the country is underlain 

by such bedrock conditions (Weary and Doctor 2014). Extensive geotechnical site 

investigation is particularly warranted in these geologic settings to ensure subsurface 

conditions are reasonably characterized for design (ADSC-DFI 2004, Brown et al. 2010). 

However, sites may contain weathered rock or carbonated rock prone to solution with 

such a broad level of spatial variability that it may be impossible to accurately determine 

at each proposed shaft location using typical site subsurface investigation techniques. In 

such conditions, irregularly shaped voids and soft soil seams can compromise drilled 

shaft performance and render the idea of “sound rock” elusive (Brown, 1990). 

The presence of anomalous features under the base of drilled shaft excavations 

raises concerns over the performance of the foundation element. For example, such 

features might be the extension of a larger anomaly that extends within the load bearing 

zone of the foundation, affecting geotechnical capacity and even leading to the failure of 

the foundation. Quantifying the negative impact of the anomalous conditions under the 

base of deep foundations is a challenging task because the behavior of deep foundations 

is heavily influenced by both shaft and base resistance. Even when selecting mechanical 

properties for the calculation of the base resistance of deep foundations, some methods 

require considering material properties both below and above the base of the foundation 
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(Schmertmann 1978, de Ruiter and Beringen 1979, Bustamante and Gianeselli 1982, 

Kordjazi et al. 2014). 

 

 

Figure 2.2. Karst is a topographic feature present in some areas due to the dissolution 

of carbonated rock from groundwater percolation, which can develop soft zones, voids, 

and cavities that can form sinkholes (Geological Survey Ireland, 2019).  

 

Efforts, however, have been made to quantify the effect of anomalous features 

under the base of deep foundations on the resulting capacity. A review of these studies is 

presented in this section. It is important to note that very few literature exists on this 

topic, so the following review focuses on the effects of verification corings that are 

drilled at the bottom of excavations. Such verification corings are used for the visual 

inspection of the materials under the base of drilled shafts during construction (Youn and 

Tonon, 2010). They are also used to obtain cored samples of the geologic materials 

underlying the shaft excavation for evaluation of compressive strength in the laboratory. 
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The dimensions of such verification cores might vary in diameter and length, depending 

on the local regulations. However, a diameter of 25.4 cm (10 in) is an average value 

(Youn and Tonon, 2010). The length of the core is at least equal to the diameter of the 

shaft. Although some states specify such coring as a mandatory requirement for drilled 

shaft construction, they do not provide instruction on how the core should be filled 

(Texas Department of Transportation, 2004). Therefore, some research has explored the 

effect of these cores when they are left empty and also when they are filled with soil. In 

these scenarios, these corings can mimic the presence of voids caused by karst 

conditions.  

Vipulanandan et al. (2007) examined the destructive nature of a base coring on 

shaft capacity. Their numerical evaluation was performed on corings whose lengths were 

twice the diameter of the shaft excavation. They varied the diameter of the corings and 

studied their impact on the performance of the deep foundation. The results showed that 

an open core whose diameter was only 10% of the shaft diameter led to an approximately 

5% reduction in the capacity. Vipulanandan et al. (2007) also observed that increasing the 

open core-hole diameter drastically decreased the end bearing.  

In another study the effects of verification corings on end bearing of foundations 

in clayey shales were investigated (Youn and Tonen, 2010). According to this work, the 

reduction in the bearing capacity due to an empty verification core is directly 

proportional to the dimensions of the core. For example, an empty core whose diameter 

and length are approximately 0.25 and twice the diameter of the shaft, can lead to up to 

70% reduction in the bearing capacity. This study showed that, filling the core-hole with 
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a granular fill (not cemented) can lead to re-gaining the base capacity. Interestingly, the 

drilled shaft showed load-displacement behavior similar to the case without the core. In 

some cases, depending on the type of the filling material, the capacity slightly improved.  

Although areas with karst can exhibit unfilled cavities, in many cases these voids 

are filled in with softer geologic materials. In practice, if the coverage or size of the 

anomaly is smaller than 25% of the drilled shaft base, the excavated shaft is accepted 

(Brown 1990). The coverage refers to the cross-sectional area of the defect and is 

expressed in relative to the cross-sectional area of the drilled shaft. However, there must 

be confidence in the competency of the rest of the material. Upon finding such defects, 

extra measures are taken to address the issue, including increasing the length of the shaft 

to avoid the defective zone or post-grouting for improving the quality of the base 

materials (Brown et al, 2010). 

An NDT system that generates an image of conditions under the base of the 

excavation can evaluate the variability of the subsurface conditions. This information on 

its own or when accompanied with other existing geotechnical investigation data would 

help the engineer to make better-informed decision regarding the geotechnical capacity of 

the drilled shaft, particularly in areas of significant karst where voids may be present 

underlying the excavation. Given the preceding discussion on the effects of voids (i.e., 

corings) at the base of drilled shaft excavations, any proposed NDT method should have 

the ability to evaluate defects with a minimal cross-sectional area of at least 25% of the 

cross-sectional area of the shaft. Therefore, this will be used as a criterion for evaluating 

the performance of the methods used in this study.  



 

35 

 

2.2.3 Testing Methods 

 As noted previously, quality control of drilled shafts needs to address issues 

related to both structural integrity and geotechnical conditions. Given the effects of these 

issues on the performance of drilled shafts as reviewed in the previous sections, the 

methods for identifying such deficiencies should be investigated. Multiple methods are 

available to evaluate the structural integrity of constructed drilled shafts and to verify 

geotechnical conditions as part of the construction process. The following sections 

highlight the available approaches, as well as their potential limitations. 

 

2.2.3.1 Proof Load Testing 

Proof load testing (e.g., conventional axial load testing, Osterberg load cell 

testing, etc.) can ensure that the structural integrity of the drilled shaft and the 

geotechnical conditions surrounding it are capable of generating the required capacity. 

Consequently, proof load testing is routinely performed on a test shaft constructed in the 

same general vicinity of the anticipated foundations. However, proof load testing is cost 

prohibitive for implementation on each production shaft. Moreover, it is difficult to 

determine the exact cause of failure when drilled shafts are proof load tested to failure. 

For example, should a proof load test indicate that a test drilled shaft fails before reaching 

the desired design capacity, it is unclear whether it was a structural deficiency or an issue 

with geotechnical conditions along and/or underlying the shaft that led to failure. 

Therefore, current approaches attempt to inspect the drilled shaft for anomalies (i.e., 
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necking, rebar misalignment, poor quality concrete, soft zones at the base from 

accumulated drilling spoils, etc.) and indirectly evaluate the underlying base materials to 

verify geotechnical capacity. This inspection process occurs concurrently with 

construction to ensure that the drilled shaft has no structural defects upon completion and 

that the conditions underlying the drilled shafts are competent. 

 

2.2.3.2 Methods to Verify Structural Integrity 

Drilled shafts are completely out of reach after construction, which makes direct 

verification of structural integrity quite challenging. For example, any intrusive testing 

method (e.g., excavation) can easily undermine the performance of the drilled shaft. 

Consequently, NDT methods have been extensively used to indirectly verify structural 

integrity. Sonic echo (SE), impulse response (IR), parallel seismic (PS), cross-hole sonic 

logging (CSL), cross-hole sonic tomography (CT), gamma-gamma logging (GGL), and 

thermal integrity profiling (TIP) have all been utilized for defect detection in completed 

drilled shafts to varying degrees of success (e.g., Finno et al. 2002; Finno and Gassman 

1998; Iskander et al. 2003; Jalinoos et al. 2005; Mullins 2010; Dawood et al. 2013). 

Among these methods, CSL, GGL, and TIP are the most commonly used method, with 

CSL being the most popular in North America and Europe (Hertlein 2016).  

In the following subsections, a review of the main structural integrity NDT 

methods for drilled shafts is provided as well as a discussion of their advantages and 

limitations. 
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2.2.3.2.1 Cross-Hole Sonic Logging and Tomography (CSL and CT) 

CSL requires pre-installed access tubes (PVC or steel) inside the shaft rebar cage 

prior to concrete placement (ASTM D6760-16). A source (e.g., borehole hammer, 

downhole sparker, etc.) and receiver sensor (e.g., hydrophone, geophone, etc.) are moved 

in the access tube along the length of the shaft while both of them are at the same 

elevation (no offset). The first arrival time of the emitted signal from the source is 

detected by the receiver. Any changes in the first arrival time or in the amplitude of the 

received signal can indicate the presence of an anomaly that could potentially be a defect. 

Figure 2.3 shows a schematic of a CSL testing set-up along with a representation of the 

results in this test. Although CSL can provide information on the presence of an anomaly, 

it typically cannot provide enough information on its geometrical extent and mechanical 

properties.  

With a change in the configuration of the source and receiver within the same 

access tubes, the results of CSL can be supplemented by a set of images generated using 

cross-hole tomography (CT) to provide more information on the nature of the anomaly 

and its size (Brown et al. 2010). Figure 2.4 shows the receiver configuration for a given 

source location to acquire sufficient data for tomography. In fact, by performing a 

tomographic inversion of the travel-times from such a testing arrangement, a 

representation of the material properties of the concrete in the drilled shaft can be 

generated to provide information on the spatial extent of any possible defects (Bregman 

et al., 1989). Figure 2.4(b) shows an example of such a tomographic image of a structural 
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defect between two access tubes of a drilled shaft in which the distribution of the P-wave 

velocity is presented.  

It is common for CT to be attempted if the results of CSL indicate the presence of 

an anomaly because CT is capable of providing more detailed information regarding the 

anomaly geometry. However, these benefits of CT come at the cost of a more intensive 

data acquisition process where data is recorded by receivers at multiple depths for the 

same source. CT subsequently uses travel-time inversion of the numerous ray paths to 

generate a tomogram of the anomalous features. CT results provide a higher resolution 

image that can aid in interpretation of the extent of any defective zones and its 

mechanical properties.  
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(a) 

 
(b) 

 
Figure 2.3. Cross-hole sonic logging: (a) Schematic of CSL along with the 

arrangement of access tubes in a reinforcement cage (Brown et al. 2010); (b) CSL 

recoded results in the form of a waterfall diagram (Linkins et al. 2007). 
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(a) (b) 

Figure 2.4. Cross-hole tomography: (a) schematic of the source-receiver configuration 

(Brown et al. 2010); (b) sample results of the CT in a 2D plane (Holema and Olson 

2003). 

 

Despite their popularity, some limitations are associated with CSL and CT (Davis 

1998). For one, these methods are completely dependent on the first arrival time (and 

sometimes the signal amplitude) being disturbed by the presence of an anomaly in the 

signal ray path. Figure 2.5 shows schematics of situations where such interference does 

not takes place and therefore the method fails to see the anomaly. Consequently, it is 

unlikely that CSL/CT is able to detect defects outside the reinforcement cage (Samtani et 

al. 2005).  
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Figure 2.5. Limitations of the CSL and CT: the defects (in the middle) and loss of the 

concrete cover are not detected. (Burland et al. 2012). 

 

When an anomaly is located within the reinforcement cage, the success of CSL 

depends on the anomaly location and size (Sarhan et al. 2002; Amir and Amir 2009). For 

example, CSL can fail to detect anomalies that are smaller than 15% of the gross cross 

sectional area of the shaft (Iskander et al. 2003). CT suffers from similar limitations 

despite the high ultrasonic frequency content of the acoustic waves. While the presence 

of only one of these features can noticeably compromise the performance of the drilled 

shaft, the presence of multiple undetected features of such dimensions only exacerbates 

the problem. The anomaly size limitations imply poor resolution of CSL/CT despite the 

high-frequency content of the stress waves utilized in these methods. This in part stems 

from reliance on the first time-of-arrival of signals between source and receiver, while the 

rest of the signal is essentially ignored. 

 

2.2.3.2.2 Gamma-Gamma Logging (GGL) 

In the GGL method, gamma particles (protons) emitted from a small radioactive 

source travel through the concrete and are detected. The rate at which the gamma rays are 



 

42 

detected is used as an indication of the concrete density. Thus changes in concrete density 

caused by anomalous conditions can be detected by GGL. PVC access tubes need to be 

installed with the reinforcement cage prior to concrete pouring in order for the GGL 

method to be used (Figure 2.6). 

 

 
Figure 2.6. Schematic of the GGL method of drilled shat inspection (Brown et al. 

2010). 

 

The radial influence zone of GGL is generally half of the distance between the 

emitter and detector ranging from 5 cm to 20 cm (2 in to 8 in), making it a potential tool 

for evaluation of the concrete cover on the exterior of the rebar cage (Brown et al. 2010).  

However, since in most cases the access tubes are located inside the reinforcement cage 

at a distance from the rebar, it may easily miss the detection of the concrete cover. GGL 
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is not widely used outside of the West Coast of the United States (Hertelin 2016). One of 

the key reasons for this is the difficulty in handling the testing equipment and materials 

and their threat to the environment. Moreover, even though it may be possible to evaluate 

the concrete cover, the overall investigation domain within the shaft diameter is very 

limited. 

 

2.2.3.2.3 Thermal Integrity Profiling (TIP) 

The TIP method locates anomalies in the drilled shaft based on measurements of 

the temperature associated with concrete hydration (Mullins 2010; McDermott et al. 

2017). Figure 2.7 shows a schematic of the TIP set-up. In this method, instrumentation to 

measure variation in temperature is directly attached to the rebar cage inside the drilled 

shaft prior to concrete pouring. TIP has shown promising performance for detecting 

defects located inside and outside of the reinforcement cage of drilled shafts (Brown et al. 

2010; Mullins 2010; Johnson 2016). However, the test needs to be performed within one 

to two days after placing concrete for typical concrete mixes, or until usable data from the 

hydration of the concrete is available. The method completely relies on the diffusion of 

heat, to which the surrounding environment also contributes. This external heat diffusion 

mechanism can potentially generate noticeable noise and ambiguity in the results. 

Moreover, conversion of the measured thermal profile into geometric and mechanical 

properties of the drilled shafts material is dependent on theoretical models of heat 

diffusion. Interpretation is therefore not straight forward and can pose challenges to 

engineers. 
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(a) (b) 

 

(c) 

Figure 2.7. Thermal integrity profiling: (a) an ideal thermal profile; (b) anticipated 

profile of a defected pile (Johnson 2016); (c) temperature sensors being installed on 

the rebar cage (Pile Dynamics, Inc. 2019). 
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2.2.3.3 Methods to Verify Geotechnical Conditions 

Subsurface conditions are typically verified for deep foundation design using a 

number of geotechnical site characterization methods. Geotechnical site investigation 

usually includes separate and isolated boreholes through which testing can be performed 

on retrieved soil/rock samples. Additionally, in situ testing techniques like the standard 

penetration test (SPT) and cone penetration test (CPT) can provide information regarding 

site conditions. However, engineers often have to interpolate between test locations with 

these conventional methods because it is not feasible to perform enough investigations to 

entirely cover the site.  

Geophysical surveys can also be used to complement typical drilling and in situ 

test data and aid in the development of subsurface profiles (Wightman et al. 2003, 

Anderson et al. 2008). However, the resolution of these geophysical-based investigation 

methods is poor at the depths of interest within the influence zone of drilled shafts. 

Consequently, the spatial variability of actual conditions for a specific drilled shaft often 

cannot be determined with an adequate degree of accuracy before construction (Turner 

2006). Therefore, quality control activities during construction and in some cases proof 

load testing become critical to ensure adequate drilled shaft performance. 

Due to the limitations of typical geotechnical subsurface investigations, extra 

inspection measures are often necessary to ensure the zone underneath the base of the 

drilled shaft is free of defective anomalies that could compromise the load carrying 

capacity or cause unwanted settlements. According to the drilled shaft inspectors’ manual 
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(ADSC-DFI 2004), such on-site observations provide guidance regarding the final 

bearing elevation for a production drilled shaft. This means that the predetermined design 

length of the drilled shaft might change depending on the specific site conditions. 

As noted previously, it is very common to perform on site evaluation of 

underlying rock conditions by coring a hole (Figure 2.8) and probing with a feeler rod 

[Figure 2.8(c)] at the bottom of a drilled shaft excavation to detect voids and seams below 

the shaft tip design elevation (Vipulanandan et al. 2007; Youn and Tonen 2010) . Such 

corings generally extend up to two times the diameter of the shaft below the base. The 

presence of anomalies and quality of the underlying rock are indirectly determined based 

on sound and feel. The subjective judgment of inspectors can highly influence the results 

using this technique. The resulting rock core can be used to evaluate compressive 

strength. However, this is either an indirect measurement that can be performed quickly 

in the field (e.g., Schimdt hammer) or a direct measurement that adds significant time 

because it must be performed in the laboratory. Moreover, this approach does not provide 

a continuous image of rock conditions underneath the base. Since the diameter of the 

probe hole is very small compared to typical diameters of drilled shafts, the probing may 

completely miss the presence of seams and loose soils (Figure 2.8). Even if such features 

are located with the probe rod, the geometric extent of the anomalous conditions cannot 

be accurately determined.  
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(a) (b) (c) 

Figure 2.8. Soil seams in karst (Brown 1990; Turner 2006): (a) vertical; (b) non-

vertical; (c) rock probing tool 

 

Visual inspection based on cameras [e.g., shaft inspection device (SID)] has been 

employed to evaluate the conditions at the bottom of a drilled shaft excavation [Figure 

2.9(a)]. Recent advances in base inspection include more automated probing tools (Figure 

2.9) such as the Ding inspection device (DID) (Ding et al. 2015) and the Shaft 

Quantitative Inspection Device (SQUID) (PDI 2019). However, these methods merely 

provide an indication of the cleanliness of the bottom of the excavation. There is no 

information provided about the presence of any anomalous conditions and the stiffness of 

the materials underlying the hole. 
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(a) (b) (c) 

Figure 2.9. Methods of shaft base inspections: (a) Shaft Inspector Device (SID) (Brown 

et al. 2010); (b) DID (Ding et al. 2015); and (c) SQUID (Pile Dynamic Institute 2019). 

 

Given the limitations of the existing methods, there is a need for an alternative 

system that quantitatively evaluates the presence of anomalous conditions underlying the 

bottom of a drilled shaft excavation. The outcome of this evaluation will ideally be an 

“image” that contains information on both geometry and mechanical properties of the 

possible anomalous feature. The research efforts highlighted in this dissertation will 

explore the development of such a system with a proposed schematic presented in Figure 

2.10. The success of such a system will allow increased confidence in the end bearing of 

rock-socketed drilled shafts, particularly in geologic environments favoring the presence 

of significant weathering and anomalies in the rock (e.g., karst conditions). Additionally, 

the development of such a system will necessitate advancements in the simulation of 

wave propagation and techniques to generate high resolution images of the intervening 

domain. 
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Figure 2.10. Idealized schematic of a proposed system for imaging condition beneath 

the base of excavation (* DAQ stands for Data Acquisition System). 

 

2.3 Techniques for the Analysis of Stress Wave Data 

In addition to CSL and CT, there are a number of other stress-wave based 

methods that are used for NDT of drilled shafts, including surface-based methods such as 

sonic echo (SE) and impulse response (IR). There are also NDT systems that perform 

very high-resolution imaging with ultrasonic stress waves in civil engineering 

applications (Santamarina et al. 2001; Lee and Santamarina 2005; Coe and Brandenberg 

2010; Coe and Brandenberg 2012; McGovern et al. 2013). Methods based on the 

propagation of seismic/stress waves, such as seismic reflection and MASW have also 

become quite popular for the evaluation of subsurface conditions in geotechnical 

engineering applications (e.g., Stokoe et al. 1994; Park et al. 1999) and have seen some 
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applications to deep foundation evaluation (e.g., Mahvelati and Coe 2017; Coe et al. 

2017; Mahvelati and Coe 2019).  

As was previously discussed, the propagation of stress waves is sensitive to the 

mechanical and physical properties of the intervening domain. Therefore, information 

about these mechanical and physical properties is encoded in the recorded waveforms. 

Appendix A provides a brief review of the fundamentals of stress waves and modes of 

wave propagations. Engineers and scientists have been trying for decades to generate an 

image of the interior of domains at various scales by decoding these waveforms. Among 

other factors, the quality of the resulting image is dependent on the technique employed 

to analyze the stress wave data. In the following subsections, a review of the main 

techniques for analyzing stress wave data is presented.    

      

2.3.1 Zero-offset Reflection Analysis  

The most fundamental technique for stress wave data analysis examines the 

reflections in the recorded traces. These reflected signals occur as a result of differences 

in the impedance of materials within the domain (Figure 2.11). In a zero-offset 

configuration the source and receiver are co-located as they are scanned across the 

domain [Figure 2.11(a)]. The wave front emitted by the source travels through the 

domain and the reflected signals are detected by the receiver. The downward arrows in 

Figure 2.11(a) show the emitted waves and the arrows in the upward direction are the 

reflected waves that are recorded at the receiver location.  
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(a) 

 

(b)  

Figure 2.11. Zero-offset reflection configuration of stress wave testing: (a) stepped-

shape profile and the source-receiver arrangement; (b) corresponding waveforms in 

time domain at each receiver location (modified after Schuster 2017). 
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In an ideal setting that only considers primary reflections, the depth of the 

reflector can be determined based on the arrival time of the reflection and a reasonable 

velocity model for the material. Alternatively, a basic visualization of the domain is 

possible by plotting the recorded signals next to each other at their respective locations 

along the scan axis. This idea is shown in an idealized form in Figure 2.11(b). Promising 

performance of this technique in geotechnical NDT applications has been demonstrated 

by Lee and Santamarina (2005) and Coe and Brandenberg (2010) in extensive laboratory 

studies. These studies are also important as they are among the primary efforts to 

examine the propagation of ultrasonic P-waves in soils for subsurface imaging.  

Although the basic idea behind this technique is very straightforward, its 

implementation becomes quite difficult and interpretation of the subsequent signals can 

be problematic. The ideal case of zero-offset and direct rays is not realistic in many 

laboratory and field applications. The data can be distorted by direct arrivals, multiple 

reflections, and noise. The application of a through-transmission setting was already 

discussed for the CSL testing where the source and receiver are located across two access 

tubes. Variations in the detected travel-time can provide an indication of changes in the 

material properties in the domain. Given the relationship between the wave speed and 

stiffness of materials, an increase in the travel-time over a fixed distance means a 

reduction in the stiffness. An advantage of a through-transmission setting over the 

aforementioned one-sided configuration is removal of the negative impacts of direct 

arrival, surface waves, and in some extent the refracted waves. 
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2.3.2 Travel-time Tomography 

No matter which method is used for data acquisition (i.e., zero-offset versus 

through-transmission) the goal of stress-wave data analysis is often to develop a model 

that directly conveys the mechanical properties of the domain and not just a reflection 

image. This is typically accomplished through an inversion process. Conceptually, the 

input stress wave signal propagates through the domain and is transformed by the 

physical properties of the material, and finally waveforms are recorded at the receiver 

locations. Consequently, the problem becomes a system identification inversion problem. 

The goal of travel-time tomography is to generate an image of the wave velocity 

and spatial variability in the model. The travel-times of the emitted waves from the 

sources (transmitters) to the receivers are measured first. In ray-based theory of wave 

propagation, the ray path can be assumed as a combination of numerous infinitesimal 

paths of length dh with a corresponding travel-time of dt. In a domain with a spatial 

velocity distribution of V(x), where x is the location vector, the travel-time (t) of each ray 

can be written as (Santamarina and Fratta, 2005): 

& = 	)
1

V(-)

/010230/

456/10

	7ℎ (2-1) 

By discretizing the domain into non-overlapping subdomains, this integral can be 

converted into summation. The inverse of the velocity (i.e., 1/V) is also commonly 

referred to as slowness (s). For the travel-time measured for each pair of sources and 

receivers, Eq. 2-1 can be developed in a discrete matrix form as:  
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[t] = [h] · [s] (2-2) 

where, [t] is the vector of measured travel-times, [h] is the matrix of the travel length, 

and [s] is the vector of unknown slowness (Santamarina and Fratta, 2005). In travel-time 

tomography, the slowness is inverted from the travel-time data. A proper ray-tracing 

scheme should incorporate wave velocity heterogeneity. The ray path in most cases is 

considered a straight path, similar to X-rays for medical applications. However, in 

applications where there is a sharp heterogeneous contrast in the domain, a straight ray-

path technique does not adequately model the true wave path. Alternative schemes (e.g., 

based on the Eikonal equation) are required to take into account the curved ray paths 

from sources to receivers (Giroux and Larouche 2013). To address this issue, Giroux and 

Larouche (2013) introduced the discretization method by using cells with primary nodes 

at their corners and secondary nodes along the edges (Figure 2.12). This discretization 

increases the accuracy and provides adequate angular coverage of the rays (incorporating 

curved waves). A shortest-path method then can be used to compute the travel-time based 

on Fermat’s principle. 

Travel-time tomography suffers from limitations for the smallest detectable 

anomaly size despite the use of high frequency waves in geotechnical NDT applications. 

For example, the resolution limits of cross-hole travel-time tomography have been 

extensively examined and estimated as approximately one wavelength (Pratt and 

Worthington 1990; Chapman and Pratt 1992; Dahlen 2004).  However, it is also affected 

by limitations in the forward simulation scheme used for inversion, where infinite-

frequency approximation of waves is used for domain reconstructions. This is not a 
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completely valid approximation, since most surveys are conducted with finite-frequency 

stress waves, though surveys with waveforms of very high-frequency content are less 

negatively affected by this assumption. Theoretically, resolving vertical features is 

difficult in CT, particularly when straight ray-paths are considered (Bregman et al., 

1989). This is because the delay in travel-time due to the vertically oriented 

inhomogeneity is constant for all paths. Therefore, this change in the velocity cannot be 

recognized from the background velocity and is averaged over the entire domain during 

the tomographic inversion. Even using a curved ray-path cannot completely solve this 

issue. Other practical issues like the accuracy of the source-receiver positions along with 

background noise only exacerbate this issue. 

 

 

Figure 2.12. Compute cells with the location of primary and secondary nodes (Giroux 

and Larouche, 2013) 
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2.3.3 Analysis of Surface Waves 

Surface waves are a major component of the recorded waveforms when receivers 

are located near the surface. Given the unique propagation behavior of surface waves 

relative to body waves (i.e., P- and S-waves), different methods exist to analyze them. In 

surveys based on the propagation of surface waves, the spectral analysis of surface waves 

(SASW) method is quite popular (Stokoe et al. 1994; Matthews et al. 1996). This method 

of wave analysis has been used in a number of settings, including the portable seismic 

pavement analyzer (PSPA) for the evaluation of asphalt concrete and other liners (Jurado 

et al. 2012; Azari et al. 2012) and with field geophysical equipment for site 

characterization (Matthews et al. 1996, Hincapie et al. 2001). The spectral analysis 

method was modified to develop the multichannel analysis of surface waves (MASW) 

that is currently used in geotechnical site investigations (Park et al. 1999; Xia et al. 1999).  

Both SASW and MASW rely on the fact that surface waves are frequency-

dependent (i.e., dispersive). By transforming the raw waveforms into a frequency-

velocity domain, a dispersion curve can be extracted to represent the subsurface 

conditions. Inversion is then performed to estimate a subsurface model whose theoretical 

dispersion curve best matches the dispersion curve extracted from the data.  

Dispersion-based methods are sensitive to many factors. For example, the 

frequency content of the input signals significantly affects the depth sampled by the 

surface waves. Additionally, the length of the array must be long enough to appropriately 

sample the longest wavelength in the signals. The results from each survey are presented 

as a one-dimensional profile of the shear wave velocity (VS). Generating a 2D profile 
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requires shifting the array. This is impractical for applications where limitations in the 

length of the array and its location are imposed (e.g., in excavations). Moreover, 

dispersion-based methods assume that the domain is laterally homogeneous along the 

length of the receiver array. This makes this approach unsuitable when the goal is to 

explicitly evaluate heterogeneous and anomalous conditions along the array.  

 

2.3.4 Tomography Using Full Waveform Inversion (FWI) 

No matter whether a zero-offset or through-transmission approach is used, the 

reliance on only the first arrival time in recorded traces means that the rest of the signal is 

essentially ignored. The later parts of a record contain important information about the 

domain of interest. For example, the presence of features at a longer distance from the 

first reflector is masked by the primary reflections. Similarly, different wave types (i.e., 

body versus surface waves) arrive at different times in the recordings. Focusing solely on 

the first arrivals limits the types of waves used to evaluate the domain. 

To address this, methods based on solving the forward problem of wave 

propagation that take advantage of the entire waveform have been developed (Pratt and 

Worthington 1990; Pratt 1999). It is important to note that switching to a full waveform-

based tomographic approach does not mean any changes in the source-receiver 

configurations relative to travel-time tomography. Full waveform inversion (FWI) was 

introduced in the early 1980s (Lailly 1983; Tarantola 1984) to decode acquired 

waveforms and get as much information as possible from them. FWI matches the entirety 

of waveforms recorded in the field to synthetic signals from models developed using 
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forward simulations. FWI is capable of yielding higher resolution images at the cost of 

higher computational efforts. FWI is also not subject to the same limitations regarding 

spatial variability. Therefore, FWI can visualize more complex heterogeneous features 

that ray-based or dispersion-based approaches may fail to capture. The application of 

these methods in very large-scale geophysical problems, in particular exploration 

geophysics, is very well documented (Virieux and Operto 2009; Virieux et al. 2017).  

However, FWI has seen little development at the scales appropriate for NDT 

applications. One of the main reasons is that FWI is a relatively young field of research 

and application. Although FWI was introduced in the 1980’s, due to its expensive 

computational costs, it was not practically implementable. In fact, it was not possible 

until the advent of modern computers, with powerful processing units, and advances in 

techniques for solving wave equations in complex domains and optimization problems. 

Recently, such computational tools have become more accessible to researchers across 

various science and engineering disciplines through their institutions’ high-performance 

computing centers. This allowed researchers to start taking advantages of the FWI over 

other methods. Another reason why FWI has not been extensively studied for NDT 

applications is that the acquired waveforms in the near surface of a domain are more 

complex than those acquired from much deeper locations. The complicated interactions 

of the various modes of wave propagations in the near surface make the recorded 

waveform more difficult to interpret, process, analyze, and match during FWI. 

A detailed discussion of the theoretical principles of how FWI works are provided 

in Appendix C. For a more simplified discussion in this chapter, a set of waveforms d 
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represent the signals recorded at some receiver locations. The intervening medium, 

denoted by m, can be characterized by the wave velocity or mechanical properties (e.g., 

elastic tensor). In an idealized form, the relationship between the domain and data is 

governed by an operator g that controls the physical laws of the wave propagation.  

d = g(m) (2-3) 

The goal of FWI is to find the properties of m. Intuitively, solving the inverse problem of 

Eq. 2-3 is the ideal solution to the problem (i.e., system identification inverse problem as 

described in Appendix A): 

m = g-1(d)  (2-4) 

However, this inverse operator does not exist. Instead, in order to find m, an iterative 

gradient-based method is used, where an optimization problem is solved. Figure 2.13 

shows a simple flowchart of the major steps in the implementation of FWI. However, 

despite a relatively simple workflow, each step involves demanding sub-steps with 

potentially high computational costs. 
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Figure 2.13. A general flowchart of the iterative procedure in FWI. 

 

Figure 2.14 shows an example of how the flowchart of Figure 2.13 is 

implemented. In this case, the data is acquired from a domain in Figure 2-14(a). For the 

inversion, a starting model based on the available knowledge of the domain is selected 

[Figure 2.14(b)]. The forward problem of wave propagation is then solved in this model 

and the waveforms are compared with each other [Figure 2.14(c)]. At each iteration, 

small perturbations are systematically made to the model and the process of forward 

modeling and data comparison is repeated, until the difference between the waveforms is 

lower than a predefined threshold [Figure 2.14(d)]. 
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(a) (b) 

 

 

(c) (d) 

Figure 2.14. Example application of large scale FWI for subsurface investigation 

(Afanasiev, 2017); (a) true model; (b) starting (initial) model; (c) comparison of 

waveforms from the true and starting model; (d) inverted model. 

 

As part of the workflow in Figure 2.13, decisions must be made regarding the method of 

quantifying the misfit and how changes to the model at each iteration are calculated and 

applied. Through a quantitative measure of misfit between observations and synthetic 

signals, the inversion problem can be expressed as a misfit function minimization 

problem (Modrak and Tromp 2016). Regularization allows the incorporation of any a-

priori knowledge of the domain in the inversion and ensures that the inversion converges 

to a physically meaningful outcome (Fichtner 2011).  

Recent efforts in geotechnical applications and in the field of NDT have reported 

the implementation of these methods with promising degrees of success. Ching and 
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Glaser (2000) investigated the performance of a full waveform time-domain inversion 

technique for the identification of internal crack mechanism in a laboratory rock model. 

Among more recent studies, Tran and McVay (2012) developed a 2D FWI algorithm 

based on a Gauss-Newton method for the purpose of site characterization. Tran et al. 

(2013) used this algorithm to invert surface wave data for the detection of embedded 

sinkholes during site characterization. Some of the other examples of FWI in site 

characterizations are Romdhane et al. (2013), Kallivokas et al. (2013), Nguyen and Tran 

(2018), and Coe et al. (2019).  

Despite the increase in computational cost, the use of FWI on high frequency 

waves for NDT purposes has been reported in some cases. Pratt (1999) is one of the 

earlier works that examined the application of FWI with data in the range of ultrasonic 

frequency content. High frequency ultrasonic waveform inversion was also used for the 

detection of delamination in concrete (Nguyen et al. 2017, Nguyen and Modrak 2018). 

Nevertheless, the existing literature on the application of FWI for NDT is not well-

established yet. Numerical modeling with synthetic data enables researcher to address 

challenges posed by each specific application in a more efficient way. Research is still 

on-going to improve various aspects of successful FWI tomography. Although the main 

principles of the inversion remain the same, its implementation is very application 

dependent (Modrak and Tromp 2016). The promise of high-resolution images from FWI, 

in both cross-hole and one-sided configurations, incentivizes its use for the application of 

structural integrity and geotechnical inspection of drilled shafts.  
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2.5 Summary and Conclusions 

It is worth reviewing the content of this chapter and relating it to the research 

efforts presented in this dissertation. This chapter introduced the two main categories of 

concern in the quality control of drilled shafts (i.e., issues with the structural integrity and 

geotechnical conditions). These issues are rooted in the limitations of current construction 

practices and in the spatial variability of the soil and rock at the base of drilled shaft 

excavations. Evidence from existing literature was presented to quantify the noticeable 

effects of anomalous conditions on the performance of drilled shafts. 

With regard to structural integrity testing, despite the access to diverse NDT tools, 

these methods can still fail to detect defects that can have meaningful negative impacts on 

the drilled shaft (e.g., 15% of the shaft cross sectional area or defects on the perimeter of 

the foundation). A review of the existing methods for the evaluation of conditions 

underlying drilled shaft excavations highlighted that intrusive probing cannot reliably 

detect anomalous conditions. NDT methods for inspecting the bottom of excavations 

currently focus only on verifying bottom cleanliness (e.g., minimal drilling spoils) and 

not the conditions in the rock/soil underlying the shaft excavation. Consequently, there is 

a definitive need to develop new systems to evaluate such conditions.  

The discussion continued with a review of the most important techniques for 

analyzing stress-wave data. The choice of each method is strongly dependent on the 

application and objective of the testing. This review highlighted the advantages and 

disadvantages of each method, and how a FWI technique could potentially outperform 
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other methods when evaluating the geotechnical conditions underlying drilled shaft 

excavations and any structural defects along the length of the drilled shaft.        

Stress-wave techniques have been used in various applications including 

geological studies, oil and gas industry, geotechnical site characterization, and NDT of 

materials. In the following chapters, a detailed study is presented regarding the 

advancement of NDT using stress-wave data for the quality control of drilled shafts. 

Stress-wave data are subsequently used to evaluate the hypotheses that were introduced 

in Chapter 1.  
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CHAPTER 3 

STRESS WAVE REFLECTION ANALYSIS FOR DRILLED SHAFTS: 

LABORATORY TESTING 

 
3.1 Introduction 

Seismic reflection is probably one of the oldest methods in exploration 

geophysics used for discovering oil and gas resources along with valuable minerals deep 

below the surface. Various source-receiver configurations have been used to improve the 

quality of the collected data at a single reflector location. In such exploration 

applications, the target depth of reflectors is significantly large and there are commonly 

no or few obstacles that might limit the length of the survey array. Consequently, the 

wide angle of reflection between the source and receiver can be addressed in such 

applications.  

In geotechnical and NDT applications, the targeted features are much closer to the 

surface. Consequently, use of multiple receivers or an increase in the distance between 

source and receivers increases the errors in the analysis as the waves take a curved ray-

path rather than a straight one. Additionally, limitations on the survey configuration are 

common due to the geometry of the domain. Consequently, in most NDT applications 

with reflection data, the zero-offset method has been reported. 

In this chapter, a series of laboratory tests was performed to evaluate the 

feasibility of a zero-offset ultrasonic stress wave reflection NDT methodology for the 

inspection of drilled shafts. In the first section of this chapter, the use of an existing 

ultrasound probe (Coe and Brandenberg 2012) for the detection of defects outside the 
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reinforcement cage of a model drilled shaft is investigated. Later, the same hardware 

components and test methodology is used to evaluate the karst-like features underneath 

the base of a model drilled shaft excavation. Finally, a discussion is provided on the 

advantages and disadvantages of these tools and recommendations on how to improve 

them. 

 

3.2 Zero-Offset Ultrasonic Reflection NDT of In-Service Deep Foundations 

In this section, the laboratory efforts for the evaluation of an ultrasound probe for 

the inspection of structural integrity of deep foundations are discussed. After providing a 

brief introduction on the motivation for this study, details on the system components and 

laboratory model preparation are provided. Finally, this section is concluded by 

presenting the results of the test and a discussion on the performance of the system. The 

limitations of the systems are highlighted and recommendations for using other data 

analysis methods will be provided. 

 

3.2.1 Motivation for the Ultrasound Probe 

Surface NDT methods that have been developed for foundation applications often 

suffer from limitations related to data interpretation and energy transfer, particularly for 

more complex foundations such as pile groups. For example, the current NDT tools for 

structural integrity testing of drilled shafts rely on measurements as the shaft is being 

constructed and are not suited for in-service foundations. They also can fail to detect 

defects that are less than approximately 15% of the shaft cross-sectional area (Iskander et 
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al. 2003) and do not typically evaluate the integrity of the cover concrete outside the 

reinforcement cage (Samtani et al. 2005, Brown et al. 2010).  

It was discussed in Chapter 2 how the reduction in the cross sectional area of the 

shaft can negatively affect the performance of the foundations (Figure 3.1). However, the 

concrete cover also plays a very critical role in drilled shaft performance because it 

prevents corrosion of the reinforcement rebar. Moreover, interest in foundation reuse and 

rehabilitation continues to grow (Collin and Jalinoos 2014), and the limitations related to 

characterizing in-service foundations presents a major obstacle when evaluating the 

feasibility of foundation reuse/rehabilitation. 

 

 

Figure 3.1. Exposure of rebar cage due to defect in drilled shafts (Brown et al. 2010) 

 
With this discussion, it is evident that a more efficient inspection method is 

required to evaluate the integrity of drilled shafts outside and around the reinforcement 

cage upon construction. Results in the literature suggest that subsurface-based methods 
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that take measurements from boreholes alongside the unknown foundation are potentially 

the most robust for this purpose (Olson et al. 1998).  

In Chapter 1, it was discussed that one of the main objectives of this research is to 

examine the application of stress waves for structural integrity testing of drilled shafts. It 

was discussed that although CSL and CST use ultrasonic waves, they are not capable of 

detecting defect outside the reinforcement cage. The effective use of a borehole 

ultrasonic probe for detecting small defects in the perimeter of drilled shafts was 

hypothesized in Chapter 1. In this study a borehole ultrasound NDT system was 

developed based on a previous cone penetrometer probe design (Coe and Brandenberg, 

2012) to create high resolution reflection images of foundation elements for the purpose 

of evaluating integrity and embedment length.  

The system is meant to deploy inside a cased borehole and functions by 

generating ultrasonic stress waves (i.e., P-waves) and recording reflection signals from a 

foundation element. This will allow for testing of the outer perimeter of the foundations. 

If the system is successful, it can be used for in-service foundations to detect the effects 

of factors like corrosion on the structural integrity of drilled shafts over their operation 

life. Figure 3.2 shows a schematic of the probe in scanning the foundation. The system 

was subjected to laboratory testing to ensure compatibility with foundation testing 

constraints and to test the first dissertation hypothesis in Chapter 1. A large soil model 

was developed with reduced-scale embedded deep foundation elements to evaluate 

system performance with regards to integrity testing. Finally, a discussion on the 

limitations of the system and the data analysis method will be presented. 
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Figure 3.2. Schematic of ultrasound probe for the evaluation of a drilled shaft. 

  

The use of ultrasonic stress waves has typically been relegated to laboratory-

based investigations (Lee and Santamarina, 2005). Except for the CSL method and some 

large-scale field test studies (Coe and Brandenberg, 2010), ultrasonic stress waves have 

not been routinely investigated for field-scale geotechnical purposes as the attenuation of 

high frequency waves limits propagation distance. Very little exists in the literature 

regarding the use of ultrasonic waves to propagate through soils. Higher frequency waves 

increase the resolution of the results and can visualize smaller anomalous features. 

Therefore, the goal of this study was to employ the system within a soil model 

constructed with reduced-scale foundation elements and explore the capabilities of the 

methodology under a more controlled laboratory environment.  
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3.2.2 System Components 

The system used in this laboratory study was a custom prototype based on a field 

system originally developed to attach to a cone penetrometer (Coe and Brandenberg 

2012). The system consisted of a pair of 100 kHz P-wave transducers (Ultran Group 

Model GRD100-D50) enclosed within a metallic housing with dimensions of 26.7 cm by 

7.6 cm by 5.1 cm (10.5 in by 3.0 in by 2.0 in) for length, width, and depth, respectively. 

A 2.5 cm (1 in) thick Rexolite® delay line was placed on the face of both transducers for 

protection and to serve as an acoustic impedance matching layer for water. Impedance 

refers to the product of the density and wave velocity of the material. The difference in 

impedances of material is responsible for the reflection of waveforms. More detailed 

information is provided in Appendix A. Petroleum jelly was used as the couplant between 

the transducers and delay lines to improve signal to noise ratio. One transducer was used 

as a source of ultrasonic stress waves and the other was used as the receiver. The center-

to-center distance between the source and receiver transducer was 6.7 cm when placed 

inside the metallic housing. Figure 3.3 shows the transducers inside the aluminum hosing. 

 The housing was connected to a 1.5 m (5.0 ft) long PVC pipe in order to run the 

experiment inside the 15.2 cm (6.0 in) diameter bore hole in the laboratory soil model. 

The housing was water-proofed with Loctite® silicone sealant to protect the transducers 

and their connections from water. The source transducer was driven by a pulser 

(Panametrics Model 5800) that provides broadband excitation from a 300 VDC negatively 

polarized voltage spike. All data acquisition was controlled by National Instruments (NI) 
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cards mounted within a PXIe chassis (NI-PXIe-1062Q) connected to a personal 

computer.  

 

(a) 

 

(b) 

 
Figure 3.3. Transducers in the probe: (a) internal arrangement; (b) sealed and water-

proofed aluminum hosing. 

 
Custom NI LabVIEW coding was developed to control signal inflow/outflow 

through the hardware, provide a user-friendly graphical user interface (GUI), and to 

record the waveform data to ASCII format with metadata in the file header. The pulser 

was triggered based on an external TTL trigger input from an arbitrary waveform 

generator (AWG) PXI card (NI PXI-5412). The PXI chassis also houses the digitizer (NI 

PXI-5620) used to sample the signals acquired by the receiver transducer. Position of the 

transducers was measured using a linear string potentiometer (UniMeasure® JX-PA 
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series) connected to a NI SCC-68 terminal block expansion slot and sampled using a 

multi-function input-output (I/O) data acquisition (DAQ) card (NI PXI-6259). These 

three cards were synchronized through the internal clock of the PXIe chassis. 

 

3.2.3 Model Preparation 

A laboratory soil model was prepared inside a large stainless steel cylindrical 

container with wall thickness of 0.6 cm (0.25 in), an exterior diameter of 0.6 m (2.0 ft), 

and a height of 0.9 m (3.0 ft). A rubber gasket on the top of the container and a 

removable acrylic cover allowed the development of an airtight seal to create a vacuum 

within the container. An inlet port at the bottom of the container allowed the introduction 

of de-aired water under vacuum to ensure full saturation of the soil as would be 

encountered in field conditions below the water table. Figure 3.4 shows the main 

components of this vacuum saturation process.  

The model was constructed using silica sand air-pluviated through a #16 sieve 

from a consistent drop height of 0.9 m (3.0 ft). This resulted in a uniform sand dry unit 

weight of 16 kN/m3 (102 lb/ft3). Upon the completion of the air pluviation, air was pulled 

out of the container using a vacuum pump (under 28 inches of mercury vacuum) and then 

CO2 was injected into the container from the bottom to expel out any remaining air 

(Figure 3.5). De-aired water was then introduced at a very low rate from the bottom of 

the container to ensure full saturation and the expulsion of any remaining air pockets. 
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Figure 3.4. Vacuum saturation process in model preparation.  

 

 

Figure 3.5. Injection of CO2 into the model container prior to vacuum saturation. 
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During model construction, two reduced scale foundation elements with defects 

were placed inside the model container. Across from these elements was a 15.2 cm (6.0 

in) diameter PVC pipe that served as a cased borehole once model construction was 

complete. Figure 3.6 presents a schematic of the model container with the location of the 

foundation elements and PVC pipe.  

The dimensions of the model container impose limitations on the size of the 

foundation elements. However, the model was intended to replicate actual dimensions of 

representative in-service foundations as much as possible. This was accomplished by 

only constructing the part of the foundation that was the target of the ultrasonic NDT 

testing in this study. For example, in the case of the drilled shaft, the goal was to image 

only areas outside and close to the reinforcement cage. Therefore, the drilled shaft was 

cast in a way that mimicked the outside section from a 0.9 m (3.0 ft) diameter drilled 

shaft. The largest dimension of the resulting ellipse-like shape was 17.8 cm (7.0 in). This 

shape in cross section was generated by casting the intersection of the 0.9-m drilled shaft 

and the 0.6-m diameter of the model container (Figure 3.7).  
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Figure 3.6. Schematic of the laboratory soil model with embedded foundation 

elements. 
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Figure 3.7. Schematic of the model section of the drilled shaft based on the intersection 

of the two circles representing the drilled shaft and the model container. 

 
The total length of the drilled shaft element was 30.0 cm (12.0 in). Out of the 30.0 

cm (12.0 in) length of the drilled shaft element, 10.2 cm (4 in) was maintained with no 

cross sectional changes in order to serve as the baseline. A trench/trapezoid shaped defect 

was located over the remaining length of the drilled shaft to mimic a void/honeycomb 

(Figure 3.8). This defect exposed the longitudinal and transverse reinforcing steel rebar. 

The longitudinal rebar was of size #5 with a diameter of 1.6 cm. A #3 rebar was used as 

the transverse rebar (with a diameter of 1.0 cm). The size of the rebar was selected on the 

lower range of the commonly used reinforcement steel in drilled shafts (Brown et al. 

2018). The longitudinal rebar also did not extend the full length of the drilled shaft to 

model unintended cage movement during construction. The width of the drilled shaft 

element was 47.0 cm (18.6 in) at its peak dimension. 
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The ratio of the cross-sectional area of the defect to the drilled shaft, at the 

defect’s largest dimension, is approximately 0.07 (or 7%). The reason for selecting this 

dimension was motivated by technical and practical consideration. With regard to the 

former, as was discussed in Chapter 2, structural defects as small as 10% can reduce the 

lateral capacity up to 11%. The results of research on the existing methods of finding 

structural defects (like CSL and CST), showed that these methods usually fail to detect 

defects whose dimensions are smaller than 15% of the cross-sectional area of the drilled 

shafts. So as was noted in the hypothesis, this 15% area can serve as a baseline size to 

assess performance. On the other hand, in this laboratory setting there are practical size 

limitations related to model construction, so the design of the foundation elements at the 

end provided an anomaly whose dimensions are about 7% relative to the cross-sectional 

area of the drilled shaft. This is still in the range of dimensions that can negatively affect 

foundation performance and be undetectable by current standards of practice (i.e., less 

than 10% - 15% of the shaft cross-sectional area). As such, the anomaly present in this 

reduced scale lab model can still be used to evaluate the proposed hypothesis in Chapter 

1. 

The shape of the defect was carved with EPS foam and placed inside the concrete 

mold prior to concrete pouring. According to Brown et al. (2010), the concrete should 

maintain a minimum slump of 10.2 cm (or 4.0 in) at the time of placement.  The water to 

cement ratio for the concrete was selected to be 0.45 as it would give better workability. 

The slump was set to 7.6 cm to 10.2 cm (3.0 in to 4.0 in) to allow adequate water content. 

The maximum size of the aggregate was 9.5 mm (3/8 in) in order to make sure that the 
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mix would reach all areas of the mold (Brown et al. 2010). The mix design was intended 

to achieve compression strength of 3000 psi and compares favorably with those used in 

standard drilled shaft construction practice (Brown et al. 2010). Curing was performed at 

room temperature under a plastic sheet in order to prevent moisture from escaping. 

 

  

(a) (b) 

Figure 3.8. Drilled shaft used in model: (a) side view and dimensions; (b) front view. 

 
The upper part of the model contained a 30.0 cm (12.0 in) long carbon steel pipe 

with outer diameter of 25.4 cm (10.0 in) and wall thickness of 0.95 cm (3/8 in). This 

model steel pipe pile was part of another independent study with ultrasonic reflection in 

an attempt to evaluate section thinning and loss due to corrosion in steep pipe piles. 

Those results are briefly presented but not discussed in detail as they are beyond the 

scope of this dissertation. The pipe pile was cut in half along its length to create a half-

circle shape and allow a larger distance between the PVC casing and the edge of the steel 

pipe. The pile was divided into three sections to model different effects of corrosion 
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(Figure 3.9): (1) baseline conditions with no changes to pipe cross section over a length 

of 12.7 cm (5 in); (2) a thinned section 10.2 cm (4.0 in) wide and 7.6 cm (3.0 in) in length 

where 0.6 cm (0.25 in) of the wall was machined off at its centerline; and (3) complete 

section loss over an area 10.2 cm (4.0 in) wide and 10.2 cm (4.0 in) long. The steel pipe 

was finally filled with concrete as is common in steel pipe piles. The concrete mix design 

for this element was the same as used for casting the drilled shaft element. Figure 3.10 

shows both foundation elements inside the model container. 

 

  

(a) (b) 

Figure 3.9. Steel pipe pile used in model: (a) Side view; (b) Front view. 
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(a) 

 

(b) 

 

Figure 3.10. The location of the foundation elements inside the model container: (a) 

Drilled shaft element; (b) Steel pipe pile filled with concrete. 
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3.2.4 Data Acquisition 

Figure 3.11 shows the complete set-up of the model container, ultrasonic probe, 

and the data acquisition system. All data was collected starting with the centerline of the 

transducers level with the top edge of the model container. The probe was then lowered 

inside the PVC casing. Data was acquired at a 5.0 mm interval as the probe was advanced 

towards the bottom of the model. This resulted in a total of 143 traces corresponding to 

an investigation depth of 0.72 m (2.4 ft) while the original vertical dimension of the 

model container is 0.9 m (3 ft). The discrepancy between investigation depth and total 

model depth can be explained by noting that the centerline of the transducers lies 0.15 m 

(0.5 ft) above the bottom of the aluminum housing of the probe, so the bottom 0.15 m 

(0.5 ft) of the container cannot be imaged. The remaining 0.03 m that was not imaged 

was likely due to soil that collected at the bottom of the PVC pipe during the vacuum 

saturation process. 
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Figure 3.11. Ultrasound probe system components. 

 

3.2.5 Analysis & Discussion 

The acquired data was processed and analyzed using custom Matlab® scripts. A 

second order flat Butterworth filter was applied to the data to isolate signals with a 

frequency range within 25 percent of the transducer central frequency (i.e., 100 kHz). 

Each waveform was plotted in the form of normalized amplitude versus time (horizontal 

axis). By placing each signal at the coordinate where it was recorded (i.e. along the scan 

axis), the variations of amplitudes with time can be observed. This allows for detecting 

instances of major and consistent signals that can be used as an indication of a reflector. 

By multiplying the time of flight by an estimate of the wave velocity of the domain, an 

image of the domain can be generated as in Figure 3.12. To generate Figure 3.12, the P-

wave velocity of the saturated sand in this study was estimated as 1500 m/s, which is the 

same as water since the sand was fully saturated.  
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Large spikes in signal amplitudes are typically representative of reflections from 

interfaces between two materials. The larger the reflection signal, the larger the 

difference in impedance between the materials. However, the signals decrease in 

amplitude as they propagate farther distances due to the effects of geometric attenuation 

and material damping. Therefore it becomes necessary to process the data by applying a 

gain function that amplifies the signal at longer time periods. In this study a 3rd order 

function was used to apply the gain.  

9: = (1 +
<

=
):>2?	5/@0/ (3-1) 

where, 9: is the gain factor, i is the sample number, m is the reference sample number, 

and gain order  is the order of the gain function. The reference sample number was 

selected after any reflections from the PVC casing. In fact, the PVC casing is the closest 

reflector to the probe and is part of the a-priori knowledge of domain. In applying the 

gain, the focus is placed on the part of the signal after the casing.  

Figure 3.12 shows the resulting reflection signals with the anticipated profile of 

the model (solid black lines) overlaid for comparison purposes. The reflection image 

clearly contains obvious signals from the PVC casing, the steel wall of the pipe pile, and 

the outer edge of the concrete in the drilled shaft. Although the performance of the probe 

on the steel pipe pile is not the focus of this study, a very quick review of the results 

between depths of 0.08 m to 0.38 m shows that the system was capable of detecting the 

variation in the steel pipe. However, the quality of the results for the steel pipe pile is 

questionable. The reflections from the foundation elements between 0.38 m and 0.68 m 

along the depth axis are evident in Figure 3.12(a). 
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Generally speaking, the reflection signals developed a useful image that compared 

favorably with the drilled shaft geometry, albeit in a simplified manner. However, the 

location of the exposed longitudinal rebar and its extension are not clear in Figure 3.12(a) 

because the reflective surface of the rebar is much smaller than other reflective objects in 

the foundation element. Therefore, the amplitude of the reflected signal from the steel 

rebar is relatively small and not easily detectible by visual inspection of traces. The small 

amplitude of the rebar reflections in comparison to the reflections from the PVC casing 

masks the location of the longitudinal rebar in Figure 3.12(a) due to the trace 

normalization applied to the signals. However, by muting the reflections signals from the 

PVC casing and applying the gain function, the location of the steel rebar is clearly 

illustrated in Figure 3.12(b).  

Also evident in Figure 3.12 are subtle discrepancies in the predicted geometry of 

the soil model based on the reflection signals. For example, the reflection signals are 

often slightly closer to the probe than the constructed dimensions. This is mainly due to 

the complicated path of the ultrasonic stress wave. Though the stress wave propagates 

through many materials (e.g., Rexolite delay line, water in the borehole, PVC casing, 

saturated soil, concrete, steel), the distance axis in Figure 3.12 is estimated by 

multiplying the two-way time of arrival by a constant P-wave velocity equal to 1500 m/s 

as typically observed in water. Therefore, the effects of the PVC casing thickness and 

delay line were not incorporated in the analysis. Despite this simplification, the system is 

capable of developing a reflection image that tracks the foundation element geometries. 

For example, the defect in the drilled shaft model is clearly visible based on the location 
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of the reflection signals from the baseline section of the drilled shaft and the reflections 

from the concrete behind the longitudinal rebar.  

One item to note regarding the drilled shaft defect, however, is that there is no 

reflection signal from the sloped section. This is likely due to the strong transducer 

directivity pattern and the likely path of the reflection signal away from the transducers 

caused by the angle of the sloped section. It is important to note that, as shown in Figure 

3.8(a), this inclined surface makes an approximately 45-degree angle with the vertical (or 

horizontal) axis. In the study conducted by Coe and Brandenberg (2010), the relative 

amplitude of the recorded signal by the transducer approached zero, when the inclination 

angle of the reflector was more than 10 degrees. Additionally, the strong impedance 

contrast at the concrete-soil interface prevents sufficient energy from propagating through 

to the longitudinal rebar inside the concrete. Therefore, the system in its current 

configuration is only suited for evaluating exposed lengths of the longitudinal rebar.  
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(a) 

 

(b) 

 

Figure 3.12: Reflection signals and actual geometry of foundation elements (solid 

lines): (a) No muting of PVC casing reflections; and (b) Muting applied to the initial 

part of the record to remove PVC casing reflections and highlight steel rebar reflection 

signals. 
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3.2.6 Recommendations Regarding Zero-Offset Ultrasonic Reflection NDT of 

In-Service Foundations 

One of the main research objectives of this study is to investigate the 

effectiveness with which stress-wave data can be used to evaluate structural integrity of 

drilled shafts both inside and outside the reinforcement cage. In particular, it was 

hypothesized that a simple reflection-based visualization using ultrasonic stress waves 

could detect defects capable of negatively affecting shaft capacity but not visible by 

current standard of practice NDT techniques (i.e., smaller than 15% the shaft cross-

sectional area). This was investigated by using an ultrasonic probe within a large scale 

laboratory model. The probe consists of two ultrasonic P-wave transducers that are 

lowered in a borehole alongside the foundation element. The transducers are arranged to 

simulate a zero-offset reflection configuration. The drilled shaft element with a known 

defect was constructed, in which the defect’s dimension at it largest cross-sectional area 

was approximately 7% of the cross-sectional area of the drilled shaft. 

The laboratory results showed that the use of ultrasonic stress waves is a 

relatively promising methodology in this study. The system was capable of detecting the 

small-dimension defect stated in the objective of the research. It is important to note that 

this testing configuration and analysis method provides major benefits in terms of time of 

data acquisition and straightforward data analysis. In fact, the required time for data 

acquisition with a 5 mm spatial sampling interval is less than 5 minutes per meter of the 

foundation element. In the data analysis, after applying the common filter and 



 

88 

normalization schemes, the main features of the structural shape can be quickly 

identified.  

However, it is important to discuss some of the limitations of this laboratory 

experiment. Some of these limitations are related to system design and can be potentially 

explored in more laboratory models of field testing (e.g., the effective imaging distance, 

use of other high frequency stress-wave sources, use of inclinometer to keep track of 

probe alignment, etc.). 

However, some of the system limitations are fundamentally related to constraints 

on its operation and on the ray-based analytical methodologies used that no further 

refinement could address. For example, this system was capable of detecting the defects 

of small dimensions and small features like the longitudinal rebar because the defective 

zone was placed in the reflection path. This is an inherent limitation of the system, 

similar to the conditions with the CSL tests, where the success is achieved if the defect is 

placed within the travel path of the signal form the source to the receiver. The tow-

dimensional (2D) profile in Figure 3.12 only represents one measurement location and 

cannot be extended to a 3D image of the deep foundation, unless multiple boreholes are 

drilled and data acquired from them. Even advanced algorithms of ray-based method for 

data analysis will exhibit limitations in resolution. Consequently, the results from these 

laboratory efforts only support the first hypothesis in Chapter 1 under a fairly narrow 

range of conditions. Future efforts in this dissertation for this particular application will 

therefore explore the use of waveform-based methods to address these limitations and 

improve structural integrity testing of drilled shafts under a wider range of conditions.  
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3.3 Stress Wave NDT for Defects under Shaft Excavations 

3.3.1 Motivation 

The interaction of the foundation element and surrounding soil and rock governs 

its overall performance. Preliminary site investigations, including conventional boreholes 

and in-situ tests, along with the results of geophysical tests provide subsurface properties 

of the soil for foundation design. However, some sites exhibit very strong variability in 

the quality of subsurface geologic materials for foundation support (e.g., karst bedrock). 

An ideal situation is the development of a 3D subsurface image of such sites to properly 

decide on the material properties and dimensions of the drilled shafts (O’Neil and Reese, 

1999). However, with the tools utilized in the current state of practice, this cannot be 

achieved.  

Consequently, on-site inspection by an experienced geotechnical engineer is 

advised during drilled shaft construction (ADSC-DFI 2004, Brown et al. 2010) to oversee 

the drilling process and ensure competent material is present along the length and at the 

bottom of a drilled shaft. No current NDT tool exist to evaluate for anomalous conditions 

below the base of drilled shaft excavations during construction. Instead, this evaluation is 

performed using probe holes and feeling rods (Chapter 2). The subjective nature of this 

inspection method and its inability to adequately evaluate the geometric extent of 

anomalous zones motivated the development of a new NDT systems for evaluating 

drilled shaft excavation base conditions. 

It was hypothesized in Chapter 1 that such an NDT stress-wave system could be 

developed that relied on a simple reflection-based data acquisition and analysis approach. 
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This system would provide a straightforward, fast and cheap approach to evaluate the 

extent of anomalous conditions underlying drilled shaft excavations. However, the 

quality of the resulting image can be influenced by many factors. A laboratory 

experimental plan can help to examine the potential of the proposed NDT system for this 

application.  

In this section, laboratory efforts are presented regarding the use of a zero-offset 

ultrasonic reflection NDT approach to evaluate conditions representing karst rock or 

intermediate geomaterials. Such materials are commonly encountered at the base of 

excavations for drilled shafts. The laboratory testing program was performed on a large-

scale soil model as a proof-of-concept to demonstrate the capabilities of zero-offset 

reflection of stress waves.  Given the lack of systematic studies on this topic, results of 

the laboratory experiments will provide important insights into the promises and 

limitations of a reflection-based method of data analysis with a zero-offset configuration. 

The results will be used to evaluate the extent with which more advance data analysis, 

such as waveform-based methods like FWI, should be pursued to more definitively 

improve the current standard of NDT practice for conditions underlying drilled shaft 

excavations.  

The following sections provide detail regarding laboratory model construction 

and efforts to mimic realistic base conditions with carbonate rock and anomalous karst 

features. A description of the hardware and software components for data acquisition, 

evaluation of system performance, and a discussion on insights for future applications are 

provided in this section. 
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3.3.2 Model Preparation 

The main challenges related to the laboratory model included the choice of 

representative materials (i.e., bedrock and soil seams), the geometry of the anomalies, 

and construction methodology. It was important to ensure that the laboratory model 

mimicked an appropriate level of stiffness mismatch between the carbonate rock material 

and the soil seam resulting from its dissolution. The velocity of stress waves in competent 

carbonate rock (such as limestone or dolostone) can lead to very high values of 

impedances (Santamarina et al. 2001). However, based on the material properties in 

many publications (e.g., Hiltunen et al. 2008, Nettles et al. 2010, Parker and Hawman 

2012), the stress wave velocities in carbonated rocks encountered in excavations or in 

areas underlain with karst is much smaller, leading to a drastic reduction in the 

impedance.  

Replicating natural bedrock materials is quite difficult in the laboratory, 

particularly when attempting to control specific properties of the rock such as its stress 

wave velocities. Therefore, the laboratory model in this study was constructed using 

mixtures of silica sand and Portland cement with different cement contents to replicate 

rock. It was anticipated that this approach would primarily result in differences in stress 

wave velocity rather than density. A cement-sand mix with 20% cement by weight was 

used to simulate the carbonated rock and another mix with only 1% cement content was 

used for the soil-filled seams of the model. The cement and sand were mixed at an 

optimum water content (12% by the weight of the sand/cement mix) to develop the 

highest stress wave velocities (Khan et al. 2006).  
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Independent measurements of P- and S-wave velocities (VP and VS) were made on 

small samples of cemented sand with similar cement content and construction procedures 

as the model in this study. The average VP and VS of the 20% cement-sand mix was 

measured as 2700 m/s and 1850 m/s, respectively. For the 1% cement-sand mix, VP = 725 

m/s and VS = 490 m/s on average. Assuming similar density for both sand/cement mixes, 

the differences in velocities resulted in an impedance contrast of approximately three to 

four. This impedance contrast is similar to those reported in the literature (e.g., four to 

five as in Hiltunen and Cramer, 2008).  

The geometry of the model was another key aspect of this study. The model 

needed to include features commonly encountered in karst terrain. Soil-filled seams in 

karst rock can be encountered in both vertical and non-vertical orientations (Figure 2.3). 

Therefore, the model contained both vertical and horizontal soil seams. The model was 

constructed in a 0.91 x 0.91 x 0.61 m (3.0 x 3.0 x 2.0 ft) wooden container. A schematic 

of the cross section is presented in Figure 3.13. The anomaly was extended for 0.6 m (2.0 

ft) in the direction perpendicular to the cross section of the figure. The remaining 0.3 m 

(1.0 ft) of the container was filled with 20% cement-sand mix to serve as a baseline 

geometry with no soil seam.  

The steps on the left side of Figure 3.13 represent vertical seams located at 

various depths below the base of the drilled shaft when imaged in the out-of-plane 

direction. Additionally, the anomaly simulates an inclined seam filled with soil when data 

is acquired from scans across the cross section in Figure 3.13. On the right side of the 

model, the anomalies simulate two horizontal soil seams at different depths. 
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Figure 3.13. Cross section of the laboratory karst bedrock model with geometry of the 

soil seams. 

 

Regarding model construction, the sand/cement mixes were placed inside the 

container and compacted using 5-cm (2-in) thick lifts. Plywood separators were used to 

maintain the boundaries between sand/cement mixes and removed as construction 

proceeded. Each lift was placed inside the container, spread by hand and then leveled 

using a trowel. Figure 3.14 shows some of the steps of model construction. A 0.58 kg 

(1.25 lb) plastic mallet was used to strike a wooden base plate with dimensions of 45.7 x 

17.8 x 1.9 cm (18 in x 7 in x 0.75 in). The baseplate was struck at consistent locations 

along the model surface with similar levels of energy for each strike. After compaction of 

each layer, the trowel was used to gently re-level the surface. A square notch trowel was 
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then used to scratch the surface and increase the bonding between consecutive lifts. A 

long piece of lumber was dragged across the surface of the model to provide as level a 

finish as possible. The exposed surface of the model was covered with plastic sheets to 

retain moisture while the model cured at room temperature for three weeks.  

 

  

Figure 3.14. Placement of cemented sand inside the model container. 

 

3.3.3 Instrumentation and Data Acquisition 

In order to conduct the reflection survey on the model, a system consisting of a 

pair of transducers (source and receiver), data acquisition hardware, and a personal 

computer was configured. Much of the instrumentation and hardware/software was 

similar to the description in section 3.2.2. The propagation of both P- and S-waves was 

examined separately using two different pair of transducers. The P-wave transducers 

(Ultran Group® model GRD-100-50) have a nominal central frequency of 100 kHz and 

nominal active element diameter of 5 cm (2.0 in). The S-wave survey was conducted with 

a pair of normal incident shear wave transducers (Olympus® model V150-RB), which 

have a nominal central frequency of 250 kHz and an active element diameter of 2.5 cm 
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(1.0 in). A pulser (Panametrics® model 5800PR) was used to generate the negative 

voltage spike (275 VDC) and excite the source transducer. The transducers and pulser 

system were interfaced with a NI PXI chassis with various modules to handle signal 

inflow and outflow. Custom LabVIEW coding was developed to control a digitizer (NI-

PXI 5620) and arbitrary function generator (NI-PXI 5412) mounted on the NI PXI 

chassis and to provide a user-friendly GUI to acquire data. The acquired signal was 

amplified using a low noise amplifier (HD Communications model 25143) prior to 

acquisition by the digitizer. Each recorded waveform was written to an ASCII file 

containing a header with metadata, allowing the user to add experimental notes and 

remarks during the data acquisition. Figure 3.15 presents the model, data acquisition 

system, and S-wave transducers. 

 

 

Figure 3.15. System components and configurations. NOTE: The transducers are 

shown with 4.0 kg weights to aid with coupling.  
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The survey plan consisted of three survey lines along the transverse direction of 

the soil seams in Fig. 3.13. The survey lines were located 15.2 cm (6.0 in) apart and were 

referenced as LT1 through LT3. Figure 3.16 shows a schematic of the survey lines. Cross 

section A-A′ is presented in Figure 3.13. The survey lines were selected to examine if the 

stress-wave data was capable of reconstructing the profile of the anomaly. In particular, 

multiple survey lines were investigated with the goal to post-process the results and 

generate a 3D rendering of the model domain.  

P- and S-wave data were collected separately along each survey line, resulting in 

six sets of acquired waveforms. During data acquisition, the source-receiver transducer 

sets were displaced by 1 cm (0.4 in) along each survey line, which resulted in 

approximately 83 to 84 recorded reflection traces depending on size of the transducer. 

Petroleum jelly was placed on the face of the P-wave transducers and a shear wave 

couplant (Echo Ultrasonic, LLC., SH-02 couplant) was used on the S-wave transducers to 

improve coupling. Additionally, 4.0 kg (8.8 lb) weights were placed on top of the 

transducers to provide additional coupling pressure 
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Figure 3.16. Plan view of the location of the survey lines on the surface of the model. 
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3.3.4 Results 

Common offset reflection relies on a consistent offset between source and 

receiver and the acquisition of waveform data using multiple “shots” across the area of 

interest (Steeples and Miller 1990). When the anomalies are farther away than the source-

receiver, the depths of anomalies can be estimated directly from the arrival time of the 

reflected waves with a reasonable estimate of the velocity model of the domain. In a zero-

offset configuration, a source and receiver are collocated and moved along the scan axis 

to record waveforms across the domain. The waveforms are then processed and plotted 

next to each other along the survey line. Consequently, the starting point of each recorded 

waveform on the scan axis corresponds to its location (or coordinate) on the model. 

In such a representation the variation in the waveform is still in the time domain. 

Large amplitude spikes in each signal indicate the presence of a high contrast reflector. 

Consistency of the presence of these spikes can represent the shape of whatever caused 

the reflection signals (e.g., anomaly, interface between layers, etc). However, to convert 

to a space domain (instead of time), a reasonable estimate of the velocity of the domain is 

required (Section 3.3.2). Such a-priori knowledge of the domain is commonly available 

through the geotechnical site investigation reports of the construction site.  

Prior to plotting, the acquired waveforms were pre-processed by applying a band-

pass filter and non-linear gain function in order to improve the quality of the resulting 

image. The band-pass filter removed undesirable noise from the signals and the gain 

function compensated for the smaller amplitudes in deeper reflectors caused by geometric 

spreading and material damping. The non-linear gain function was defined as in Eq. 3-1 
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with a gain order between 2 to 4 for the acquired data. The optimal gain order was 

estimated based on a trial and error process in an attempt to locate anomalies that are 

located at deeper depths within the model. The pass band for the P-wave traces was 

within 20% of the central frequency of the transducers. This band-pass filter was less 

effective on the S-wave data so lower frequencies were used in that case (50 – 160 kHz). 

Other studies have also exhibited similar behavior where data primarily outside the 

central frequency of the transducer was useful in analyzing S-wave results (e.g., 

McGovern et al. 2013). Data pre-processing, normalizing, and analysis were performed 

using a custom MATALB® script. 

Figures 3.17 and 3.18 present the P- and S-wave results as a series of 2D images. 

There are a number of notable features in these results. First of all, the estimated soil 

seam geometries, as highlighted in the black boxes in this figure, generally agreed well 

with actual model dimensions, particularly for the vertical soil seams. Small 

discrepancies in predicted geometry can be attributed to the zero offset assumption used 

in this study and slight differences in wave velocity between the model and samples used 

for wave velocity testing. Additionally, it is worth mentioning that despite the 

tremendous care exercised during model construction, some small margin of error is 

expected between the schematic and what was actually constructed.  

Clearly visible in Figures 3.17 and 3.18 are reflections from the vertical soil 

seams at the shallowest three depths in the model. Generally, the P-wave results tended to 

overestimate the depth of these anomalies. For example, the shallowest vertical soil seam 

was located at approximately 0.03 m below the ground surface. The P-wave results 
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estimated this depth at approximately 0.07 m to 0.09 m compared to estimates of 0.02 m 

to 0.04 m with S-waves. However, there is better agreement between P- and S-wave 

results for deeper targets, indicating that the complex behavior of the wave front near the 

transducer may play a role in the discrepancies. This is generally known as the near-field 

effects and refers to the complicated interaction of the wave fronts near the source of the 

excitation (Santamarina et al. 2001). In general, small parts on the surface of the 

transducer, act like independent sources that emit waveforms. Near the surface of the 

transducer, these waveform interact with each other, leading to a complicated state of the 

resulting waveforms.  

Moreover, differences in transducer construction and damping produced “ringier” 

P-wave signals. This behavior combined with multiple strong reflection events from 

shallow anomalies may lead to constructive interference, which masks the first arrival of 

the initial reflected wave. Even though there is limited confidence in the predicted depth 

for the shallowest soil seam in the P-wave results, the system still detected its presence.  

Figure 3.17 also highlights strong reflections from the uppermost horizontal soil 

seam. There is also limited evidence of reflections from the deepest horizontal soil seam 

as highlighted in blue boxes at the two far sides of the figure. For example, Figure 3.17(c) 

has some faint reflection signals located at approximately 0.35 m below the surface and 

from 0.73 m to 0.80 m along the scan axis that are likely attributable to the deeper 

horizontal soil seam. 
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(a) 

  
(b) 

 
(c) 

 
Figure 3.17. Processed P-wave signals: (a) TL1; (b) TL2; (c) TL3. 
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Also evident in both sets of results are a few sets of reflections that do not 

otherwise agree with the model geometry. For example, in all the scans there appears a 

set of reflections extending from approximately 0.68 m to 0.85 m at the same depth as the 

shallowest horizontal soil seam (i.e., approximately 0.12 m below the surface). There are 

reflections signals at a similar depth and location on the opposite side of the image. This 

is attributed to unwanted strong reflections from the boundaries of the domain and also 

errors in model construction. These results show that the experimental set-up was not 

able to entirely reconstruct the defects that are at a distance of 0.2 m or less from the 

vertical boundaries of the model. In these areas closer to the model boundaries, adequate 

compaction of the sand was more difficult due to space constraints. It is therefore 

expected that some delamination at relatively shallow depth occurred, which may explain 

the inconclusive reflections in the blue boxes of Figures 3.17 and 3.18. 

Finally, it should be noted that the 2D scans can be arranged to develop a three-

dimensional (3D) image of the soil seams (Figure 3.19). The usefulness of the 3D image 

was relatively modest in this study largely because of the boundary effects, the limited 

number of 2D slices acquired, and the relatively uniform geometry in the out-of-plane 

direction of the model. However, in more complex settings, a 3D image can encourage 

better interpretation by highlighting subtle details that change between the 2D sections. 

Although some of the features can be identified in the 3D rendering (as highlighted by 

red ellipses), the areas close to the boundaries of the domain do not deliver conclusive 

information. Since only limited information can be detected from this model, the overall 

quality of the reconstruction can only be labeled as relatively poor. 
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(a) 

 

(b) 

 

(c) 

 

Figure 3.18. Processed S-wave signals (a) TL1; (b) TL2; and (c) TL3. 
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Figure 3.19. 3D rendering of the S-wave results and interpreted locations of the seams. 

 

3.3.5 Discussion on Zero-Offset Stress Wave NDT for Defects under Shaft 

Excavations 

The main objective of the laboratory experiments in this section was to evaluate 

the performance of a zero-offset NDT ultrasound reflection method for generating 

subsurface images of a scaled model of karst bedrock. The experimental plan consisted of 

scanning multiple cross sections of a large-scale model with known anomalous zones to 

simulate the condition under the base of a drilled shaft excavation.  

The results of these efforts confirmed that a common-offset reflection approach 

was partially able to detect the locations where contrasts existed between different 

geologic materials. Those locations can be interpreted as the location of anomalous 

features in karst rock. In fact, given the amount of relatively modest computational 

efforts for data acquisition and analysis, the results provide useful information on the 

subsurface conditions. However, a number of inconsistencies are observed in the results. 
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In fact, the testing method was not able to properly determine neither the location of 

deeper anomalies nor the lateral extent of the anomalies. Except for a visual identification 

of the top elevation of the anomalies, the study fails to provide detailed information on 

the geometry and material properties of the subsurface conditions. Moreover, anomalies 

that are located at deeper elevations were masked by near surface features. 

 Attempting to improve the results by using more advanced ray-based data 

analysis methods is anticipated to deliver very limited improvements. In fact, the 

limitations imposed by the walls of excavation hinder the extent of spatial sampling and 

therefore the quality of the results. Moreover, the lateral resolution is of great interest in 

this application, while achieving high levels of lateral resolutions with ray-based methods 

is in some cases impossible. Consequently, the laboratory experimental results only 

partially support the hypothesis that a zero-offset reflection method can detect anomalous 

features under the base of drilled shaft excavations. The limited success of this study, 

however, provides motivation for the use of more advanced data analysis methods like 

FWI that can provide higher resolution images with stress wave data.  

 

3.4 Summary and Conclusions 

In the first part of this chapter, the application of an NDT probe for the evaluation 

of the structural integrity of drilled shafts was presented. Using a zero-offset source-

receiver configuration and relying on the reflection data, the probe offered a fast and 

straightforward method of testing the integrity of foundation elements. The result of the 

experiment also confirmed that the probe was able to detect small defects by utilizing 
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stress wave data, in part supporting the research hypothesis. However, the probe suffered 

from the inherent limitations of its reflection-based data analysis method. In fact, it was 

explained that the system is only capable of providing a 1D image of the foundation 

element and generating a complete 3D image of the foundation requires drilling multiple 

boreholes and running the test. Additionally, similar to NDT tests like CSL, if the 

reflected waveform is not primarily influenced by the anomaly, the system is not able to 

detect it. This limitation is mainly due to relying on the main reflection events for 

interpreting the data.  

Similar observations, albeit with a lower degree of success, were made in the 

laboratory testing for the evaluation of conditions under the base of drilled shaft 

excavation. The system was only capable of partially highlighting the locations of 

anomalies without conclusive information on their lateral extent and mechanical 

properties. 

Although straightforward and fast with respect to data acquisition and analysis, 

zero-offset reflection NDT has some fundamental limitations, particularly when used for 

the evaluation of near surface features. For example, unlike deeper seismic exploration 

applications in geophysics, reflected waves are contaminated with surface waves and the 

data processing becomes challenging. Moreover, it is extremely difficult to image the 

variations in the lateral heterogeneities in domains by only relying on reflection-based 

methods. The limitations imposed on the hardware configurations, by the presence of the 

excavation walls, only exacerbates the performance of the methods based on primary 

reflections.  



 

107 

To address such issues, higher resolution methods are warranted for the analysis 

of stress waves. Unlike the reflection-based data that solely relies on simple images 

generated by plotting the waveform signals or on information from the first reflected 

arrival, waveform-based methods extract information from the entire recorded waveform 

(Chapter 2). For example, recent advances in seismic exploration and NDT have started 

to examine waveform-based methods like reverse time migration (RTM) of the reflection 

data (Shragge et al. 2015, Nugyen and Modrak 2018).  In the following chapters the use 

of a waveform based tomographic method (i.e., FWI) will be explored for the 

applications of drilled shaft structural integrity and conditions underlying drilled shaft 

excavations.
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CHAPTER 4 

THE APPLICATION OF FULL WAVEFORM INVERSION TO EVALUATE 

STRUCTURAL INTEGRITY OF DRILLED SHAFTS 

 

4.1 Introduction 

Ray-based methods of stress-wave data analysis such as zero-offset seismic 

reflection offer a straightforward and relatively fast data analysis approach when the 

acquired signals are plotted next to each to form a reflection image. However, the 

information that can be understood from such techniques can be very limited and 

distorted in some situations. The results of the laboratory models in Chapter 3 highlight 

this issue for drilled shaft structural integrity.  Even more sophisticated ray-based 

analytical techniques, such as tomographic imaging will suffer from similar limitations. 

For example, inverting for the travel-time in a cross-hole setting can simply miss vertical 

heterogeneities when there is insufficient ray coverage through such an anomaly. These 

limitations can imply poor resolution of CSL/CT despite the high-frequency content of 

the stress waves utilized in these methods. This, in part, stems from reliance on the first 

time-of-arrival between sources and receivers, while the rest of the signal is practically 

ignored. Lateral heterogeneities in the domain, which are often present in many NDT 

applications, can also compromise the accuracy and success of these methods. 

Waveform-based methods, in particular full waveform inversion (FWI), can begin 

to address the limitations of ray-based stress-wave methods. Rather than rely solely on 

the first time of arrival, FWI attempts to identify the domain that produces the observed 
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stress-wave signals by simulating wave propagation through a test domain and adjusting 

its mechanical properties until there is sufficient match between the observed and 

synthetic waveforms. Chapter 2 briefly summarizes this FWI process and Appendix B 

provides a more thorough description of the governing equations and numerical 

methodology to perform FWI. 

One of the objectives of this study is to examine the use of 2D and 3D FWI for 

structural integrity of drilled shafts. In particular, FWI will be implemented in a cross-

hole configuration similar to CT in order to evaluate structural anomalies whose size are 

still capable of significant affecting foundation performance but are below the threshold 

at which CSL/CT typically fails (i.e., less than approximately 15% the cross-sectional 

area of the shaft). Additionally, the FWI workflow will be explored in order to evaluate 

its effects on the development of high-resolution images of the foundation. These efforts 

will be pursued using numerical modeling since that approach will allow complete 

control of the domain geometry and mechanical properties while avoiding issues present 

in laboratory and/or field data (e.g., noise, sensor/hardware limitations, etc.). 

It is well understood that FWI is a computationally demanding process, for it 

requires multiple iterations of forward simulation of waveforms. With continued 

developments in more efficient and accurate forward simulation algorithms, it is 

anticipated that the computational costs of FWI will continue to decrease significantly. 

However, even with the most efficient computational hardware and tools, as well as an 

effective data pre-processing and analysis workflow, an optimal survey configuration will 

lead to improvements in computational efforts. This will minimize the cost of the 
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hardware (e.g., number of sources and receivers), data acquisition time, and overall 

computation time. The main challenge in finding this optimized configuration is that it 

needs to be independent of the true field domain, because there will typically be limited 

or no detailed a priori information about the domain. It was proposed in Chapter 1 that a 

SOED approach can successfully estimate a benefit-cost curve to assist in selecting 

optimal survey parameters. Correspondingly, optimal source and receiver configuration 

could then be decided according to the resources available for each project and/or 

application. Details on the principals of SOED is provided in Appendix D. Its application 

will be evaluated through 2D models of drilled shafts.  

 

4.2 FWI for Structural Integrity Testing  

This section examines the performance of FWI for the evaluation of drilled shaft 

structural integrity. Drilled shafts with defects of known properties were numerically 

simulated to generate the data for the analyses. The defects were designed with 

dimensions and at locations that mimic very challenging field situations for the current 

standard of NDT practice for this application. Additionally, survey configuration was 

selected to be directly comparable with typical ray-based CT testing in the field. The 

performance of FWI is therefore evaluated against CT results on the very same models. 

After providing details on model characteristics, the procedure for performing FWI and 

CT is discussed. The results of each analysis are investigated individually and in 

comparison with each other. Finally, a detailed discussion on the advantages and 

disadvantages of each technique is provided.  
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4.2.1 2D Drilled Shaft Model 

A 1.0 m (3.3 ft) diameter drilled shaft was modeled in this study. The length of 

the shaft under investigation was also limited to 1.0 m (3.3 ft). Given the relatively large 

amount of data acquired during CT testing, it is a reasonable approach to limit the data 

acquisition to the portions of the drilled shaft where the results of previous CSL testing 

indicate the presence of an anomaly (Brown et al. 2010). Therefore, the dimensions of 

this model represent a realistic field-scale scenario. The velocity of the acoustic waves 

(VP) in the sound concrete was set as 3900 m/s (Hollema and Olson, 2002). Two 

anomalous zones were subsequently defined where there is a 25% drop in the concrete VP 

(Figure 4.1). In practice, a VP reduction of more than 20% indicates the presence of a 

defective zone in a drilled shaft (Brown et al. 2010). The first anomaly is 0.1 m by 0.1 m 

in width and depth (i.e., lengths approximately 10% of the cross-sectional area of the 

shaft). The second anomaly is 0.2 m by 0.2 m (i.e., 20% of the cross-sectional area of the 

shaft) and located in the top-right side of the domain. The source and receiver locations 

are also illustrated in Figure 4.1. The anomalies were intentionally located at locations 

near the edges of the model where there is limited coverage of the waveforms. This 

increases the challenges involved with the inversion for both FWI and CT.  

 

4.2.1.1 FWI Analysis 

The first set of simulations was conducted using 9 sources and 17 receivers in the 

forward modeling (Figure 4.1). Source spacing was 10.0 cm (4.0 in) and receiver spacing 

was 5.0 cm (2.0 in). The array of sources and receivers were 0.8 m across from each 
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other. The sources were modeled with a 20 kHz Ricker wavelet. Figure 4.2 shows the 

source time function and power spectrum of the source wavelet. All boundaries were 

modeled with as homogenous Dirichlet boundary conditions (Fichtner 2011). Unlike 

absorbing boundary layers that are intended to completely damp the waveforms at the 

model boundaries and prevent unwanted reflections, these Dirichlet boundary conditions 

do not exhibit the same behavior. This type of boundary condition was purposely selected 

to introduce some noise into the system due to partial reflections from the sides of the 

domain. This allows for more realistic data quality despite the idealized synthetic 

modeling environment and increases the difficulty of the inversion. The resulting 

waveforms were subsequently used in FWI and travel-time inversions for CT analysis. 

For both inversion problems (FWI and CT travel-time inversion), a uniform velocity 

initial model was used [Figure 4.4(a)]. 

All computations were performed on a computational node from the high-

performance computing center (HPC) at Temple University. The computational node 

consists of two CPUs (model Intel® Xeon E5-2690 v4) with a total of 28 independent 

central processing units (i.e., cores) with a base frequency of 2.6 GHz. The nodes are part 

of the Dell® PowerEdge C6320 server. Each compute node is supported with 128 GB of 

RAM and 1000 GB of temporary storage (scratch). 
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(a) 

 

(b) 

 

Figure 4.1. 2D schematic of (a) true model with survey configuration; (b) starting 

model.  
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(a) 

 

(b) 

 

Figure 4.2. Ricker wavelet: (a) source time function; (b) power spectrum of the source 

wavelet. 
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A constrained trust-region inversion algorithm (Boehm et al. 2018) was 

implemented through the inversion workflow. A hybrid two-stage inversion with an L2 

and cross-correlation (CC) misfit (Fichtner 2011) were employed. The propagation of the 

ultrasonic waves was simulated using the Salvus software suite (Afanasiev et al. 2019) in 

which the spectral-element method (SEM) is used for the forward simulation. Appendix 

C provides a more detailed discussion about the fundamentals of SEM as a computational 

scheme. The domain is meshed on a recti-linear grid with each element side of 

approximately 1.4 cm. The optimization suite of Salvus is used to perform FWI.  

The workflow selected for implementation of FWI plays a major role in its 

performance. In general, the misfit function plays a very important role in the amount of 

the information extracted in FWI and its ability to avoid inversion failure. In many cases, 

the L2 misfit function is most effective when the difference between the two sets of 

waveforms does not exceed half a cycle (i.e., the half-cycle rule). It is most common that 

the inversion algorithm gets trapped in the incorrect update path when this half-cycle rule 

is not met (Groos 2013), leading to cycle-skipping and consequently the failure of 

inversion. Although the best solution to avoid this issue is to select a starting model that 

is the closest to the real model, this approach contradicts the very premise of FWI 

because the true domain is unknown. 

The issue of inversion failure due to cycle-skipping becomes even worse in the 

field of NDT where strong heterogeneity between any defects and the surrounding 

materials leads to the presence of multiple phases in the waveform. Inversion is generally 

initiated with a starting model that has a constant background material property (e.g., 
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uniform wave velocity) or a smooth variation in properties over the entire domain. 

Therefore, the features in the waveform of the domain are often significantly different 

from the synthetic waveforms of the starting model. The limited number of sources and 

receivers and their coverage only exacerbate the issue. In the models in this study, it was 

observed that a CC misfit function can successfully increase the chance of a proper match 

between the waveform phases when used as the starting misfit for the inversion. The 

outcome of the inversion using a CC misfit was then used in an inversion workflow with 

an L2 misfit to improve the match between both the amplitude and phase.  

Regularization was implemented via the solution of the diffusion equation, which 

acted as a smoothing operator on the model parameters (Boehm et al. 2018). For an 

isotropic case, the diffusion equation can be written as: 

AB(C)DEF(C, &) −	∇. KA#(L)∇F(C, &)M = 0 (4-1) 

where, u is space and time dependent diffusive field, DE is the first time derivative, 

and ∇ is the spatial gradient operator (Afanasiev et al. 2019). With a scalar value of q0 

equal to one, the variable q1=0.5s 2. The variable s is the smoothing parameter and 

corresponds to the standard deviation of the Gaussian smoothing. Smoothing the gradient 

and model parameters is necessary to prevent small-scale heterogeneities in the model 

causing inversion failure (Groos et al. 2017). Moreover, a proper smoothing strategy 

actually enables the success of the workflow by inverting for real smaller scale features in 

the domain (Modrak and Tromp 2016). 

The result of FWI is presented in Figure 4.3 as the distribution of inverted VP in 

the model. The results are presented after 15 iterations with the CC misfit and 35 
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iterations using the L2 misfit function. The total inversion process took approximately 

three hours.  Both anomalies are detected in the inverted model. However, the shape of 

both anomalies is much smoother than the true model, which results in oblong circular 

shapes instead of square anomalies. This can be attributed to the relatively large 

smoothing parameter for the regularization (70% of the element size) of the inversion and 

the finite aperture of the experiment. Generally, the goal of regularization is to help the 

inversion progress towards the global minima in the nonlinear optimization problem. It 

also allows for smaller features to be highlighted in the inversion (Modrak and Tromp, 

2016). Given the small dimensions of the smaller defect, a relatively large regularization 

parameter increased the chance of the convergence of the inversion. While the larger 

anomaly better approaches the anticipated shape and material properties, FWI 

overestimated both the size and VP of the smaller anomaly.  
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Figure 4.3. FWI results for VP after a total of 50 iterations of the hybrid FWI (CC and 

L2 misfit) workflow. 

 

Given the limited coverage of the waves on this anomaly, the reconstructed 

domain shows the location and dimensions of the defects very well. In both cases, the 

centroids of the anomalies compare favorably with the true locations in the model. The 

larger anomaly centroid was located at approximately 0.65 m along the x-axis and 0.7 m 

along the y-axis in the resulting FWI image, which is the same as the true model anomaly 

centroid location. The small anomaly was located at x = 0.23 m and y = 0.20 m in the 

FWI image, whereas it was located at x = 0.25 m and y = 0.20 m in the true model. These 

results would certainly provide useful information regarding the spatial extent and 
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location of anomalies, which could be used to determine any negative effects on load-

carry capacity and the degree to which remediation efforts would be necessary. 

It is also worth discussing how the FWI results evolved during the hybrid 

workflow. Figure 4.4(a) shows the starting uniform model. Figure 4.4(b) presents how 

the anomalous features appear after 15 iterations of FWI with the CC misfit function. 

These results show that the inversion is converging towards the true model. The CC 

misfit function is properly fulfilling its main goal, which is making the domain smoother 

and closer to the true model for the next stage of inversion with an L2 misfit function. 

This hybrid approach of using different misfit functions at different stages of inversion is 

in fact an effective way of preventing inversion failure or convergence towards physically 

meaningless results. Using the results from 15 iterations of the CC misfit inversion as the 

initial model for an L2 misfit inversion led to an improvement in the characterization of 

the anomalies [Figure 4.4(c)]. More details of the features are present in the results and 

the material VP and geometry are more accurate relative to the true model. 

The results in Figure 4.3 and 4.4 highlight the high accuracy and resolution 

offered by FWI for this particular drilled shaft structural integrity application. They 

support the hypothesis that a hybrid stress-wave FWI approach with cross-hole data will 

detect structural anomalies of smaller than at least 15% the cross-sectional area of the 

shaft as postulated in Chapter 1. However, since CT is regarded as the most effective of 

the current standard of practice NDT methods for structural integrity, it is beneficial to 

also compare the FWI results to those acquired using a typical CT approach and highlight 

the relative performance of the two approaches.  
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(a) 

 

(b) 

 

(c) 

 

Figure 4.4. Evolution of the FWI results based on a hybrid workflow: (a) starting 

model; (b) after 15 iterations with a CC misfit function; (c) after 10 iterations with 

L2 misfit function using (b) as the starting model. 
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4.2.1.2 CT imaging 

In CT, the slowness is inverted from the travel-time data. To solve this inversion 

problem, a ray-tracing scheme is required to determine the ray paths (Giroux and 

Larouche, 2013). As noted in Chapter 2.3.2, a shortest-path method was used in this 

study to compute the travel-time for CT along the travel path based on Fermat’s 

principle. The type of discretization of the domain, however, can significantly affect the 

ray tracing process. To increase the accuracy of ray-tracing and provide adequate angular 

coverage, the domain was discretized using cells with primary nodes at their corners 

together with secondary nodes along the edges of each cell or element (Giroux and 

Larouche, 2013). 

The observed waveforms from forward modeling stress-wave propagation in the 

true domain were also used to perform CT. The traces from the forward model were 

imported into the Geometrics Seisimager/2D® software package to pick the first arrival-

time of each trace. Then the travel-time data was loaded into pyGIMLi (Rücker et al. 

2017) for CT analysis. A structured mesh with secondary nodes was first generated for 

the inversion. This domain was 1.0 m in depth and 0.8 m wide (which is the distance 

between the source and receiver arrays).  

The results of the CT analysis are presented in Figure 4.5. Two regions of lower 

velocities are evident from the CT inverted image. The low VP zone on the top-right hand 

side of Figure 4.4 is noticeably larger than the corresponding zone in the true model and 

in the FWI results. The shape is also much more incoherent than the squares in the true 

model and the oblong circular shapes in the FWI results. There is evidence of the smaller 
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low-velocity zone on the lower left side of the figure. However, it is difficult to assign a 

meaningful geometry to this region. Moreover, the extent of this zone is oversized 

relative to the true conditions. These results highlight the overall conservative nature of 

CT (i.e., overestimating the spatial extent of anomalous zones) relative to FWI. 

 

 

Figure 4.5. CT results for VP based on travel-time of the observed waveforms from 

forward modeling in the true domain. 

 

In addition to overestimating spatial geometry, the inverted CT image also 

overestimates the VP of both anomalies. With respect to location of the anomalies, the 

enlarged dimensions in the CT image create some difficulty in accurately assessing 
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anomaly centroid locations. However, this location generally agrees well with the true 

model in the case of the larger anomaly [(0.7 m, 0.7 m) compared with (0.65 m, 0.7 m)]. 

The CT results imply though that this anomaly stretches as far over as x = 0.4 m 

compared to 0.5 m for the FWI image and 0.53 m in the true model. Given the irregular 

shape of the smaller anomaly and the enlarged zone over which VP is observed to be 

lower than competent concrete (3900 m/s), it becomes impractical to asses a centroid 

location. 

 

4.2.1.3 Discussion of Computational Efforts and Data Redundancy for 2D FWI 

Although FWI yielded superior results in comparison with CT, it took much 

higher computational effort and time. In fact, it took almost 3 hours for the FWI analysis 

to be completed on the computational node, while it took approximately 15 minutes for 

the CT to deliver the results. Generally, the acquisition of redundant data is quite 

common in geophysical testing and NDT applications. In fact, some of the data acquired 

in the process contributes very limited information for constructing the image. The 

presence of such data, however, increases the computation time and efforts significantly.  

To investigate this issue, another numerical simulation was performed with 5 

sources and 9 receivers using the same model domain as Figure 4.1. In this simulation, 

every other source and receiver in Figure 4.1 was removed to model a reduced set of 

acquired data. The synthetic waveforms from this model were subsequently used to 

perform FWI and generate another image of the domain. CT analysis was not performed 

given that FWI already proved superior for the case of an expanded set of acquired 
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waveform data. The removal of sources and receivers would only serve to further 

negatively affect the results of CT, which already was less capable than FWI in 

accurately assessing the anomalous regions.  

The results of the second set of FWI analysis is presented in Figure 4.6. Again, 

the inverted VP model clearly distinguishes the zones of anomalous features from the 

competent concrete. A visual comparison of Figures 4.3 and 4.6 demonstrates that the 

removal of sources and receivers in the data acquisition process did not overly affect the 

FWI results. In fact, the relative spatial extent, centroid locations, and estimated VP of the 

anomalies are quite similar. It is also worth noting that as a result of this reduction in 

sources and receivers, the total number of waveforms went down from 153 to 45 traces, 

which means a 70% reduction in the amount of the acquired data. Putting this in the 

context of data acquisition in the field implies a meaningful reduction of acquisition time 

and efforts. Additionally, the reduction in redundant data has an overall positive effect on 

the overall computation time since less waveforms are processed during FWI. In fact, 

reducing the number of sources directly reduces the computational time. In the case of 

this model, the computation time was reduced to almost half of the denser source and 

receiver configuration. 

The reductions in data acquisition and computational efforts offered by FWI 

could help ensure that any improvements offered by its implementation are indeed 

realized in practice when anomalous features are detected in drilled shafts. Additionally, 

the spectral-element computations that contribute the bulk of the computational costs are 

almost perfectly scalable (Afanasiev et al. 2019). Though outside the scope of the 
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dissertation research efforts, significant efficiency gains can be realized by exploiting 

massively parallel (i.e. GPU-based) compute architectures (Komatitsch et al. 2010; 

Gokhberg and Fichtner, 2016). For these reasons it is anticipated that the computational 

cost of FWI will decrease significantly in the upcoming years, which will encourage its 

use in more NDT applications at the geotechnical scales of interest. 

 

 

Figure 4.6 FWI results for VP with a reduced array of 5 sources and 9 receivers after 

implementation of the hybrid workflow. 
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4.2.2 3D Drilled Shaft Model 

In Chapter 2 it was discussed how CT suffers from the limitation of detecting 

vertical features, despite the high ultrasonic frequency content of the waves. A series of 

2D simulations in the previous section showed that FWI can outperform CT when used to 

assess the structural integrity of drilled shafts. The relatively modest computational 

efforts and effective performance of 2D plane strain modeling have made it a common 

approach for numerical simulation of deep foundations NDT. However, the propagation 

of stress waves in deep foundations is inherently a 3D problem. Moreover, given the 

limited number of the pre-installed access tubes, determining the lateral extent of any 

anomaly is ineffective in a 2D analysis. A 3D model on the other hand, could potentially 

address these issues at the cost of a more demanding model preparation process and 

higher computational resources. Consequently, the performance of FWI relative to CT 

was evaluated based on a 3D model of a drilled shaft with known defects. 

          

4.2.2.1 Model Geometry 

A 3D model of a defective drilled shaft was developed to simulate wave 

propagation and compare travel-time tomography and FWI (Figure 4.7). It is common to 

limit CT data acquisition to sections of the drilled shaft where previous CSL testing 

indicated an anomaly. The cylindrical model in this study was therefore small in the 

vertical direction [0.9 m (3 ft)]. However, the 0.9 m (3 ft) diameter was characteristic of 

typical drilled shafts. As with the 2D model, the acoustic wave velocity (VP) in the sound 

concrete was 3900 m/s. An anomalous zone with 20% VP reduction (3100 m/s) and 
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approximately 10% of the shaft gross cross-sectional area in size was generated. The ratio 

of the anomaly height to the shaft diameter is approximately 0.40, which compares 

favorably to the results in Sarhan et al. (2002) where CSL was able to detect anomalies 

with this ratio equal to or more than 0.40. With regard to the boundary conditions, a 

Dirichlet boundary condition was implemented as in the 2D model. 

Data was acquired from four equally spaced access tubes 0.1 m (4 in) away from 

the edges of the shaft (Figure 4.8). Acoustic waves were generated at five locations 

within two of these access tubes (an overall of 10 shots were simulated). These sources 

were vertically spaced 0.2 m (8 in) apart with the first source located at an elevation of 

0.05 m and the last one at 0.85 m. Eight receivers were used in the other access tubes, 

vertically spaced 0.1 m (4 in) apart with the first receiver located at an elevation of 0.1 m 

and the last one at 0.8 m.  

 

4.2.2.2 3D FWI Analysis 

A multi-scale inversion scheme was implemented in which the sources were 

modeled using both 20 kHz and 30 kHz Ricker wavelets at different stages of the 

inversion workflow. In this approach, the results of the inversion from the lower 

frequency waveforms are used as the starting model for another inversion run with 

waveforms of higher frequencies. The use of very high-frequency waveforms increases 

the risk of inversion failure, particularly in 3D models. A multi-scale inversion approach 

is a promising technique to address this issue. Starting the inversion with lower 

frequencies, allows for resolving features of longer wavelengths in the domain.  
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(a) 

 

(b) 

 

 Figure 4.7. 3D rendering of the model drilled shaft: (a) overall geometry; (b) 

part of the defect in the model. Note: All dimensions in meter. 
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Subsequent inversion with higher frequency waveforms ensures adequate 

resolution of smaller features within the final inversion results. The forward and inverse 

problem was simulated using the same tools as in the 2D cases with a Newmark time 

scheme for the integration in the time domain (Schuberth 2003, Afanasiev et al. 2019). 

As with the 2D drilled shaft model, FWI was implemented using a constrained 

trust-region algorithm and a hybrid two-stage inversion with an L2 and CC misfit 

(Boehm et al. 2018). In addition to the implementation of a hybrid, multi-scale inversion, 

extra measures were taken to improve the efficiency of the computational procedure. The 

stability of forward simulation is directly related to the number of data points sampled 

over each wavelength. This directly translates to the size of the element (in element base 

methods like SEM) or grid spacing (i.e., in FDM). With the ultrasonic frequency content 

of the stress waves in this study, the size of the elements becomes very small. Moreover, 

in order to ensure the proper transmission of energy from node to node, a proper time 

interval value must be selected. In fact, the stability criterion, usually referred to as 

Courant-Friedrichs-Lewy or CFL condition, needs to be met (Fichtner 2011). The CFL 

condition has the following form: 

&<=O	<P&OQRST < V	
min ℎ

max R
 (4-2) 

where, h is the element size, v is the highest wave velocity in the domain, and C is a 

constant with an order of magnitude of one (Fichtner 2011). In this study it is kept equal 

or below 0.6 to prevent failure of the numerical simulations. Given the high VP of the 

domain, the selected time interval becomes relatively small and equal to 4.0e-8 s, which 
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leads to a higher number of time-steps required to generate data over a given time 

window and an increase in computational cost.   

Another important factor in the computational workflow for FWI is the number of 

sources in the analysis. Generally, an increase in the number of sources leads to more 

waveforms that must be matched during FWI and a corresponding increase in 

computational efforts. This must be balanced against the need for sufficient data to 

improve FWI results. In order to expedite the inversion process in this study, the 

inversion was started using data from access tubes T1, T3, and T4 with the source located 

in T2. This usage of only half of the available data has the benefit of significantly 

reducing the computation time, while preparing a more relevant starting model for the 

next stage of inversion. The inversion results of this stage were used as an initial model 

with data from access tubes T1 to T3 with the source located in T4. 

All computations were performed on a computational node from the high-

performance computing center (HPC) at Temple University. The computational node 

consists of two CPUs (model Intel® Xeon E5-2690 v4) with a total of 28 independent 

central processing units (i.e., cores) with a base frequency of 2.6 GHz. The nodes are part 

of the Dell® PowerEdge C6320 server. Each compute node is supported with 128 GB of 

RAM and 1000 GB of temporary storage (scratch). 
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(a) 

 

(b) 

 

 Figure 4.8. (a) Access tube locations (T1 to T4); (b) Schematic of the location of 

the sensors for access tubes T2 and T4. Note: All dimensions in meters. 
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The workflow selected for implementation of FWI plays a major role in its 

performance. A relatively similar workflow to the 2D simulations was adopted in which a 

hybrid use of misfit functions along with the multi-scale inversion approach was 

implemented. The regularization was also implemented using the smoothing parameter in 

by applying the diffusion equation on the gradients (Boehm et al. 2018). 

 

4.2.2.3 Results of 3D FWI 

The inversion started with a uniform velocity model for the starting model. At the 

first scale of the inversion (using the 20-kHz source), after eight iterations of inversion 

using the CC misfit function, the inversion switched to using an L2 misfit function and 

the results after 15 iterations were used for the next scale of inversion. A similar 

workflow was implemented for the inversion at a higher scale of frequency content (30-

kHz source). Given the high frequency content of the waveforms and relatively high 

wave velocity of the materials in the domain, the computation time becomes significantly 

high. In fact, the entire process of inversion took approximately 150 hours (i.e., 

approximately 6 days) to complete on one single compute node. This time can be directly 

reduced by increasing the number of the compute node. In this study, due to some 

hardware limitations, only one compute node was used.  

The VP FWI results for the 3D drilled shaft model are presented in Figure 4.9 and 

4.10. When compared to the true model, it is evident that the inverted defect geometry 

and VP are well reconstructed through the FWI iterations. However, the elements at the 

edges of the domain are falsely identified with similar VP to the anomalous region. These 
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elements lie outside of the zone covered by access tubes since they are closer than 10 cm 

(4 in) from the edge of the cylinder. Subsequently, the VP of these elements often do not 

significantly change. 

In order to quantitatively evaluate the results of the inversion, a velocity reduction 

of approximately 12% was set for the thresholding the results. This is selected as the 

quality of the concrete becomes questionable when more than 10% reduction in the 

velocity of the concrete is detected. This will lead to a volume of 0.0497 m3 in the total 

volume of the shaft; that is, inside and outside of the access tubes. The total volume of 

the shaft is 0.5724 m3. This means that considering the entire shaft model, approximately 

9% of the entire shaft shows questionable properties in the inverted model.  

Narrowing down the results to zone within the direct coverage of the access tubes, 

the volume that is interpreted as defect is 0.0182 m2. The volume of the true defect, using 

the same threshold in the velocity as was used for defects, is 0.0172 m3. This is directly 

comparable to the volume of the reconstructed defect within the access tube. In fact, 

cautions should be exercised when interpreting the results of inversion with regards to 

zones outside the direct coverage of the access tubes for they can lead to inconclusive 

interpretations.   
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Figure 4.9. 3D rendering of the inverted model. Note: All dimensions in meters. 

  

 

Figure 4.10. 2D plan-view slice of the FWI inverted model at a height z = 0.55 m. 
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Another aspect that affects the quality of the results is the fact that each inversion 

run was essentially based on a single source access tube. The inversion results would be 

improved by simultaneously inverting the data rather than sequentially because the 

multiple simultaneous sources would provide data from greater spatial coverage. 

However, this approach would be computationally prohibitive given the limitations in 

time present in practice. Nevertheless, a comparison of the true anomaly geometry and 

the inverted results in Figure 4.11 shows that FWI managed to reconstruct the anomaly 

geometry. Although, the inverted defect in Figure 4.11(b) sticks out of the true defect, its 

total volume is smaller than the volume of the true defect. In fact, the volume of the 

reconstructed defect is 87% of the volume of the defect in the true model [i.e., the red 

block in Figure 4.11(b)]. This can be attributed to the choice of the inversion parameters 

like the regularization scheme that smoothens the VP gradients and leads to an 

overestimate of anomaly geometry. 
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(a) (b) 
Figure 4.11. 3D rendering of the FWI inverted defect: (a) defect only; and (b) 

comparison between the true model defect (red) and the inverted defect (blue). 

 

4.2.2.4 2D CT Results 

In addition to FWI, several 2D CT inversions were performed using forward 

modeling data from the pairs of source-receiver access tubes. First arrival times were 

estimated using the cross-correlation of the source signature and each simulated trace. 

Figure 4.12(a) shows the 2D slice of the true model between T1 and T2 and the large 

defect within that plane. Figure 4.12(b) presents the 2D slice of the defect resulting from 

FWI. Similar to the 3D results, it is evident that both the geometry and velocity models 

are closely reconstructed using FWI. Figure 4.12(c) illustrates the results of the travel-

time CT from these two access tubes. 



 

137 

Given the large size of the defect, it was successfully detected in the CT results. 

Focusing the travel-path to reside solely within the 2D plane with the defect increases the 

likelihood of its detection and successful convergence of the travel-time inversion. 

Despite the success of the method in generating a geometry similar to the true model, the 

smallest values of VP are noticeably larger than the lower bound of the true model. This 

could be attributed to the relatively small number of shots from sources and receivers in 

the acquisition configuration. Similar analyses were performed using data from pairs of 

access tubes T2-T3 and T2-T4. However, since no sections of the defect exist in these 

planes, results of the CT also did not detect any defects. 

  
 

  
(a) (b) (c) 

Figure 4.12. 2D results in the plane passing through tubes T1-T2: (a) True model; (b) 

FWI; (c) 2D CT. 
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4.2.2.5 Discussion of Computational Efforts and Data Redundancy for 3D FWI 

Similar to the 2D models, the effect of reduction in the number of sources was 

investigated for 3D FWI. The number of sources was reduced to 6 from a total of 10 

sources in section 4.2.2.3. The direct benefit of this reduction is again cutting the data 

acquisition time in almost half and similarly the required resources for the inversion in 

half. Moreover, the fewer number of sources allowed for running the inversion with all 

the sources at once. Only two out of four access tubes were used to house the sources. 

These sources were vertically spaced with the first source located at an elevation of 0.05 

m and the last one at 0.85 m. For the FWI, the spacing was 0.4 m, leading to three 

sources in each source access tubes, totaling six sources for the data acquisition. Inside 

the access tubes, eight receivers were vertically placed, 0.1 m apart, with the first receiver 

located at an elevation of 0.1 m and the last one at 0.8 m. Figure 4.13 shows a schematic 

of the location of the sources and receivers in access tubes T1 and T3 respectively. All 

the other parts of the workflow of FWI in this section are similar to section 4.2.2.3, 

including the source properties, choice of starting model, misfit function, and 

regularization.  

The results of the inversion is presented in Figure 4.14 in the forms of both 3D 

rendering and a 2D slice of the inverted velocity. The results of inversion at the end of 

12th iteration at 30-kHz frequency scale is presented here. It is worth noting that the entire 

inversion process took approximately 95 hours. It is evident that the main defect was 

reconstructed by the inversion workflow. However, as expected, artefacts due to the 

limited coverage in regions close to the boundaries of the domain still persists. Although 
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the number of sources was noticeably reduced, the inversion was able to reconstruct the 

main defect. 

 

 

Figure 4.13. Schematic of the location of sources and Receivers in access tubes T1 and 

T2. Note: No velocity information is presented in this figure. 

 

A more detailed analysis of the results can be performed by a volumetric 

comparison. The volume of the defect thresholded under the velocity of 3450 m/s is equal 

to 0.0421 m3. This is 85% of the corresponding volume from the inversion with 10 

sources (i.e., a reduction in volume), signaling a better performance. However, within the 

range of direct coverage of the access tubes, the inverted domain with six sources shows 

a total defect volume of 0.0195 m3 which is approximately 7% more than the case with 

10 sources.  

Source 
Receiver 

T1 
T3 
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(a) 

 

(b) 

 

Figure 4.14. Results of inversion with 6 sources: (a) 3D rendering of the inverted 

model; (b) 2D plan-view slice of the FWI inverted model at a height z = 0.55 m. Note: 

All dimensions in meters. 
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Figures 4.15 show the results of inversion when the number of sources is reduced. 

The ability of FWI in re-constructing the defect is presented in Figure 4.15, where a 

comparison of the true defect geometry and the inverted results is presented. The volume 

of the inverted defect in this presentation is 0.0137 m3 compared with the true defect 

which is 0.0172 m3. Therefore, the reconstructed volume is approximately 80% of the 

true defect. This shows a lower estimate when compared to the case with 10 sources, 

where the volume of the reconstructed defect was 87% of the true defect (Figure 4.11). 

Due to the reduction in the number of sources the quality of the reconstruction suffered in 

the form of developing some artifacts in the reconstruction. In spite of some discrepancy 

the inverted defect follows the dimensions of the true defect in all three directions. 

A closer look at the evolution of the waveforms helps understand how the 

workflow managed to generate such results. Figure 4.16 shows how the waveforms 

varied at different steps of the inversion for the 20 kHz frequency scale. For simplicity 

and ease of interpretation, only the waveforms from source number two at z = 0.45 m and 

corresponding receivers (at elevation z = 0.5m) in the receiver access tubes are presented 

here. Evident from this figure is that at the start of the inversion, the waveforms from the 

true model and starting model are noticeably different, making the inversion very prone 

to cycle-skipping. However, applying the CC misfit significantly improved the matches 

between the phases of the waveforms. Finally, the inversion with the L2 misfit function 

resulted in an almost perfect match between the waveforms (waveforms in blue and red). 
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Figure 4.15. 3D rendering of the true model in transparent dark red overlaid on the 

inverted defect shown as green cells. Results from the FWI with 6 sources. 

 

(a) 

 

(b) 

(c) 

Figure 4.16. Evolution of the waveforms from a single shot at z = 0.45 m in access tube 

T1 for three receivers at z = 0.5 m in access-tubes located at: (a) T2; (b) T3; (c) T4. 
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Another factor that highlights the performance of the 3D FWI workflow is the 

variation of the relative values of total misfit with the number of iterations (Figure 4.17). 

A continuous decreasing trend in the misfit is evident up to iteration 15. However, the 

scale of the inversion was changed from 20 kHz to 30 kHz at this iteration, which 

unsurprisingly resulted in a slight increase in the misfit at iteration 16. The misfit 

subsequently continues to decrease after this iteration though at a rate of much smaller 

than originally encountered with the lower frequency content. This is due to the fact that 

the major features were already reconstructed during the first stage of inversion with the 

lower frequency waveforms. Finally, the misfit falls below 3%, meaning that the 

difference between the waveforms from true models and the inverted model match very 

closely, which corroborates the results presented in Figure 4.16.  

 

 

Figure 4.17. Variation of the L2 misfit in the 3D FWI workflow. 
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4.2.2.6 Results of 3D CT Imaging 

Although a 2D CT inversion delivered results that demonstrated the geometry of 

the defect, a direct comparison with the results of FWI is not possible unless a 3D travel-

time inversion of CT data is performed. The results of the 3D forward simulations in 

Section 4.2.2.1 with 10 shot locations and eight receivers in each access tubes were used 

to pick the travel-time values. Similar to the FWI, a starting model with a uniform 

background velocity was used. The starting mesh, however, covers the drilled shaft in the 

cylinder that encompasses the 4 access tubes without providing any information on the 

quality of the concrete between the access tubes and concrete cover. 

The 3D travel-time inversion was performed at two stages with data only from 

five sources out of the 10 total sources used at each stage of inversion. This was due to 

limitations in the computational resources. Although the compute node was equipped 

with a 128-GB RAM, using all the sources together led to an overflow of the temporary 

memory and failure of the inversion. A similar approach was taken in Section 4.2.2.2 for 

the 3D FWI. It is important to note that 3D travel time tomography is also 

computationally expensive; however, it is not as expensive as FWI. In fact, it took 

approximately seven hours to complete the inversion process. 

Figure 4.18 shows a 2D plan view of a cross section of the final results from the 

3D CT inverted image. Although the presence of an anomalous feature is detected, the 

material properties and geometry of the detected anomaly is not comparable with the 

defect in the true model. As was expected, the velocity was averaged over the domain 

and the shape of the anomaly is much larger than its corresponding geometry in Figure 
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4.7. In fact, the colorbar limits in Figure 4.18 are clipped to make the figure comparable 

to Figures 4.8 and 4.10, otherwise the CT results have a much wider range of VP values 

than the true model. 

A direct volumetric comparison on how the defect in the true model is 

reconstructed by each inversion method was desirable to gauge performance. It was 

necessary to define a criterion because the properties of the inverted domain did not 

always closely match the true model, particularly for the CT results. One scenario could 

be evaluating the extent to which the quality of the concrete can be rated as 

“questionable”. According to Brown et al. (2010), the quality of concrete is questionable 

if the velocity reduction is between 10% to 20%. Since there would be no a priori 

information on the true model material properties in a real-world setting, this evaluation 

was considered solely base on the VP values obtained from the inverted models, 

regardless of how well they matched the true domain VP limits. 

 

 

Figure 4.18. 2D slice of the travel-time inversion (CT) inverted model. 
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Figure 4.19 shows the 3D rendering of this questionable concrete in a 3D 

rendering with at elevations of 0.55 m to 0.9 of the inverted drilled shaft. It is evident that 

the volume of the inverted defect is much larger than the defect in the true model. In fact, 

at z=0.55m, the cross-sectional area of the inverted defect from the travel-time 

tomography is approximately 24% of the cross-sectional area of the shaft. The cross-

sectional area of the true defect is approximately 10% of the one of the shaft. Therefore, 

the travel-time inversion is over-estimating the defect in the domain. 

 

 

Figure 4.19. 3D rendering of the inverted model from travel-time inversion with at 

elevation z > 0.55m.  
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Figure 4.20 presents a comparison of the predictions for “questionable” concrete 

based on both the 3D FWI and CT results. This relative reduction is compared to the 

maximum velocity in the inverted domain as a result of 3D CT. Applying this criterion, 

Figure 4.20(a) shows the CT predictions (transparent) with the true model defect (dark 

red) overlaid. The volume discrepancy is significantly large. This is also the case when 

the FWI (yellow) and CT predictions are plotted together in Figure 4.20(b). Even a visual 

comparison confirms that the results of CT is not a proper representation of the defect in 

the true model. In fact, relying on the results of the 3D CT for deciding whether the 

drilled shaft should be accepted or rejected leads to inaccurate judgement of the situation. 

By measuring the volumes of the defects in each model (i.e., true, FWI, and travel-time 

inversion) more insights into the results can be provided. The volume of the zone 

categorized as defect from the travel-time inversion in Fig. 4.20 is 0.0985 m3. This is 

approximately six times as large as the volume of the true defect. On the other hand, the 

results of FWI using six sources led to a ration of approximately 0.8, which is much 

closer to the expected defect. 

In general, FWI exhibited better performance despite the use of more sources for 

the travel-time inversion. There were some computational inversion artifacts present in 

the results of FWI that could be falsely interpreted as defects; however, they were mainly 

located in zones very close to the boundaries of the model where the accuracy of the 

model usually suffers. In fact, it was quantified that in zones within the access tubes the 

false interpretation have only minor impacts on the results. Besides, travel-time inversion 

grossly overestimated the dimension of the defect. Therefore, the interpretation of the two 
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sets of results would lead to quite different conclusions regarding the suitability of the 

stability of the drilled shaft to support the design load.  

 the travel-time CT results grossly overestimated the presence of defects. 

Consequently, interpretation of the two sets of results would lead to quite different 

conclusions regarding the suitability of the drilled shaft to support design loads. 

However, the improved performance of FWI comes with high computational costs. As 

noted previously, both the 3D FWI and travel-time CT algorithms required high 

computational demands.  
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(a) 

 

(b) 

 

Figure 4.20. Results of 3D inversions: (a) 3D rendering of the true model defect 

(red) overlaid on the predicted defect from CT (grey); (b) 3D rendering of the 

predicted defect from FWI (yellow) overlaid on the inverted defect from CT (grey). 
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4.3 Optimal Configuration of Sensors 

Optimal hardware configuration is necessary in any NDT system to create a 

balance between the costs, benefits, and limitations of the system. In particular, the 

number of sources and receivers in stress-wave techniques can directly increase the 

financial costs of the acquisition hardware. Moreover, when the hardware configuration 

is not optimal, either too much or too few data are acquired. An excessive amount of data 

can lead to an increase in the acquisition time as well as the subsequent data pre-

processing and analysis efforts. Inadequate data coverage increases the amount of 

uncertainty in the results or can even lead to failure of the analysis (e.g., inversion 

failure).   

Efforts in this dissertation so far have highlighted the performance of FWI when 

developing high resolution images of a domain. However, it has also been clear that one 

of the main disadvantages of full waveform tomographic methods is their expensive 

computational costs, which are proportional to the number of sources used to generate 

waveforms for data acquisition. In fact, the number of sources directly determines the 

number of times that the forward simulation of the waveforms in the domain should be 

solved. Therefore, finding an optimal survey configuration is of great importance for any 

system or survey that uses FWI as the data analysis and imaging technique. 

In Chapter 1, it was hypothesized that a sequential optimal experimental design 

(SOED) approach can be used to find the optimal hardware configuration for an NDT 

system. In this section this approach is investigated in a cross-hole setting. The principles 

of the SOED approach are first explained. Then cost and benefit criteria are defined and 
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incorporated to quantify the analysis. Finally, the application of this approach for finding 

an optimal hardware configuration for the structural integrity assessment of drilled shafts 

is presented. 

 

4.3.1 Sequential Optimal Experimental Design (SOED) 

It is quite common in NDT data acquisition that redundant data exists in the 

dataset, without any meaningful contribution to the subsequent data analysis (e.g., 

inversion). Finding an optimal survey configuration aims to reduce the number of 

sources, while delivering a high-quality image. This optimization must be performed 

independently of what the true model looks like and the nature of the measured data. An 

optimal design criterion is required to quantify and subsequently optimize the problem. 

Similar efforts have explored this issue in more recent literature on exploration 

geophysics and medical imaging (Vinard et al. 2018). A promising approach to 

investigate optimal survey configuration is sequential optimal experimental design 

(SOED) (Vinard et al. 2018; Korta Martiartu et al. 2019). 

Sequential optimal experimental design (SOED) requires the Bayesian 

formulation of the inverse problem to quantify the quality of the information gained from 

a particular survey configuration. The posterior probability density function of the 

material properties provides such an indication or quantitative measure of the information 

quality. The Bayesian formulation of the inverse problem is therefore intended to find the 

posterior probability density function of the material properties from the inverse problem. 

However, FWI is a highly non-linear inverse problem, and it is necessary to make the 
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forward modeling linear by making some valid assumptions. By implementing the 

linearization of the forward operator, the posterior is equal to a Gaussian with a 

covariance matrix that is independent of the true model and measured data. This 

covariance matrix can be estimated by the Hessian matrix and information on the prior 

model. Details on the governing formulations for this process are provided as Appendix 

D. 

 

4.3.2 SOED for Optimal Cross-hole FWI Survey Configuration 

In the previous sections on the application of 2D and 3D FWI for structural 

integrity of drilled shafts, it was demonstrated that a reduction in the number of sources 

and receivers can significantly reduce the acquisition time and computational efforts. In 

this section SOED is implemented on the 2D model of the drilled shaft introduced in 

section 4.2.1 to highlight the sensitivity of FWI with respect to the reduction in the 

number of sources and receivers. The same arrangement of the source and receiver access 

tubes presented in Fig. 4.1 is investigated in this section. The same number of receivers 

as in the FWI and travel-time inversion problems is kept for the SOED analysis. Then the 

effect of selecting sources are examined.  

This effect of each source-receiver configuration can be quantified based on a 

benefit-cost curve (Figure 4.21), which plots the variations of the amount of information 

gained or the data redundancy (i.e., the benefit) versus the number of sources used (i.e., 

cost). This benefit-cost curve indicates the quality measure as a function of the number of 

sources. Therefore, it can be used to evaluate the following: (1) the sources that only 
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contribute redundant data and can be subsequently removed (2) the minimum number of 

sources to accurately resolve the model parameter. Figure 4.21 shows that at some point 

the increase in cost does not result in a noticeable increase in the benefit, similar to the 

rate observed at lower costs. The curve should be considered as a tool to quantify the 

information gained from each specific arrangement of sources and receivers, compared to 

a very dense and ideal source-receiver configuration. 

 

 

Figure 4.21. Schematic variation of a benefit criterion versus cost (modified after 

Maurer et al. 2017). 

 

It is anticipated that a similar benefit-cost curve can be developed for the case of 

NDT structural integrity of drilled shaft. However, it will be more difficult to achieve a 

perfect plateau of the curve as there are practical limitations on both the number of 

sources and receivers. For example, the sources and receivers can only be placed inside 

access tubes that are pre-installed in the foundation. This imposes the classic problem of 
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limited coverage related to CT surveys. Moreover, one should take into account the role 

of the NDT user as well. For example, it is much easier for the user to maintain constant 

spacing between the source locations than to place the sources at arbitrary locations 

inside the access tubes. 

An acquisition spacing of 5.0 cm or less between the shots in CSL testing is 

recommended (ASTM d-6760). In the case of the CT generally a similar procedure is 

adopted; however, a more efficient protocol might be adopted to reduce the data 

acquisition and processing time (Brown et al. 2010). At the first series of SOED analyses 

a spacing of 5.0 cm is kept for the receivers. This led to 17 equally spaced receivers, with 

the first one at elevation 0.1 m and the last one at 0.8 m, in the receiver access tube. The 

selection of the sources is then investigated in the analysis.  

Regarding the sources, new source was added to the source access tube in a 

sequential manner. In fact, the analysis started with only two sources located at the far 

ends of the access tubes at elevations 0.1 and 0.8 m, respectively. At each stage, one 

additional source is added between the existing sources. Each new source is added at a 

location that is halfway from the sources above and below it. Following this order up to 

17 sources leads to an equal spacing of 5.0 cm between sources in the access tube. It is 

expected that at this point the benefit-cost curve enters the zone of diminishing return; 

however, in order to examine this quantitatively seven more sources are added at separate 

stages (one source at a stage). This comprehensive source arrangement allows for 

evaluating the situations where very dense configuration of sources are used in CT 

testing.   
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It is important to note that, no inversion run is required for this analysis of the 

SOED. Implementation of additional sources is only to investigate how this can reduce 

the uncertainties and increase data redundancy. For practicality of field implementation, 

the analysis in this section started with two sources, each one located at far ends of the 

source access tubes. At each subsequent stage, new sources were added between them. 

This approach maintains a tractable spacing between sources. 

The results of the analysis using the design criterion introduced in Eq. D-10 (i.e., 

extent of irredundant information) are presented in Figure 4.22. In order to properly 

interpret this curve, it is necessary to discuss this benefit criterion in more details. There 

is an inverse correlation between the trace of the Hessian and trace of the posterior 

covariance matrix. Large values of the diagonal element of the Hessian indicate that the 

model parameter are resolved better. In another word, this means that the trace of the 

posterior covariance becomes smaller for larger values of the trace of the Hessian. This 

can be achieved by flattening the eigenvalue spectrum (Vinard et al. 2018), as the design 

provide a more equally distributed information about the domain. It is worth mentioning 

that the trace of a matrix is equal to the sum of its eigenvalues. Therefore, if adding new 

sources to the experimental design guides the normalized trace of the Hessian to plateau, 

it can be interpreted that the additional sources are not contributing to reducing the 

uncertainties in the experimental design.  

Although this criterion cannot completely quantify the level of certainty about the 

solution of the inverse problem, it worked quite well as an indication for the evaluation of 

data redundancy. In fact, Figure 4.22 shows that by selecting only 9 sources, the benefit-
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cost curve is just about to start entering the diminishing return zone (i.e., plateau). 

Although, adding more sources could potentially increase the confidence about the 

solution of the inverse problem, it is expected that the quality of the inverted image will 

not significantly improve.  The previous FWI results from Figure 4.1 can be used to 

evaluate the performance of the SOED. In those 2D FWI model, originally nine source 

locations were used. It was discussed that FWI was able to successfully reconstruct the 

true model. This observation is in agreement with the results of the SOED that selecting 

nine sources as the number of sources for an optimal experiment. It is evident in Figure 

4.22 that after 12 sources the information gain from the acquisition system is negligible. 

However, keeping all the information from the 24 sources can significantly increase the 

computational costs of the inversion. 

 

 

Figure 4.22. The benefit-cost curve in terms of the log normalized trace of the Hessian 

matrix versus the number of sources. 
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A second criterion can be defined to investigate the level of relative confidence in 

the estimated parameter. In Eq. D-11 of Appendix D, the D-optimality condition was 

defined. This can be interpreted as the criterion that aims to minimize the volume of the 

uncertainty ellipsoid in the estimated parameter. Consequently, the D-optimality 

condition can be related to the expected information gain as shown in Eq. D-12 (Korta 

Martiartu et al. 2019). Figure 4.23 shows the benefit-cost curve generated using this 

criterion. This figure does not exhibit as distinct of a plateau as was observed in Figure 

4.22. This is quite anticipated for the issue of limited coverage of the cross-hole 

acquisition. However, this benefit-cost curve can assist with the interpretation of the 

relative information gain (and level of certainties) in the estimated parameter. 

According to Fig. 4.23, the level of the relative normalized information gain with 

nine sources is approximately 0.65, representing a relatively high level of confidence in 

the reconstruction. The steady increasing trend of the benefit-cost curve shows that 

adding more sources, increases the certainty in the estimated parameter, the rate of the 

increase goes down after nine sources. In order to investigate this observation in terms of 

the results of the inversion, another series of inversion with 17 sources on the same model 

in Fig. 4.1 was conducted to compare the results with the case with nine sources. In both 

inversion the same number of receivers were used.   

Figure 4.23 shows a similar benefit-cost curve using the design criterion in Eq. D-

12 (i.e., certainty of the results). This figure does not exhibit as distinct of a plateau as 

was observed in Figure 4.22. However, the relatively constant rate of increase of the 

benefit-cost curve can still assist with the interpretation.     
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Figure 4.23. The benefit-cost curve in terms of the log normalized information gain 

versus the number of sources. 

     

It is worth discussing how this results in finding the optimal configuration for 

FWI compare with the configuration used for the travel-time inversion in CT. In section 

4.2.1.2 and Fig 4.5, it was shown that the results of the travel-time tomography with nine 

sources was not able to properly reconstruct the true model. A denser configuration of 

sources might be recommended to improve the coverage and increasing the success of the 

travel-time inversion. Though intuitively this is a sensible approach, increasing the 

number of sources simultaneously increases the non-linearity of the problem. In fact, the 

increase in the number of sources might only exacerbate the situation in terms of 

computational resources and acquisition time, while there is not improvement in the 
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quality of the inverted image. This is shown in Figure 4.24 for the same 2D model, but 

with 17 source locations where the spacing between sources are 5 cm (instead of 10 cm).  

Except for minor changes, Fig. 4.24 does not show meaningful improvement 

compared to Fig. 4.5 where nine sources were used. Moreover, the range of the velocities 

in the reconstructed image by the travel-time inversion does not match the range of the 

velocities in the true model, in particular, the lower range of the velocity is not 

meaningful. Again, this shows that the inversion tends to average out the reduction in the 

velocities of relatively small zone, over a larger zone and fail to detect them.  

 

 

Figure 4.24. Result of travel-time tomography with 17 sources and 17 receivers.  
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Figure 4.24 can also be interpreted in the context of SOED. In fact, instead of 

following a dense configuration of the sources and receivers that is recommended for the 

CT, the results of the analysis with SOED can inform one that using almost half of the 

sources can provide enough data (first SOED criterion) for the FWI with relatively high 

level of certainty (second SOED criterion) in the estimation of the model parameter. This 

reduction will have significant impact the data acquisition and analysis by cutting the 

required time and computational efforts by half.   

It was demonstrated that SOED is a very promising tool for determining the 

arrangement of the sources and receivers in the experimental setting of FWI with a cross-

hole setting. The benefit-cost curves generated by SOED allows one to select the optimal 

source-receiver configurations based on the resources available to them. Users have the 

flexibility to select the criterion to quantify the benefit based on the type of information 

they are interested in and the computational expenses of the criterion. In fact, for larger 

domains, explicitly inverting for large Hessian becomes prohibitively expensive; 

therefore, one might choose other criteria that does not require an explicit inversion of the 

Hessian.  

Finally, although SOED is a flexible tool in finding the optimal configuration, it 

does not offer a global optimal solution. SOED allows for avoiding looking into all the 

possible configurations of the sources and receivers that can become in some cases 

computationally impossible to quantify. Instead, new sources are sequentially added and 

the variations in the benefit criterion is monitored. The possible issue with this approach 

is that if sources are added in previous stages, they cannot be removed at later stages. 
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Theoretically, it is possible to remove them, but they incur large computational costs. 

Fortunately, this will not affect the optimal configuration in practical problems in larger 

scales for the constraints imposed by the geometry of the task usually requires some 

preferential arrangements. For example, equal spacing in an access tube is usually desired 

to reduce the errors by the test operator. 

 

4.4 Summary and Conclusions 

Accurate detection of defects in drilled shafts has long presented challenges, 

particularly when the defects are vertically oriented and less than approximately 10% – 

15% of the shaft gross cross-sectional area. Travel-time CT has typically represented the 

highest standard of practice with respect to stress-wave NDT integrity methods for such 

circumstances. However, it has been reported that CT usually fails to detect such defects. 

It was hypothesized that an FWI approach to analyze the cross-hole data could potentially 

address the limitation.  

In this chapter, synthetic 2D and 3D drilled shaft models with small defects were 

developed to examine the performance of a hybrid, multiscale FWI approach for integrity 

testing. Low-velocity zones representing a defect (e.g., degraded concrete) were placed 

inside the model drilled shafts. In the case of the 2D model, there are two small defects 

located at either side of the domain where the defect has the lowest coverage of the 

waveforms. In the 3D model a relatively thin defect in the radial direction was placed on 

one side of the model. Both 2D and 3D acoustic FWI and travel-time inversion were 
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implemented to compare their overall performance when reconstructing the drilled shaft 

defects.  

The results demonstrated that FWI, as implemented with the recommended 

workflow, outperformed the travel-time CT inversion by extracting as much information 

as possible from the recorded waveforms. The travel-time CT results grossly 

overestimated the defect geometry, which would lead to differences in decisions 

regarding the suitability of the drilled shaft to serve as a load-carrying member for 

transportation infrastructure. However, the improvements offered by FWI were 

accompanied by extensive computational costs relative to even 3D travel-time 

tomography.  

With respect to the FWI workflow, a hybrid use of the CC misfit function and L2 

misfit function significantly reduced the risk of the cycle-skipping and helped the FWI 

converge to the vicinity of the global minima. Moreover, a multi-scale approach where 

the inversion was performed with different frequency content for the source also 

contributed to the successful implementation of the inversion. Finally, regularization of 

the inversion helped converging the inversion to physically meaningful results. In fact, 

small features in the inversion might cause instability and failure of inversions. 

Implementing the regularization by solving the diffusion equation allowed for 

reconstructing small features in the inversion. In the particular case of the 2D FWI model, 

where very limited coverage of the small anomaly could cause difficulties in the 

inversion, a relatively large smoothing parameter allowed for the reconstruction of the 
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defect. Applying the regularization came at the cost of slight overestimation of the 

material properties and smooth shape of the reconstructed defects.    

A very interesting finding in this study was the effect of the reduction in the 

number of sources and receivers and their impacts on the quality of the reconstructed 

image. It was demonstrated that the computational cost of FWI can be reduced by 

reducing the amount of data acquisition, while the quality of the reconstruction does not 

suffer significantly. The results in this study also highlight that FWI is a promising 

technique that can become a valuable tool in the NDT of deep foundations, particularly as 

advancements in computational capabilities reduce the inversion run times to more 

practical levels. 

In an attempt to quantify an optimal approach to selecting the configuration of the 

sources and receivers, the concept of SOED was introduced. By reformulating the 

inversion problem based on Bayesian principles, benefit criteria can be defined to 

quantify the effect of hardware configurations. Optimizing such design criteria returned a 

series of benefit curves for deciding on the optimal configuration of the sources and 

receivers. The application of the SOED was investigated on 2D drilled shaft models of 

for NDT of structural integrity. The focus was given to 2D models, as the computational 

costs of the 3D models are significantly high. In fact, the 3D models in this study had 

more than 100,000 SEM cells. Computing the Hessian and its inverse for matrices with 

such large dimensions becomes completely intractable.  

The discussion on the benefit-cost curves from the SOED analyses offered insight 

into the redundancy in the data and also relative certainty in the estimated parameter for 
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each source-receiver configuration. The benefit-cost curves allow one to select the 

optimal source-receivers arrangement by considering the amount of redundancy in the 

data from the configuration and the associated information gain along with the available 

resources to them. For example, when one has very powerful computational units at 

disposal, it becomes very easy for them to select a denser configuration to increase the 

relative certainty in the reconstruction.  

Finally, A more interesting observation from the results of SOED was how it 

could help avoid the recommended dense configuration of sources and receivers in CT 

testing. In fact, this was examined in a combination of SOED, FWI, and travel-time 

inversion analyses. It was observed that that FWI can outperform travel-time inversion 

even when the number of sources is cut by almost half from a dense source configuration. 

Despite this noticeable reduction, the reconstructed image by FWI still has the main 

features of the true model.   
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CHAPTER 5 

THE APPLICATION OF FULL WAVEFORM INVERSION TO EVALUATE 

GEOTECHNICAL CONDITIONS UNDER DRILLED SHAFT EXCAVATIONS 

 

5.1 Introduction 

The issues associated with the inspection of geotechnical conditions under the 

drilled shaft excavations was discussed in Chapters 1 and 2. The presence of anomalous 

conditions under drilled shaft excavations can compromise their intended performance. It 

is therefore necessary to inspect the materials under the base of shaft excavations for such 

anomalies. The limitations of the current methods for inspecting the base of drilled shaft 

excavations motivated the examination of more advanced NDT methodologies for this 

application.  

In section 3.3 the application of a reflection survey for detecting anomalies on a 

large-scale laboratory model was investigated. It was shown that a ray-based analytical 

method offers a straightforward and relatively fast data acquisition, processing, and 

analysis. However, the system demonstrated only limited success in detecting the 

anomalous features using a time-of-flight reflection method of data analysis. It was 

discussed that the inherent limitations of a reflection analysis approach along with the 

constraints imposed by the geometry of the domain render such efforts inadequate in this 

application.  

The previous laboratory efforts in this study concluded that more sophisticated 

data analysis methods are needed to deliver high resolution subsurface images and 
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present information on the lateral extent of any possible heterogeneities beneath drilled 

shaft excavations. In fact, it was hypothesized that an effective workflow of FWI can 

deliver high-resolution subsurface images that contain information on both the geometry 

and properties of anomalies. FWI is a computationally expensive method and increasing 

the number of sources in the survey adds significantly to the computational costs. 

Proposing an optimal hardware configuration can provide incentives on the use of FWI. 

The application of an SOED approach for finding the optimal configuration of sources 

for a given receiver could potentially increase the likelihood with which FWI is adopted 

as a viable NDT approach to inspect under the base of drilled shaft excavations.  

In the first part of this chapter, the application of the FWI for evaluating the 

conditions under the base of excavations will be examined. A series of synthetic 

waveforms from 2D and 3D numerical models were subjected to a proposed FWI 

workflow to evaluate the performance of FWI in this application. The source-receiver 

array in this application would be placed at the bottom of the excavation in a one-sided 

setting. The direct consequence of this type of configuration is the presence of high 

amplitude surface waves in the recorded waveforms, which differentiates this application 

from Chapter 4 and makes the convergence of inversion very difficult.  

Moreover, the application of a multi-parameter inversion will be examined for 

this application. Surface waves are sensitive to the small-strain shear modulus (Go) of the 

domain and contain information on the VS of the domain. Having a lower velocity than P-

waves, shear waves can provide higher resolution images of the subsurface condition 

with the waveforms of the same frequency content. Additionally, the inversion of mass 
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density (ρ) in addition to the velocity can provide insights into the possible cross talk 

between the inversion parameters.  

 In the later part of this chapter, an SOED approach is used to determine optimal 

hardware configuration of sources for a given array of receivers. Issues related to the 

complicated conditions imposed by the geometry of drilled shaft excavations and how 

they affect the results of this final configuration will be discussed.  

 

5.2 Numerical Model Preparation  

One of the main benefits that drilled shafts offer is the flexibility in the choice of 

their diameter and length. Selecting a practical diameter for the model excavation is 

important as the sources and receivers are confined within the walls of the excavation. 

Moreover, the material properties of the carbonated rocks vary from site to site. In some 

locations stiffer material are expected, while in other locations materials with lower wave 

velocities have been reported. These two issues make the selection of a representative 

model very difficult.  

To investigate the first issue, a detailed survey was developed of 76 unique 

published drilled shaft projects since the year 2000 in the United States . The focus was 

placed on the literature available in the libraries of Deep Foundation Institute (DFI) and 

American Society of Civil Engineers (ASCE). Since this was a general survey for finding 

the range of shaft diameter that is used in the state of practice, every project since the 

year 2000 with the geometry of drilled shaft could qualify for the survey. Rapid advances 

in the field of foundation drilling led to the selection of publications since the year 2000, 
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where both small diameter and super-large diameter drilled shafts were more effectively 

used in the industry. It is important to note that each project was counted once in this 

survey, not the total number of drilled shafts in the project. In most cases only one 

diameter for the drilled shaft per project was reported in the literature. However, in a few 

cases where more than one diameter was reported, the value that had the highest diameter 

was used to develop a survey of foundation drilling practices since 2000. Figure 5.1 

shows the histogram of the distribution of the diameters for the drilled shafts. An average 

value of approximately 2 m (6.8 ft) with a standard deviation of 0.8 m (2.5 ft) was 

derived from the data. The selection of one single diameter for all models might not 

comprehensively address whether FWI is able to perform properly in a wide range of 

hardware configurations (i.e., survey length), so in different parts of this chapter, other 

diameters were used independently. The selected diameters in this study will represent 

the lower, middle, and higher range of drilled shafts.   
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Figure 5.1. Histogram of the frequency of the number of drilled shaft projects 

selected for this study and their corresponding diameter. 

 

The selection of representative material properties for karst rock (i.e., VP, VS, ρ) 

was based on reported values in the literature. With regards to the variation of the 

properties of the rock and soil, FWI is expected to perform equally well with various 

practical velocities. However, to show that this is actually the case, in various models 

different values of VP and VS are used. The maximum value of VP and VS were bound to 

1800 and 2600 m/s, respectively (Hiltunen et al. 2008, Nettles et al. 2010, Parker and 

Hawman 2012).   

 

5.3 Multi-Parameter FWI  

The simulation of the wave propagation requires the parameterization of the 

domain under study with relevant physical and mechanical properties. The choice of the 
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model parameter directly informs the results of the inversion (Groos et al. 2017). The 

inversion, however, does not necessarily reconstruct all of the model parameters. For 

example, it is common that some inversion algorithms only invert for velocity and keep 

the density constant. 

For the specific case of a surface array (i.e., one-sided configuration), it is 

anticipated that the inverted VS profile will provide a better representation of the domain 

because the waveforms will contain large amplitude surface wave components that are 

more sensitive to VS (Forbriger et al. 2014). In general, the success of an inversion 

workflow for properly inverting for all the model parameter depends on various factors 

including, but not limited to, the inversion algorithm, choice of the starting model, and 

cross talk. 

In general, the issue of cross talk is an on-going area of research in inversion. 

According to Kamei and Pratt (2013), cross talk refers to the inversion parameters 

becoming poorly resolved from each other, leading to a lack of parameter resolution. The 

most common example of cross talk is the very poor resolution of the attenuation 

parameters in attempts for multi-parameter inversion of velocity and attenuation (Kamei 

and Pratt 2013). Despite these difficulties, it is imperative to find more effective solutions 

for multi-parameter inversion to increase the accuracy of the inversion as well as the 

reliability of the results. In fact, closer match between the inverted images from different 

parameters increases confidence in the uniqueness of the inversion and convergence 

towards the global minimum of the optimization problem. In this section, a multi-

parameter simultaneous inversion scheme for the inversion of VS, VP, and ρ will be 
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investigated. This is in particular important for the constraints imposed on the survey 

parameters due to the walls of the excavation, which can significantly affect the data 

coverage and consequently limit the extent of the inverted image. The multi-parameter 

inversion could potentially help to improve the interpretation of the results by increasing 

the amount of information provided by each inverted parameter. 

Another issue that is inherent to this application is the presence of surface waves 

in the acquired data and its impact on the performance of inversion. In a one-sided survey 

similar to common geophysical testing (i.e., seismic reflection and refraction), the ground 

surface leads to the interaction of body waves and generation of surface waves. In 

Appendix A, details on the modes of propagation of stress waves were provided. The 

presence of the high amplitude surface waves in the waveforms can negatively affect the 

convergence of the inversion to meaningful results and significantly increase the risk of 

failure at early iterations.  Borisov et al. (2017) recommended that an envelope-difference 

(ED) misfit function (Yuan et al. 2015) can be used to address the issue of failure of 

inversion at early stages. They examined this idea on a domain of interests for 

exploration geophysics applications and reported satisfactory results. Their study showed 

that starting the inversion workflow with an L2 misfit function led to failure of the 

inversion in reconstructing the subsurface domain. However, when they started the 

inversion with the ED misfit function, the results significantly improved. Similar efforts 

were explored in the numerical models in this study. 
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In this section a series of 2D and 3D models are investigated to study the effect of 

multi-parameter FWI along with the lateral resolution of the inverted image when soft 

soil zones are present in the karst rock underlying a drilled shaft excavation. 

 

5.3.1 Application to 2D Models 

Anomalous zones in karst rock do not follow a predefined inclination and they 

can have a random distribution. However, within the load bearing zone of drilled shaft 

bases, only so many of these features can be placed. Since very large zones of low-

quality materials are more likely to be detected by the low-resolution near surface 

surveys, the focus of this study was high resolution reconstructions for smaller local 

defects. The representative 2D true model generated for this study contains two separate 

anomalies of soft soil seams within karst rock with different sizes at different depths as 

shown in Figure 5.2. The domain is 4 m in width (horizontal axis) and 4 m in depth. The 

4 m width is intended to model a relatively large diameter drilled shaft. Initial efforts 

focus on a simplified domain geometry that only models the free surface at the bottom of 

the excavation and not the walls alongside the excavation. The two anomalies cover 18% 

of the domain. It should be noted that the seams were placed relatively close to each other 

with the goal of FWI to provide a clear distinction between the two anomalies.  

In this model, the extent of the domain is intentionally large to mimic the 

condition expected for extra-large diameter drilled shafts. The survey parameters, 

however, were selected to model practical configurations with a limited number of 

sources and receivers in the domain. In fact, only eight source locations with 12 receiver 
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locations are modeled in this series of inversions. The first source is located at 0.5 m and 

the last source at 3.5 m. The first receiver is located at 0.25 and the last one at 3.75, with 

an approximate spacing of 0.3 m (1 ft). The sensors are located on the top surface of the 

domain to generate a one-sided hardware configuration. It should be noted that other 

combinations of sources and receivers were also tried, but only the details for this survey 

is provided. In the discussion on SOED, details on the selection of the hardware is 

provided. The source is modeled as high frequency 500-Hz Ricker wavelet. 

The forward simulation of stress-wave propagation was performed using an SEM 

based approach in the Salvus software package. In order to ensure the stability of the 

forward modeling over the entire inversion process the maximum element size and time 

interval was selected to meet the Courant–Friedrichs–Lewy (CFL) condition (Fichnter 

2011). With a Courant number of approximately 0.6, the time steps were selected as 3 μs 

for a duration of 10 ms. 

The cross correlation (CC) misfit function was successfully implemented in the 

case of FWI for evaluating the structural integrity of drilled shafts. Consequently, it was 

decided to start the multi-parameter inversion with the CC misfit (without gradient 

masking) and then use these inversion results for another round of inversions with the L2 

misfit function. The use of a CC misfit function aims at matching the phases of the 

waveforms (Fichtner, 2011), which increases the chance of the convergence of the 

inversion with the L2 misfit function. 
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(a) 

 

(b) 

 

(c) 

 

Figure 5.2. True models for the 2D multi-parameter inversions: (a) VP; (b) VS; and (c) 

ρ. 
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For optimization of the inversion problem, a trust region FWI approach was 

implemented in these efforts. The trust-region algorithm allows implementation of 

constraints on the material properties to model the domain space into physically 

meaningful space. This is a very important feature that is systematically applied without 

arbitrarily changing the inversion. Additionally, applying such constraint based on the a-

priori knowledge of the domain allows the stability of the forward modeling based on the 

CFL conditions.  

Figure 5.3 shows the results of inversion using the CC misfit function after 10 

iterations. A very quick review of the inverted domain shows that the shallow features are 

starting to appear after 10 iterations. More importantly, the effect of the surface waves is 

more apparent here, witnessed by the better reconstruction of the lower anomaly in the VS 

profile, while the reflections from the lower anomaly is not present in the VP profile. The 

relatively poor reconstruction of ρ in the upper half of the domain signals the strong cross 

talk between this parameter and other inversion parameters. 

The inverted profiles in Figure 5.3 from a CC misfit function were used as inputs 

into additional iterations of inversion using the L2 misfit function. The results of the 

second stage of the inversion after 20 iterations with the hybrid CC-L2 inversion 

workflow are presented in Figure 5.4. The reconstruction of VP in Figure 5.4(a) distinctly 

shows two separate low velocity domains with a higher velocity zone that matches the 

true model. In comparison to Figure 5.3(a), the improvement is quite noticeable since the 

bottom defect is not even present in the inversion with the CC misfit.  
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(a) 

 

(b) 

 

(c) 

 

Figure 5.3. First stage of multi-parameter inversions with CC misfit function: (a) VP; 

(b) VS; and (c) ρ. 
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(a) 

 

(b) 

 

(c) 

 

Figure 5.4. Second stage of multi-parameter inversions with L2 misfit function: (a) VP; 

(b) VS; (c) ρ. 
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Sensitivity of the inversion to VP, especially from the lower anomaly, is an 

indication of the role of reflections (i.e., body waves) in the inverted image. Also evident 

in Figure 5.4(a) is the limited depth of investigation. The amount of update in the model 

parameter in the zone below 1 m and close to the corners of the domain is so small that 

the model is not properly reconstructed. However, a distinct boundary between the 

background domain and the lower anomaly is still clear. In fact, a review of the gradients 

in this area highlights that they are at least one order of magnitude smaller than the rest of 

the domain. This is in part due to the limited coverage from the one-sided acquisition 

with limited survey line length, demonstrating the effect of limited spatial sampling on 

the results. For example, in surface wave-based method, generally the depth of the 

investigation is less than the half of the length of the survey line.  

Although FWI improves the investigation depth to almost the length of the array, 

the final interpretation of the results cannot solely rely on the VP model. The inverted VS 

model provides a better image of the near surface condition, in particular over the top half 

of the domain. This can be attributed to the higher resolution images of shear waves due 

to smaller wavelengths. In fact, the very close reconstruction of the domain relative to the 

true model indicates the role of the sensitivity of the surface waves to the VS. The lower 

anomaly, however, is not completely reconstructed except for the zone that lies close to 

the center of the domain between 1.5 to 2 m along the depth axis and 1.5 to 2.5 m along 

the x-axis. The reconstructed VS profile was not able to properly show the extent of the 

bottom anomaly between x = 3 to 4 m. Although there are some lower velocity materials 

present here, they cannot independently confirm the extent of the defect. When the 
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inverted VS is considered with the inverted VP, then decisions with more confidence can 

be made. 

A very interesting aspect of the inversion results is presented in the inverted 

domain for the ρ. The distinct separation of both defects from the relatively uniform 

domain shows a noticeable resemblance to the true model. When compared to the results 

of the CC misfit inversion, Figure 5.4(c) is a significant improvement. However, the 

lower defect is larger than the one in the true model. When interpreting the results, the 

inverted ρ should always be treated with caution. Although the inverted ρ provides 

insight on the two major defect in the domain, it should not be used for the interpretation 

the mechanical properties of the materials due to the distortions caused by the cross talk 

between inversion parameters.  

The main formulation of FWI is based on minimizing the misfit between two sets 

of data. The variation of the normalized misfit versus the iteration number for the 2D 

model in Figure 5.2 is presented in Figure 5.5. The reduction of the misfit below 4% after 

15 iterations shows that the inversion process was on track for reducing the differences 

between the two sets of waveforms. At iteration 17, the misfit shot up to a very high 

value and within the same iteration (with a different trust region radius) returned to a 

value below 5 percent. Given the non-linear nature of the problem, such drastic variation 

can be expected.  

 



 

180 

 

Figure 5.5. The variation of the normalized misfit with the iteration at the second stage 

of the multiparameter inversion with L2 misfit function. 

 

In addition to the multi-parameter inversion on this model, the performance of an 

inversion scheme with a similar workflow was investigated while only one parameter was 

inverted. Since the near surface data are very sensitive to the VS, inversion for this 

parameter was investigated. The other two parameters (VP and ρ) were kept constant with 

the uniform background values of the starting model. The inversion process did not use 

model updates for these two parameters. Figure 5.6 shows the final results of the 

inversion after 9 iterations with a CC misfit function and 20 iterations with an L2 misfit. 

The quality of the reconstruction is very poor when compared to the true model and the 

results of the multi-parameter inversion.  
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Figure 5.6. Results of single-parameter inversion with VS. 

 

The reconstruction of the domain from single parameter FWI was not able to 

properly detect the two anomalies and it shows that the inversion was not able to find the 

proper direction to converge towards the global minima. The complex subsurface 

conditions with two closely located made the inversion process more non-linear and 

contributed to the failure of the inversion. This result clearly shows the benefit of using a 

multi-parameter inversion in which the results of the inversion of more than one 

parameter can help making decisions with regard to the quality of the results.   

 

5.3.1.1 Role of Stress on FWI Results 

In the particular case of the excavation of drilled shafts, the presence of the 

excavation walls causes two main issues. The very first one is the limitation in the length 

of the array for data acquisition. Hence only a limited number of sources and receivers 

can be placed in the domain. The other is the possible reflections and wave scattering 
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from the walls of the excavations. In fact, the vertical walls of the excavation act as free 

surfaces that can impose difficulties in the inversion process. Since this is a geometry 

issue that is already known at the time of drilling, the effects should be addressed by the 

appropriate simulation of the domain for the forward simulation of the inversion. 

The other issue that is faced when acquiring stress wave data at the bottom of 

drilled shaft excavations is the effect of the in-situ stress on the wave propagation. In fact, 

the in-situ stress increases with depth and removing soil/rock materials due to excavation 

can generate a gradient of stresses under the base of excavation. This change of the state 

of stress could potentially affect the stiffness of the subsurface material and therefore the 

propagation of the stress waves.  

FWI aims to reconstruct the subsurface condition based on the acquired waveform 

and is completely independent of the stress distribution. In fact, the goal of the FWI is to 

reconstruct the existing conditions with the minimum knowledge of the domain. In this 

sense, FWI can be seen as one of the most useful methods that delivers the closest in-situ 

subsurface profile without (or with minimal) intrusion. However, in an accurate 

independent forward simulation, the effect of the stress redistribution should be properly 

modeled.  

This issue was investigated in the exploration geophysics literature, where 

extremely large depths of investigation are studied. In geotechnical applications, the in-

situ stresses within the normal depth of deep foundations [e.g., 30+ m (90+ ft)] are below 

1 MPa. In exploration geophysics however, the depths can exceed orders of kilometers, 

leading to very high levels of stresses. Besides, deep geological features usually impose 
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additional stresses on some areas. A series of interesting studies have been conducted by 

Tromp and Trampert (2018) and Sripanich et al. (2019) where they tackle this issue at the 

formulation level of the wave equation for exploration applications. The results of these 

studies showed that the effect of stress on the wave propagation becomes very noticeable 

when the levels of stress are more than 1 MPa. In another study, Kordjazi and Coe (2019) 

investigated the effect of the state of stresses on wave propagation under a 30 m long 

drilled shaft excavation. Their results showed that the difference between waveforms 

before and after excavation were below 7%. Therefore, in this application the effect of 

state of stress can be neglected when the focus is placed on the workflow of the FWI.  

 

5.3.1.2 Role of Excavation Geometry on FWI Results 

 In Appendix C it is discussed how high contrast material properties can be 

successfully modeled for forward and inverse problems in SEM, thanks to its element-

based principles. Another challenging task in the simulation of wave propagation for this 

application is the complicated geometry of the domain, in particular at the presence of the 

free surface. Previous efforts with the multi-parameter FWI simplified the domain to only 

model the free surface at the bottom of a drilled shaft excavation. However, in reality, the 

drilled shaft excavation will have walls that run alongside the free surface, resulting in a 

complicated set of boundaries in the domain. In this section the main feature of the 

flexibility in model development in element-based method is used to mask and remove 

some of the elements to better model the bottom of a drilled shaft excavation. 
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It is anticipated that outside the direct coverage range of the source-receiver array, 

the quality of the inverted image drops significantly. A closer look at the gradient of the 

misfit for this specific model is an appropriate quantifying tool for a meaningful 

investigation depth of the domain. Note that, for a real inversion problem, the user does 

not have any knowledge of the domain itself. However, the variation of the gradients that 

is responsible for model update can improve the understanding of the investigation depth. 

A similar model to the one in Figure 5.2 was used to develop the models with true 

excavation geometry. The revised true model, shown in Figure 5.7, represents the 

subsurface condition below the base of the excavation of a drilled shaft with a diameter 

of 2.1 m. This leaves a distance of 0.95 m between the walls of the drilled shaft and the 

vertical boundaries of the domain.  

 

 

Figure 5.7. True model (VS) of the conditions under the base of the excavation with 

drilling impression. 
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An inversion workflow similar to the inversion in section 5.5.1 was implemented 

with this revised model. However, slight changes in the hardware configuration were 

made. A total of 8 sensors were used in this survey, with a spacing of approximately 0.3 

m. For each shot location, one sensor was used as the source and the rest of the sensors 

recorded the waveforms. This led to 8 shot locations with 7 receivers for each shot. This 

limited number of sources and receivers was imposed by the limited space due to the 

walls of the excavations. Similar to the previous section, the sources and receivers were 

placed on the surface of the excavation base. 

Figure 5.8 shows the results of the multi-parameter inversion using the CC misfit 

function. As expected, the anomalies were not constructed completely, and the inverted 

domain has a limited depth of investigation on the order of the diameter of the 

excavation. However, a smooth distribution of the material properties is returned by using 

this misfit function. This indicates that the next step of the inversion will have a higher 

chance of convergence when an L2 misfit function is used. 

As before, the results of inversion with the CC misfit function was used as the 

starting models for a second series of inversion iterations with an L2 misfit function to 

improve the match between the waveforms. After 15 iterations of the second inversion 

run, with each iteration taking approximately 11 minutes (a total of 3 hours of 

simulations), the results are presented in Figure 5.9. A direct comparison of Figure 5.9 

with its equivalent without the excavation walls (i.e., Figure 5.4) shows that reducing the 

length of the source-receiver array, directly affects the depth of investigations. Moreover, 

the confidence in the reconstruction of the domain outside the range of the source-
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receiver array is significantly low. In fact, the fundamental fact that the coverage outside 

the survey array is very limited cannot be compensated. 

The results presented in Figure 5.9 offer additional interesting observations. First 

of all, the low velocity zones in the inverted VP is partly reconstructed and its results are 

not conclusive. The reconstructed VS however shows the presence of two anomalous 

zones below the survey array. Again, the sensitivity of the surface waves to the VS 

becomes more important a factor when the anomaly is very close to the surface. The 

inverted ρ followed a similar trend to the results of Figure 5.2, where the anomalies are 

overestimated in dimensions. The inverted VP suffered more from the shorter survey 

length due to having a longer wavelength than the shear waves. Therefore, the inverted 

image had a lower resolution. The final observation from Figure 5.9 concerns the very 

high level of cross-talk in the inverted ρ. Again, any interpretation of the inverted ρ must 

be in supported by the inverted wave velocities. 
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(a) 

   

(b) 

 

(c) 

 

Figure 5.8. First stage of multi-parameter inversions with CC misfit function on the 

model with drilled shaft impression: (a) VP; (b) VS; and (c) ρ. 
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(a) 

 

(b) 

 

(c) 

 

Figure 5.9. Second stage of multi-parameter inversions with the L2 misfit function on 

the model with drilled shaft impression: (a) VP; (b) VS; and (c) ρ. 
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The result of the inverted VS is investigated in more details. Figure 5.10 shows the 

geometry of the defects in the true model with a transparent yellow color. These defects 

are plotted on a gray-scale image of the inverted VS. The very dark zones in this figure 

represent the inverted defects. A square shape box (dark blue) with one side equal to the 

diameter of the shaft excavation and the other side extended about one diameter of the 

drilled shaft below the excavation base is also presented in this figure. Within this box, 

the inverted defects (dark zones) match the true defects (transparent yellow). This can be 

considered an important feature of FWI, where even when the defects extend out of the 

coverage zone of the survey array, FWI is able to partially reconstruct the subsurface 

image within the effective inversion zone.  

Another useful approach to investigate the effectiveness of the FWI for this more 

realistic shaft excavation model is an examination of the gradients. In fact, gradients are 

one of the main parameters in the model update at each iteration. In zones where 

gradients have larger values (positive or negative) the model experiences more 

perturbations. This means that the model in such zones is more sensitive to changes in the 

model parameters. Figure 5.11 shows an example of the gradient distribution for this 

particular model geometry and application.    
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Figure 5.10. The super position of the thresholded true defect (transparent yellow) on 

the inverted VS. Dark zone shows the defect in the inverted model.  

 

 

Figure 5.11. The zone of low gradients (solid green) overlaid on the true model. The 

most significant model update is expected in the zone equal to one diameter of the 

excavation under the base. 
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In Figure 5.11, the zones where the gradient is at least one order of magnitude 

smaller than the absolute value of the gradient is shown with color green. The model 

update in such zones is very small and changes in model properties are therefore 

negligible. The gradient from one of the early iterations is selected (iteration 3), where 

the model updates with a more aggressive trend takes place. Large values of gradients are 

evident within the zone that lies within approximately one diameter of the excavation 

(i.e., the boxed zone). The model update within the green zone is very small and it is not 

expected to cause meaningful changes in the domain. In the zone between 3 m to 4 m 

along the x axis and between 2.5 m to 4 m along the depth axis, some large values of the 

gradients are observed. This is attributed to the close proximity of the closest soft soil 

seam to the survey array where the reflections can inform the direction of the gradients. 

The poor results outside of the survey length can inspire the idea of introducing and 

implementing the idea regions of interests in the FWI workflow. Within a region of 

interest, the properties of the model are updated over the inversion iterations, while the 

rest of the domain experiences very small or zero update.   

 

5.3.2 Application to 3D Models 

2D FWI is very appealing for the high-resolution output image and low 

computational costs. However, wave propagation in NDT applications of deep 

foundations is inherently a 3D problem both in terms of the source of the excitation and 

in some cases the wave scattering due to the shape of the anomalies in the domain. 

Consequently, an assessment of FWI capabilities for this application is incomplete 
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without exploring 3D models. The main difficulty in a 3D FWI approach stems from the 

huge computational cost and more complicated modeling process. Although the advanced 

algorithms for forward and inverse modeling in higher dimensions can efficiently address 

some of the main modeling complications and time, the latter still poses a major hurdle in 

implementing FWI for 3D multi-parameter inversion.  

With the advent of multi-core central processing units (CPUs) and graphical 

processing units (GPUs) along with domain decomposition and parallelization of the 

computations, 3D FWI implementation time can be reduced significantly. However, such 

hardware capability has not become readily accessible and the existing software packages 

do not have user-friendly GUI as seen in common commercial software suites. 

Consequently, the development of standardized workflows for the implementation of 

FWI for engineering problems is still an active area of research to make it accessible to 

the civil engineering community.  

As part of efforts to contribute to the development of such a workflow, a 3D 

model that mimics the presence of an anomalous feature beneath a drilled shaft 

excavation is investigated in this section. Since there was a limit on access to the number 

of simultaneous parallel tasks in the HPC used for this study, the 3D model geometry was 

smaller than the 2D model. However, the geometry still conforms to the typical 

dimensions used for drilled shafts as noted previously in this chapter. The smaller 

dimension only addresses the limitations in the number of parallel tasks by reducing the 

computation time and has no effect on the success with which 3D FWI resolves the 

domain. 
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Figure 5.12 presents the 3D model developed for this study with the defect within 

it. The domain is 1.0 m long in each direction (1.0 m x 1.0 m x 1.0 m). Since the defect is 

embedded in the 3D domain, the shape of the defect is thresholded and separately shown 

in Figure 5.12(b). Figure 5.13 shows a cross section of the domain and the location of the 

defect is highlighted within the sound material. The defect mimics an extended zone that 

is filled with soft soil and partly lies under the base of the drilled shaft excavation in karst 

rock.  

With regard to new aspects of FWI in this section, the effects of noisy data and in 

part regularization were investigated. One of the key issues in any potential laboratory or 

field data acquisition effort is the presence of unwanted data or noise. Advanced data 

acquisition and pre-processing methods do exist to reduce the amount of noise. However, 

some background noise is always present in real data. In order to simulate noisy data in 

the forward simulation and improve the applicability of the 3D FWI in this study for 

future field efforts, a more challenging condition was mimicked in this model by changes 

in the boundary conditions. Based on the conditions in the 3D model, it is common to 

simulate a half continuum by applying absorbing boundary layers along the sides and 

bottom and a free surface on the top of the domain. In this 3D model, however, all 

boundaries except for the bottom were assumed to be free surfaces. Given the sharp 

differences between the true model and the starting uniform model, this approach to 

implementation of the model boundaries introduces noise in all traces from unwanted 

reflections.  
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(a) 

 

(b) 

 

Figure 5.12. True model for the 3D multi-parameter FWI: (a) exterior with ranges in 

model parameters; (b) location of the defect inside the domain. Note: Dimensions are 

in meters. 
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Figure 5.13. Cross section of the 3D model with the location of the anomaly visible. 

 

The forward simulation of stress wave propagation was conducted using 16 

sources and 49 receivers. The large number of sources and receivers highlights the 

extensive instrumentation necessary for this 3D application. A total of four lines of 

sources, with four sources at a 0.2-m spacing on each line, formed the grid of the sources. 

Seven lines of receivers were used on the surface of the domain for the data acquisition, 

with a 0.15-m spacing between the receivers. The source was modeled as a Ricker 

wavelet with 500 Hz central frequency. The inversion started with a model with uniform 

background model of all the parameters.  

As with previous efforts in this dissertation, the regularization of the inversion 

was performed by setting the smoothing length for the regularization operator in which 

the gradients are smoothed by solving the diffusion problem (heat equation). A 

convenient way of looking at the regularization parameter is comparing it with the 

element size. The size of each element in the domain is approximately 0.06 m. The 

smoothing length varied from 0.01 m to 0.1 m in increments of 0.01 m in separate 
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independent runs of FWI. An inversion analysis with the smoothing length of 0.15 m was 

also performed. 

Figure 5.14 presents the results of the inversion for the reconstruction of the true 

model. The reconstruction of VP is not comparable with the true model as it overestimates 

the defect and its properties. A one-sided survey configuration shows less sensitivity to P-

waves, especially in this type of limited coverage where the longer wavelengths are not 

properly spatially sampled. The inverted VS, however, shows a significant resemblance to 

the true model and was able to capture the defect and the sound material around it. This 

level of reconstruction with the presence of the noisy data confirms the promising 

performance of 3D FWI in the drilled shaft excavation applications. As discussed in the 

2D applications, the inversion results for ρ should be interpreted with caution and not 

independently. The same applies here in the 3D inverted ρ results. However, the results 

do highlight the ability of the inversion to return an anomaly that is completely 

distinguishable from the surrounding sound materials based on ρ. 

A closer look at the reconstruction of VS, thresholded for the defect area, allows a 

better evaluation of the 3D FWI capabilities as shown in Figure 5.15. It is evident that the 

vertical extent of the defect is overestimated, while the lateral extent is much smoother 

than the true model. Interestingly, the volume of the inverted anomaly is 0.045 m3, which 

is comparable to the volume of the defect in the true model (0.050 m3). This can be seen 

as an example of non-uniqueness in the inversion. 
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(a) 

 
(b) 

 
(c) 

 
Figure 5.14. Results of 3D FWI with 500 Hz frequency content source and L2 misfit 

function: (a) VP; (b) VS; (c) ρ. 
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Figure 5.15. The reconstructed defect (grey) overlaid on the true defect (transparent 

green) for comparison purposes. 

 

It is worth recognizing that the role of regularization is to guide the inversion to 

its global minima, and at the same time bring up features of the ground truth model by 

suppressing numerical artifacts. The appropriate choice of the regularization parameter 

then becomes of great importance for a successful inversion. In a series of various 

inversion simulations, it was noted that the stability of the inversion is sensitive to the 

choice of the regularization parameter.  

Figure 5.16 shows the resulting misfit from 3D inversion with different values of 

the regularization parameters. In fact, when the smoothing length was selected smaller 

than the length of the element, the inversion successfully proceeded to a greater number 

of iterations. For larger values of the regularization parameter, the inversion showed very 

smooth models and converged very quickly; however, the quality of the results started to 

suffer. In fact, for parameters more than 0.09 m the inversion failed with meaningless 
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results. Figure 5.17 shows the inverted VS results as a function of the regularization 

parameter. It is observed that the sensitivity of the inversion to regularization is more 

dependent to a range of the parameter, rather than just a single value. This is in fact an 

advantageous feature, as it removes the burden from the FWI user in finding a single 

absolute value for the regularization. Instead, a range can be applied whereby the lowest 

sensitivity is observed. It is evident from Figure 5.17 that by increasing the smoothing 

length to 0.05 m the inverted VS becomes less similar to the true model. The variation of 

the misfit in Figure 5.16 shows that the inversion was not able to converge to the vicinity 

of the global minimum for larger values of the regularization parameter as it failed to 

properly reduce the misfit. The physical representation of this failure is shown in Figure 

5.17(g) and (h), where the inversion did not capture the real properties of the true model. 

 

 

Figure 5.16. Variation of the normalized misfit for different values of the regularization 

length (RL) in the 3D FWI workflow. 

 



 

200 

 

  
(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 5.17. Inverted VS of the domain: (a) true model; (b) starting model; (c) inverted 

with RL = 0.01m; (d) RL = 0.03 m; (e) RL = 0.4 m; and (f) RL = 0.05 m. 
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(g) (h) 

Figure 5.17(Continued): (g) RL=0.06 m; (h) RL=0.10 m. 

 

5.3.3 Summary of FWI Results 

The promising results of these 2D and 3D simulations highlight the incentives for 

using FWI to evaluate the conditions under the base of drilled shaft excavations. The 

ability of the inversion to reconstruct defects that are smaller than at least 25% of the 

cross-sectional area of the shaft domain, supports the objective set in this study. A multi-

parameter inversion approach with a hybrid use of CC and L2 misfit functions guided the 

inversion to return results comparable to the true models. As a result of using this 

workflow, the inversion analyses were able to continue for multiple iterations with 

noticeable reduction of the misfit between the waveforms from the true model and the 

ones from updated model at each iteration.  

These observations also support the ability of FWI in returning the lateral extent 

of the defects and also discriminating between multiple defects when there is more than 

one heterogeneous zone in the domain. The benefit of returning more than one image 
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from a multi-parameter inversion also allowed for easier interpretation of detecting the 

defective zones in the inversion results.  

 However, some of the main limitations like the limited length of the survey array 

are not avoidable. More importantly, FWI is practically unfeasible for this application 

given currently available computational resources. An acquisition hardware configuration 

with minimum number of sources can reduce the computational time. Consequently, the 

application of an SOED approach for finding the optimal hardware configuration is 

presented in the following sections.  

 

5.4 SOED for Optimal Hardware Configuration 

The use of a SOED approach to find the optimal hardware configuration was 

introduced in Appendix D and Chapter 4. In this section, this approach is used again to 

test the third hypothesis of this study and evaluate optimal hardware configurations for 

NDT of conditions under drilled shaft excavations with FWI. It was previously explained 

how the re-formulation of FWI can lead to a series of equations that are independent of 

the true model and acquired data. The resulting equations can be used to develop data 

quality measures to define a benefit criterion. The measure to evaluate the cost of the 

inversion can be simply defined as the number of sources for a given receiver 

configuration. The variation of the benefit criterion versus the cost then is used as a basis 

for deciding on the optimal configuration. 

Interpreting the benefit-cost curve can become application dependent as well. For 

example, it can become highly dependent on the computational resources available to the 
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users, the amount of time available to acquire data, and the availability of specific 

hardware. The benefit-cost curve offers the flexibility of finding a trade-off between the 

available resources to find the best solution for the application under consideration. In 

general, on a normalized benefit scale, the number of sources that can deliver 80% of the 

information that a comprehensive hardware configuration can produce can be considered 

an optimal configuration (Nuber et al., 2017). 

In Chapter 4, it was demonstrated that SOED can be used for a cross-hole 

hardware configuration in structural integrity of drilled shafts. The information offered by 

the subsequent benefit-cost curves allowed for selecting a minimal hardware 

configuration that reduced both the computational resources and data acquisition time for 

a given receiver array. In a one-sided configuration of the sources and receivers, the 

problem becomes more complicated as the coverage of the waveforms becomes more 

limited.  

The implementation of SOED was tested on the starting model for the FWI 

problem in the 2D domain of section 5.3.1. In SOED, the goal is to evaluate how much 

additional information is provided by the addition of a new source to the acquisition 

system for a given receiver array. Theoretically, a comprehensive configuration of 

sources and receivers can be defined that contains as many sources and receivers as 

possible. For example, a theoretical design could be a sensor spacing of 5 cm. This is 

obviously not practical and the benefit-cost curve from such a configuration cannot be 

realistically used for finding the optimal source-receiver configurations. In a more 

realistic approach, a receiver spacing of approximately 0.3 m (1 ft) was used for the 
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SOED analysis in this section, with a total of 12 receivers. The analysis started with two 

sources on the surface of the domain, with the first one at 0.25 m and the last one at 3.75 

m along the x axis. Then new sources were added to generate the benefit-cost curve of the 

hardware configurations.  

Figure 5.18 shows the variation of the normalized trace of the Hessian versus the 

number of sources (Eq. D.10). As noted in the previous SOED discussion for structural 

integrity, this criterion can be interpreted as a measure of redundancy in the data. In fact, 

based on this criterion if adding a new source does not noticeably increase the benefit 

criterion, the source can be interpreted as a redundant piece of hardware in the survey. As 

anticipated, adding new sources at the beginning of the experimental design analysis 

yields a steep slope. When there are between seven to 14 sources in the survey, the 

optimal configuration should be achieved. The multi-parameter inversion results in 

Figure 5.6 were also reconstructed using a set of hardware with 12 receivers and 8 

sources. An interesting observation happens after adding more than 15 sources. In that 

situation, according to this benefit criterion, the additional sources actually decrease the 

benefits. This can be interpreted as in a one-sided hardware configuration, increasing the 

amount of data does not necessarily improve the ill-condition behavior of the inversion 

problem.  
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Figure 5.18. Benefit-cost curve in terms of the log normalized trace of the Hessian 

versus the number of sources. 

 

A similar behavior was also reported by Reiser et al. (2017). They used optimal 

experimental design to find an optimal hardware configuration for vertical seismic 

profiling (VSP). In their survey, the sources were deployed on the surface of the domain 

and the receivers were located inside a vertical borehole. The results of the optimal 

experimental design showed that while the benefit-cost curve approached to level off, the 

benefit showed slight reductions with the increase in the number of sources. This 

observation shows that more data does not necessarily mean improved inversion quality 

(Maurer et al. 2018). This counter-intuitive observation is another indication that the 

optimization problem of FWI is very non-linear and ill-conditioned and that its success is 

dependent on more than just the amount of data.  
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The result of the SOED analysis was also examined through inversion analysis. In 

fact, another set of FWI analysis on the models of section 5.3.1 was performed in which 

30 sources were used to generate the waveforms. Using a similar workflow to the 

previous 2D models, the results of inversion are presented in Figure 5.19. A comparison 

between the true model (Fig. 5.2), inversion with 8 sources (Fig. 5.4), and inversion with 

30 sources show that the significant increase in the number of sources did not improve 

the quality of the inverted images. 

 

  

(a) (b) 

Figure 5.19. The results of inversion for the true model in Fig. 5.4, using 30 sources: 

(a) inverted VP; (b) inverted VS 

 

The previous benefit criterion was intended to provide an indication of 

redundancy in the data by only looking at the trace of the Hessian. Based on the 

formulation of SOED in Appendix D, the posterior covariance matrix is a function of the 

Hessian and not necessarily equal to it. Therefore, other measures can be defined to offer 
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information on the relative certainties in the estimated parameter using different source 

configurations. 

By using a different benefit criterion (Eq. D.12), another set of optimal 

experimental design analysis was performed. As explained in Chapter 4, this criterion is 

an indication of the relative reduction in the uncertainty in the estimated parameter by 

adding new sources. In an alternative way this criterion can be interpreted as the 

information gain (improved confidence in the estimated parameter) by adding new 

sources to the survey (Appendix D). The resulting benefit-cost curve is presented in 

Figure 5.20. Interestingly, the curve keeps a consistent increasing trend with the increase 

in the number of sources. The increasing trend shows that the relative confidence (or 

reduction in uncertainties) in the estimated parameter in the inversion increases as new 

sources are added to the system. However, it does not necessarily mean that the results of 

inversion will improve. Although, the curve does not completely plateau, the slope of the 

curve after 20 sources is much smaller than the slope of the curve at the beginning of the 

curve (up to 10 sources).  
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Figure 5.20. Benefit-cost curve in terms of the log normalized information gain versus 

the number of sources. 

 

5.4.1 Summary of SOED Results 

The results show that SOED is a promising tool for finding the optimal 

configuration of sources and receivers in a one-sided survey program. The resulting 

benefit-cost curve allows one to decide on the optimal number of sources depending on 

the level of relative confidence in the estimated parameter and the available resources. 

The performance of the SOED was also evaluated in an FWI simulation in which the 

interpreted optimal source number and a very dense source configuration were used for 

the same true model in section 5.3.1. The results confirmed that the increase in the 

number of sources did not noticeably improved the inversion results. These observations 

offer evidence in the support of the objective of this study on the use of SOED for finding 
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an optimal hardware configuration for the evaluation of the condition under the base of 

drilled shaft excavations. 

 

5.5 Summary and Conclusions 

Developing a new NDT system for the evaluation of conditions under the base of 

drilled shaft excavations requires addressing various issues regarding the choice of the 

hardware, type of data, and data analysis technique. In this chapter, the application of an 

approach based on FWI of stress waves for delivering high resolution images was 

examined. The objectives of the research were hypothesized in 3 hypotheses in Chapter 

1.  

The first objective was intended to evaluate the feasibility of using stress wave 

data for the evaluation of conditions under the base of drilled shaft excavations. The 

results of a laboratory study, presented in Chapter 3, demonstrated that ray-based 

methods of analyzing stress wave data are not capable of providing complete extent of 

the geometry and material properties of anomalous features in this application. It was 

concluded that waveform-based method could potentially address this limitation. 

To evaluate this recommendation, the use of FWI as a high-resolution waveform-

based method of data analysis was hypothesized for delivering subsurface images that 

can detect anomalies under the base of drilled shaft excavations. A threshold on the 

dimension of the anomaly was also defined, indicating the method should be capable of 

detecting defects whose size is smaller than at least 25% of the cross-sectional area of the 

shaft. In this chapter experimental plans with a series of numerical simulations were 
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developed to test the hypothesis. The testing plans, however, had to address many 

implicit issues due to the unique constraints of the application.  

Given the one-sided or surface configuration of the survey array, the waveforms 

contain surface waves in addition to other modes of wave propagations. Generally, when 

the starting model is not close to the true subsurface condition, there is a risk that the 

inversion fails without delivering meaningful results. The presence of the surface waves 

can only exacerbate this issue. To address the issue, a hybrid use of misfit functions was 

recommended and implemented in this study. It was shown that the hybrid use of the CC 

misfit function with an L2 misfit function can lead to promising results for the 

reconstruction of the tested domain.  

The main goal of the FWI is to get as much information as possible from the 

recorded waveforms. Therefore, a series of multi-parameter inversion simulations were 

performed to examine various components of a successful inversion workflow. Various 

2D and 3D models of domain with soft zones were investigated. In the first series of such 

models, a trust-region and constrained FWI algorithm was used with the hybrid CC and 

L2 misfit functions for a multi-parameter inversion. The success of the model in 

delivering results without failure due to cycle skipping and un-stable forward simulation 

indicates the potential of this approach for successful laboratory and field investigations. 

The issue of the cross talk between the inverted parameters subsequently was discussed. 

It was noted that for interpretation, when all the inverted parameters are considered, 

higher degree of confidence in the results can be achieved. The observations from these 

models provided evidence in support of using a multi-parameter FWI workflow with 
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hybrid misfits for delivering information on the geometry and material properties of 

anomalies under the base of excavations. 

This chapter continued by incorporating the effect of the geometry of the 

excavation on the inversion. By masking elements out of the SEM domain, the drilling 

condition was simulated. Therefore, the negative impacts of the side surface and 

scattering could be incorporated in the simulation. It was observed that the inverted 

velocities outside of the effective investigation domain could not be accepted with 

confidence. Through an analysis of the gradients, which explains the amount of update in 

the inverted domain, the effective investigation domain was approximately equal to the 

length of the array in both dimensions (width and depth). 

The chapter continued by introducing 3D domains with defective zones. The 

focus in this section was given to the impact of the regularization on the results of the 

inversion. For a physically meaningful result, the inversion workflow needs to be 

regularized to avoid convergence to local minimum and be able to highlight the true 

features in the domain. In the trust-region FWI algorithm, the regularization was 

performed by smoothing the calculated gradients via the solution of the diffusion 

problem. The main parameter to set this type of regularization is a smoothing length. It 

was demonstrated that the choice of this parameter can significantly affect the results of 

the inversion. However, the results are not sensitive to a single value. In all the inversion 

simulations in this study, it was noticed that at values below the length of the element, 

inversion is able to converge to meaningful results. 
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Despite the promising performance of 3D FWI in finding the lateral extents of the 

anomalous features and their mechanical properties, it suffered from very expensive 

computational costs and long data analysis time. In particular, it becomes impractical to 

use an FWI analysis in a large 3D domain for the inspection of the conditions under the 

base of excavations. Although more advances in the computational tools can make up for 

this issue in the future, an optimal hardware configuration that minimizes the number of 

sources in the survey can improve performance.  

It is common sense to have quantifiable guidelines for designing an optimal 

survey prior to any numerical and laboratory experiments that involve FWI. This was the 

basis for the third hypothesis of the study on this application. Consequently, in the last 

part of this Chapter, the application of an SOED approach to determine the optimal 

source-receiver configurations for a one-sided survey plan was evaluated. The results 

were provided in the form of a benefit-cost curve for a given receiver array that allows 

the user to decide on the best configuration based on their available resources. The 

benefit criterion is quantified in terms of redundancy in the data or the gain in the 

information. The number of sources was used as a measure of cost.  

Although the source configuration corresponding to a relative benefit value above 

0.8 (on a scale from 0 to 1) is generally seen as the optimal setting, this value can change 

from application to application or from one benefit criterion to another one. The results of 

this study showed that SOED returned benefit-cost curves for finding the optimal 

configuration that offer the flexibility to select the number of sources and receivers based 

on the available resources. The results of a series of separate independent FWI analyses 
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also supported the recommendations on the number of sources from the benefit-cost 

curves and therefore the proposed hypothesis. It was interestingly observed that 

increasing the number of sources is not necessarily equal to the higher quality images in 

FWI.     
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CHAPTER 6 

CONCLUSIONS, RECOMMENDATIONS, AND FUTURE WORK 

 

6.1 Summary and Conclusions 

The introduction and examination of new advancements in NDT of drilled shafts 

were the main objectives of this dissertation. Within the context of drilled shaft 

foundations, the structural integrity and quality of material under the base of their 

excavation were the specific applications of interest. In Chapter 2 a detailed literature 

review of the state of practice for the inspection of drilled shafts was first provided. The 

literature review addressed why drilled shaft inspection is necessary, why NDT is 

preferred for this purpose, and what the current state of practice is capable of with respect 

to drilled shaft inspection. This review showed that the existing NDT tools for structural 

integrity testing of drilled shafts usually fail to detect anomalies on the outer perimeter of 

drilled shafts.  

Ideas for new systems are in demand for the evaluation of structural integrity of 

drilled shafts, in particular existing drilled shafts, outside of the reinforcement cage of the 

shaft. Moreover, inside the drilled shaft, defects smaller than 15% of cross-sectional area 

of the foundation cannot be detected with the common ray-based methods of 

investigations. There is also no NDT tool that currently exists for the evaluation of the 

geologic conditions under the base of drilled shaft excavations. These observations 

motivated the objectives of this research to advance new methods in NDT to address 

these limitations.  



 

215 

Chapter 2 also provided a brief overview of the most common data analysis 

techniques for stress wave data, including a reflection-based approach and travel-time 

inversion using ray tracing, along with FWI. The feasibility of using a zero-offset 

hardware configuration for the evaluation of the structural defects and anomalies under 

the base of shaft excavation was investigated in two separate laboratory models. The 

choice of a zero-offset configuration with a reflection method of stress-wave data 

analysis was inspired by its relatively straightforward and fast data acquisition and 

analysis method. However, the inherent limitations of this approach motivated the 

investigation of more advanced data analysis techniques. Therefore, a detailed study was 

performed to develop a workflow for the successful implementation of FWI in NDT of 

drilled shafts. 

 

6.1.1 Hypotheses 

In Chapter 1 the main goals of the dissertation were introduced. After providing a 

brief review of inspection in drilled shafts and raising the main research questions, the 

research hypotheses were developed. A total of three main hypotheses were developed 

that supported the main objective of this study (i.e., novel advancements of stress-wave 

NDT for drilled shafts). Each hypothesis was separately investigated for the structural 

integrity application and the application related to conditions under the base of drilled 

shaft excavations. The first objective is mainly concerned with the feasibility of detecting 

defects by using stress-wave data in a zero-offset configuration with a reflection method 

of data analysis. The second one is intended to recommend an FWI workflow to analyze 
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stress-wave data for detecting defects that the ray-based methods fail to detect. Finally, it 

was desired to evaluate if an SOED approach can find the optimal hardware 

configuration for each drilled shaft application. To test these ideas, experimental plans 

were developed and examined in Chapters 3 to 5. 

 

6.1.2 Observations Related to Laboratory Modeling and Reflection Imaging 

In Chapter 3, the research objective for the inspection of drilled shafts with 

reflection analysis of stress-wave data were evaluated. The performance of a P-wave 

probe for the evaluation of defects in the outer perimeter of drilled shafts was examined. 

The probe utilized a pair of ultrasonic transducers in a zero-offset configuration and the 

data were analyzed using a simple reflection approach where the waveforms were plotted 

alongside each other to develop an image of the laboratory model. The probe was tested 

inside a scaled laboratory soil model with foundation elements of realistic dimensions. 

The foundation element was constructed with known defects approximately 7% of the 

cross-sectional area of the drilled shaft. The probe was able to detect the location of the 

defect in the drilled shaft element. It was also able to provide limited information on the 

location of the reinforcement rebar that was exposed due to the defect in the concrete. 

However, this required some more detailed analysis by muting some parts of the recorded 

waveforms.  

Given the fast data acquisition, straightforward data analysis method, and its 

success in detecting the defect, the experimental plan was able to provide evidence in 

support of the first hypothesis. In fact, the probe was able to partially detect defects in the 
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foundation element, whose size was smaller than at least 15% of the cross-sectional area 

of the shaft. However, in each run of the experiment only a 2D profile of the foundation 

can be provided. In order to generate more comprehensive images (i.e., 3D) of the 

foundation, multiple boreholes would be needed around the foundation similar to CT. It 

is therefore expected that this approach would exhibit similar limitations. That is, when 

the defect is not along the scan axis of the probe, it cannot be detected.  

Another laboratory model was constructed to examine a zero-offset source-

receiver configuration for the evaluation of conditions under the base of drilled shaft 

excavations. The laboratory model was constructed using cemented sands with different 

cement content to mimic sound rock and soft zones. Several series of surveys with P-

wave and S-wave transducers were conducted. 2D and 3D subsurface images were 

generated using a reflection imaging approach. A comparison between the results and the 

expected subsurface showed that the system was partially capable of detecting some of 

the anomalous features. The survey, however, was not able to successfully determine the 

lateral extent of the anomalies. In zones close to the boundaries of the laboratory model, 

the data was distorted by the boundary conditions and potentially errors in model 

construction.  

The observations from this experimental plan did not provide solid evidence to 

completely support the first hypothesis on the use of zero-offset reflection analysis for 

detecting defects under the base of drilled shaft excavations. However, the limited 

success in providing indications of the defects offered one main lesson from these 

experiments: relying solely on the arrival time of the reflected waves and ignoring the 
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rest of the waveforms means ignoring the information encoded in the recorded data. 

Therefore, it is important to investigate more advanced methods, including waveform-

based methods, of data analysis for generating higher resolution images. 

 

6.1.3 Observations Related to Structural Integrity Testing with FWI 

Efforts were made in this dissertation to develop a FWI workflow that can use the 

same input data that is acquired in CT structural integrity testing of drilled shafts. 

Through a series of 2D and 3D numerical simulations on drilled shafts with pre-defined 

defects, the performance of the recommended FWI workflow was evaluated and the 

results were compared to the travel-time ray-based tomographic inversion using the same 

dataset. In each model, defects with size smaller than at least 15% of the cross-sectional 

area of drilled shaft were placed inside the drilled shaft. Waveforms were generated using 

sources inside predefined access tubes and recorded at receiver locations inside the 

domain. The results of the numerical simulations demonstrated that FWI was able to 

outperform the travel-time inversion approach used in CT. In fact, FWI was able to 

reconstruct the defects in dimensions and mechanical properties close to the true model. 

These results provide evidence in support of the second hypothesis of the study, in which 

it was suggested that FWI is able to detect defects whose size are smaller than at least 

15% of the cross-sectional area of drilled shafts. 

The workflow for the implementation of FWI is highly dependent on the 

application and should be properly set to successfully perform the inversion. When the 

data are acquired in a cross-hole configuration, the high frequency content of the 
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ultrasonic waves increases the chance of cycle skipping (i.e., inversion convergence to a 

local minima) when the starting model is not close to the true model. To address this 

issue a multi-scale approach with a trust-region FWI algorithm was successfully 

implemented. A hybrid use of CC misfit function and L2 misfit functions was 

successfully used to perform the inversion. 

The main difficulty with this application of FWI is its high computational cost. In 

fact, the high frequency content of the waveforms and relatively high velocity of the 

sound concrete lead to a fine mesh with small time steps for the forward simulation and 

inverse modeling. It was proposed that reducing the number of sources that lead to 

redundant data acquired with a relatively dense source-receiver configuration can 

expedite the process without significantly compromising quality of the results. In both 2D 

and 3D modeling, the reduction of the sources in almost half did not noticeably affect the 

successful application of FWI for the detection of structural defects in drilled shafts. 

Although cutting the number of sources in half seemed random, it performed 

quite well. Following this observation, in order to quantitatively investigate this issue a 

sequential optimal experimental design (SOED) approach was adopted. Using the 

Bayesian theory and linearizing the inverse problem, an estimate of the posterior 

covariance matrix for various system configurations can be achieved. In this approach a 

Gauss-Newton approximation of the Hessian, based on the Jacobian of the forward 

operators, was used in which the elements of the Hessian provide information on the 

resolution of the final image. This formulation of the SOED allows for the independence 

of the approach to both the true model and the acquired data. This makes this approach 
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very appealing for selecting the optimal system configuration. However, achieving a 

global optimum becomes very difficult depending on the constraints imposed by the 

general geometry and shape of the configuration.  

The direct outcome of the SOED was a curve that showed the variation of a 

benefit criterion versus a cost factor. The main objective was to evaluate if a source-

receiver configuration that offers reduction of sources compared to the common cross-

hole tomography can be achieved. This approach was implemented on 2D reconstruction 

models of FWI for the structural integrity testing of drilled shafts. It was demonstrated 

that the optimal sensor selection can be quantitatively informed by the benefit-cost curve 

from the SOED. Using the results of the SOED analysis in numerical FWI simulations 

also demonstrated that the reduction of number of sources from a dense spacing (usually 

the case with CT) to half will not affect the results of FWI in a meaningful way. 

However, it significantly decreases the computation time of FWI, as well as the data 

acquisition time. These observations support the third objective of the study that SOED 

provides a quantitative tool for selecting an optimal hardware configuration to offer a 

reduction in the number of sources used in FWI compared to CT.    

 

6.1.4 Observations Related to Testing Geologic Conditions Under Drilled 

Shaft Excavations with FWI 

As noted previously, the success of FWI is highly dependent on the application-

specific workflow. Therefore, efforts were also made in this dissertation to investigate a 

workflow for implementing FWI for the evaluation of the conditions under the base of 
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drilled shaft excavations. These efforts were envisioned to become part of an NDT 

system that would be developed for the inspection of drilled shaft excavations during 

construction with the promise of a high-resolution subsurface image in geologic 

conditions prone to anomalous conditions (e.g., karst). 2D models were initially explored 

followed by more computationally expensive 3D models. The main goal was to 

investigate if the recommended workflow of FWI is able to detect defects under the base 

of drilled shaft excavations that can affect the performance of the foundation (i.e., whose 

size is at least smaller than 25% of the cross-sectional area of the drilled shaft). 

In a series of numerical simulations, the workflow for a hybrid, multi-parameter 

FWI was examined. Inverting for as many model parameters as possible can improve 

users’ confidence in interpreting the results. In this study, inversion was performed for all 

VP, VS, and r of the domain. It was shown that with a hybrid use of the CC and L2 

misfit functions, the results of inversion for each parameter can identify the shape, 

location, and material properties of the domain, particularly when these results were 

interpreted together in a holistic fashion. 

Irregularities in the shape of the domain were then investigated for any negative 

effects on inversion quality. In fact, the flexibility of the element base method of forward 

simulation was used to mimic the geometry of the drilled shaft excavation walls. The 

results of inversion did not suffer, except for the fact that a smaller survey array led to a 

more limited spatial sampling of the waveforms and subsequent investigation depth. 

Although the 2D models provided important insights into the successful workflow 

of FWI in this application, a true 3D model was necessary to fully investigate the multi-
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parameter FWI. Therefore, a cubic shape 3D model was developed and a relatively 

similar workflow to the 2D cases was successfully implemented. The focus in this section 

was placed on the sensitivity of the 3D inversion to the regularization parameters. It was 

observed that that when the value of the regularization parameter approaches the element 

size and larger, there is higher chance of inversion failure. This differed from the 2D 

cases in which less sensitive behavior to the regularization parameters was noticed.  

An SOED approach was subsequently explored to find the optimal hardware 

configuration for the one-sided survey. The resulting benefit-cost curves from the SOED 

analysis were then used in FWI reconstruction models. It was possible to select an 

optimal design from the curves. However, the first criterion implied that increasing the 

number of sources did not necessarily increase the amount of useful information in the 

system. The second criterion, however, led to a benefit-cost curve that increased over the 

entire range of the cost (i.e., number of sources). This benefit criterion can be interpreted 

as the gained information (or reduced uncertainties) in the inversion results. Therefore, 

although the increase in the number of sources might not directly improve the trace of the 

Hessian, it increases the confidence in the reconstructed parameter. In general, given the 

limitations in the drilled shaft base domains, the interpretation of the benefit-cost curve 

became complicated. 

It is important to note that the computational cost of FWI for the investigation of 

the condition under the base of drilled shaft excavations renders it impractical for 

immediate delivery of results. In fact, it is imperative to use more powerful computing 

units like GPUs to increase the run time. Moreover, the limitations imposed by the 
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geometry of the excavation causes a limited spatial sampling of the waveforms, hence 

limiting the investigation depth of the survey. 

 

6.1.5 Evaluation of Research Hypotheses 

The main objective of the study was to evaluate new applications of stress-wave 

methods in NDT for the inspection of drilled shafts. In order to develop quantifiable 

hypotheses for both the structural integrity testing and evaluation of conditions under 

drilled shaft excavations, the study was broken down into two main parts for each 

application. The first set of hypotheses was regarding the use of reflection analysis of 

stress-wave data for detecting defects that can affect the performance of drilled shafts. In 

the case of structural integrity testing, the ultrasound probe used in the laboratory for 

reflection imaging was able to detect a defect whose size was smaller than at least 15% of 

the cross-sectional area of the drilled shaft. This observation supported the first 

hypothesis on the use of reflection analysis of stress waves for detecting defects on the 

perimeter of drilled shafts. However, for a 3D evaluation of the foundation, more than 

one borehole for running the experiment is required.  

In another series of laboratory experiment, the use of reflection analysis for the 

evaluation of conditions under shaft excavations was examined. The primary goal was to 

investigate if a zero-offset reflection analysis is capable of detecting the anomalous 

features within sound rock mimicked by cemented sand. A comparison between the 

results and the true laboratory model did not provide conclusive results regarding the 
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geometry of the anomalous features to support research objective on application of a 

zero-offset reflection analysis for the inspection under the base of excavations.  

The use of more advanced data analysis methods was then investigated (i.e., 

FWI). The recommended workflows for FWI in numerical simulations were successfully 

implemented for the detection of the geometry and material properties of the defects that 

can affect the performance of drilled shafts. In fact, FWI was able to detect defects that 

could negatively impact the performance of the drilled shaft and meet the dimensional 

threshold set in the hypotheses for both applications. Additionally, in the case of 

structural integrity, the proposed FWI workflow was able to outperform travel-time 

inversion of CT.  

The study then examined an SOED approach for offering benefit-cost curves for 

finding source-receiver configurations that optimize the available resources for data 

acquisition. The resulting benefit-cost curves allowed for quantification of the benefit that 

adding new sources to the system. In the case of structural integrity testing, the resulting 

benefit-cost curve allowed for a noticeable reduction in the number of sources for FWI 

compared to CT, which supported the proposed hypothesis. An additional benefit 

criterion was used to quantify the relative information gain by adding new sources to the 

system. This allowed the quantification of the level of certainty in the estimated 

parameter in the inversion based on the selected configuration. These observations also 

support the hypothesis for the application related to assessing the geologic condition 

under the base of drilled shaft excavations by providing a quantitative measure to select 

the number of sources for that particular survey. These results demonstrate that novel 
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applications of stress-wave data indeed have great potential for addressing the existing 

issues in the inspection of drilled shafts.  

 

6.2 Limitations of the Current Study 

The reflection analysis of stress waves in a zero-offset configuration suffers from 

some inherent limitations for NDT application of drilled shafts. For example, in the case 

of the P-wave probe in this study, defect cannot be detected when it is not along the scan 

axis of the probe. However, it offers the benefit of a relatively straightforward and cost-

effective data analysis method. The performance of the P-wave probe for the structural 

integrity testing of drilled shaft was examined on limited number of deep foundation 

elements. This was mainly due to the limited resources for developing more large-scale 

laboratory models. It is expected that testing the probe in other laboratory setting will 

provide more insights into its performance and limitations. 

The numerical models presented in this study have shown very promising results 

when FWI is used for structural integrity testing of drilled shaft. The main challenge in 

this study remains the very expensive computational cost of FWI in particular for the 3D 

models. Consequently, the results of small number of models were presented in this 

dissertation. Moreover, in order to reduce the computational time, reinforcement rebar 

and surrounding soil were not modeled. Since the rebar cage and surrounding soils are 

part of the a-priori knowledge of the domain, in the inversion process they can be 

incorporated into the starting model to improve the convergence of inversion to local 
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minima. However, the larger model size and high wave velocity of the steel will increase 

the computation time in the inversion. 

FWI in the workflow presented in this dissertation (for both structural integrity 

testing and geologic conditions under excavation bases) does not rely on the idea of 

training any part of the workflow; therefore, the application of the workflow for blind 

models was not investigated. Blind models refer to situations where one has no 

information about the true model (and solely works with the acquired waveforms). It is 

recommended that the workflow should be tested on blind models to provide more 

evidence on its successful application. 

In the proposed FWI workflows in this dissertation, the focus was placed on 

developing appropriate workflows for the inversion of the material properties. Another 

important aspect of any inversion is finding the appropriate source time function that 

matches the one used in the laboratory or field experiment. In the case of the travel-time 

tomography, the source is modeled as an infinite frequency source; however, in FWI this 

is not the case. Although estimating the source time function was not investigated, the 

same workflow proposed in this study can still be used in the inversion problem of field 

and laboratory data. 

With regard to the implementation of SOED for NDT testing of drilled shaft, the 

study focused on finding the optimal number of sources for a given arrangement of 

receivers. This arrangement of receivers was decided based on the constraints of the task 

and practical considerations. However, SOED has the potential to investigate the optimal 
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configuration of unknown receiver arrangements as well. This could potentially be a 

research topic for future efforts. 

 

6.3 Recommendations and Future Work 

FWI is an active area of research and this dissertation offered insight into its 

applications for NDT evaluation of drilled shafts. However, there are interesting areas 

that could potentially form the foundation of future research efforts. In fact, the 

observations from the simulations of the recommended FWI workflow offered evidence 

that FWI is able to provide information on both geometry and properties of structural 

defects and conditions under excavation base of drilled shafts. However, it is 

recommended to evaluate the workflow on more models in future efforts to increase the 

confidence in its performance.  

Future research efforts regarding the application of FWI for structural integrity 

testing of drilled shafts should incorporate the effects of features like reinforcement 

rebars and surrounding soil in order to provide more evidence in support of the promising 

performance of FWI for this application. Since the rebar cage and surrounding soil are 

part of the a-priori knowledge of the domain, they can be incorporated into the starting 

model to improve the chance of the success of inversion. However, the larger model size 

and high wave velocity of the steel will increase the computation time in the inversion. 

Therefore, it is recommended that such analysis should be performed on multiple 

compute nodes is parallel to reduce the analysis time.  
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With regard to the application of FWI in the evaluation of conditions under the 

base of shaft excavations, more 3D models with larger dimensions and multiple defects 

are required to test the recommended FWI workflow. As it was discussed in the previous 

section, FWI in the workflow presented in this dissertation does not rely on the idea of 

training any part of the workflow. However, it is recommended that in future research 

efforts the application of the workflow for blind models should be investigated.  

Future studies are encouraged to implement the FWI workflow, presented in this 

dissertation, on laboratory and field data. This will require an extensive experimental 

plan; however, the main component of this experimental plan should focus on the proper 

estimation of the source time function. A source inversion approach (Groos et al. 2017) 

could potentially provide promising estimates of the source time function in the 

laboratory or field experiments. The guidelines provided in this dissertation on the 

development of a successful workflow for FWI in both ultrasonic and low frequency 

waveforms along with the details on forward simulations, can then be used for the 

implementation of FWI.  

Finally, future research projects can be developed on the application of SEOD to 

determine the optimal choice of other parameters in the experimental design for FWI. A 

very useful study can target the optimal choice of source components (vertical 

component, horizontal component, or their combination) in the survey design. The study 

can be expanded to the selection of the frequency content of the sources. Moreover, the 

application of SOED can be expanded in finding the optimal configuration of both 

sources and receivers.
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APPENDIX A 

STRESS WAVES AND MECHANICAL PROPERTIES 

 

A.1 Introduction  

Waves are inseparable parts of our lives. Humans hear sounds and music as the 

ears detect the acoustic waveforms around them. Surfers enjoy surfing on ocean waves. 

Earth’s strong ground motions from earthquakes generate seismic waveforms that can 

potentially cause huge destruction and human suffering. Engineers and scientists have 

been striving to understand the power of waveforms and mitigate their negative impacts   

(Kramer 2014; Franke and Kramer 2014; Igel 2016). For example, seismologists have 

provided a better image of the inner structure of earth using seismic waveforms   

(Dziewonski et al. 1975; Dziewonski and Anderson 1981). The sensitivity of stress waves 

to material properties inspired engineers to develop NDT methods based on the 

propagation of such perturbations. The main benefit of stress waves is that they directly 

contain information on the mechanical and physical properties of the domain, particularly 

stiffness, which is a very common mechanical property of interest to civil engineers. 

Therefore, there is no need to indirectly interpret stiffness when stress-wave data is 

collected and analyzed.     

 

A.2 Waveforms and Mechanical Properties 

Perturbations to the state of mechanical forces propagate as elastic waves or stress 

waves through a medium. In continuum mechanics, the equations of equilibrium can be 
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developed to quantitatively solve the wave propagation problem. According to the 

equations of equilibrium, the summation of all forces and the summation of all moments 

is equal to zero (Santamarina et al. 2001). Considering the normal (σ) and shear (τ) 

stresses, the equilibrium equation in the x direction can be developed as: 
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where, ρ is the mass density of the medium and c
d6e

cEd
  is the acceleration in the x direction. 

Wave propagation honors the compatibility of displacements. Therefore, with the 

constitutive equation of an isotropic elastic domain, the partial differential equation 

(PDE) of motion reduces to: 

$
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where, M and G are the constrained and shear moduli. When strains in directions other 

than x are zero, the constrained modulus along the x-direction is defined as the variation 

of normal stress to normal strain in the x direction. These moduli contain the mechanical 

properties of the domain (i.e., stiffness). The volumetric strain (εv) is equal to the 

summation of normal strains in the three directions.  

The solution to the partial differential equation of Eq. A-2 is a fluctuating field in 

time (t) and space (in this case the x direction). This field is commonly displacement, 

velocity or pressure. For each given location, the recorded field is referred to as a 

waveform or trace. In most cases, finding an analytical solution to the partial differential 

equation of stress waves is not possible. However, numerical methods with high accuracy 

have been developed to approximate the solution. In Appendix B of this dissertation, 
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details on the principles of one of the state-of-the-art forward simulation methods is 

provided with results of several forward simulations.  

Waveforms are characterized in time and space domains with frequency (f) and 

wavelength (λ). These two are related to each other via the velocity of wave propagation, 

where this velocity is the product of the f and λ. The period of vibration (T) in the time 

domain, defined as the inverse of f, is also commonly used instead of f.  

Relaxing the constraints in Eq. A-1 incorporates more complicated wave 

propagation conditions. A visco-elastic rheology for the material can be integrated into 

the domain and addressed via the numerical method of solving the PDE. Wave 

attenuation can easily be incorporated into any time-domain solver of the elastic wave 

equation with the help of memory variables (Fichtner 2011). Using a model with 

superposition of N standard linear solids, a quality factor Q can be used to quantify the 

effect of material attenuation. As a physical interpretation Q is an indication of the energy 

that is dissipated per oscillation cycle, relative to the mean elastic energy in the absence 

of dissipation. A large value for Q means a sharp frequency response curve or low 

damping (Santamarina et al. 2001).    

Different modes of the propagation are possible depending on the particle motion 

relative to the direction of the wave.  Compressional wave (P-wave) and shear wave (S-

wave) are the dominant modes of stress waves. These are generally referred to as body 

waves. Figure A.1 shows the modes of propagation of different types of stress waves in 

solid materials. In a half space (i.e., relaxing the continuum constraint), due to the 

interaction of body waves near the surface of the medium, surface waves are also 
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developed. Surface waves travel near the surface of the material within a few seismic 

wavelengths of the surface of the medium (Steelples 2005).  
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Figrue A.1. Different modes of stress wave propagation (Steeples 2005). 

 

The different modes of propagations can be analytically derived from the wave 

equation. For P-waves in plane mode of propagation, the particle motion is only in the 

direction of the wave propagation and no shear strain exists. Consequently, the wave 

equation simplifies to: 
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In a similar way for the S-wave mode of vibration, when the wave propagates in the x 

direction with particle motion in the y direction, ux = uz = 0, and the wave equation 

reduces to the following equation: 

D%Fa

D&%
=
g

$

D%Fa
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 (A-4) 

The velocity of the P- and S-wave from Eq. 1.3 and 1.4 can be written as: 

!" = if $⁄  (A-5) 

!k = ig $⁄  (A-6) 

where VP and VS are respectively the velocities of wave propagation for P- and S-waves, 

respectively. 

As stress waves propagate through soil and rock, they undergo mode changes due 

to reflection, refraction, and scattering at boundaries between materials. The reflection of 

waves at a boundary is due to differences in mechanical and physical properties of the 

two materials. This difference is quantified in terms of impedance (Z) as the product of 

density and wave velocity of the material (Z=ρV). The larger the impedance contrast, the 

larger the portion of wave energy is reflected back. As a result, the arrival time of a 

reflected waveform can provide information on changes in the domain. In a similar way, 

the variation in the travel time of the stress waves are used to generate tomographic 

images in exploration and NDT applications.  

Various techniques exist to examine and analyze the waveforms acquired from 

wave propagation through a domain. These techniques allow one to infer the mechanical 

properties of the domain. For example, the wave velocity of materials in the domain can 

be determined based on knowledge of the wave path and the travel time. Spectral 
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methods rely on the information embedded in surface waves to provide variation of shear 

waves within shallow depths of investigation for geotechnical applications. FWI relies on 

matching the entire observed waveform to extract the mechanical and physical properties 

of the domain. So it makes use of all the available data including the travel time, reflected 

and refracted modes, along with the surface and body waves. The choice of the waveform 

analysis technique is informed by the type of the problem, required resolution, type of 

data and acquisition configuration, and existing computational resources.  
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APPENDIX B 

FULL WAVEFORM INVERSION 

 
B.1 Introduction 

In many cases where NDT methods are used, it becomes necessary to solve both 

forward and inverse problems. Every engineering and scientific problem can be described 

as a three-component problem, where an input is transformed to an output through a 

system. The most commonly seen in engineering practice is the task of designing an 

appropriate system that can transform a known input to an output within an acceptable 

range. An example is the task of designing a foundation system that can transfer the 

known load from a superstructure to the subsurface soil while the settlement should not 

exceed a certain output limit.  

Based on what component of the problem needs to be determined, engineering 

problems are categorized into two broad categories: (1) forward problems; and (2) 

inverse problems (Santamarina and Fratta, 2005). In a forward problem the input to the 

system is known and one of the other two components is intended to be determined. This 

leads to two classifications of forward problems: (1) system design; and (2) convolution. 

An example of a system design forward problem is designing a foundation whose 

settlement or bearing capacity does not exceed a certain value. Mathematically 

convolving a given input with the known model of a system is the other type of the 

forward problems. For example, knowing the impulse response of a structure, its 

response (output) to a given dynamic load can be calculated. In the context of this 

dissertation, the forward modeling refers to simulating waveforms when a source input is 
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applied to a domain of known physical and mechanical properties as is the case in stress 

wave-based NDT.   

In inverse problems, on the other hand, the output is always known. Depending on 

which one of the other two components is being investigated, the inverse problem is 

classified as either system identification or de-convolution. The latter, as it is clear from 

its name, is intended to de-convolve the input from the known system and its 

corresponding output. This type of problem attempts to find the cause as in many forensic 

cases. A more specific example could be what load can cause failure of an existing 

foundation given the foundation properties and load carrying capacity. In the second type 

of inverse problems, the output of an existing system is known and the goal is to find the 

system properties. A very simple example of a system identification type of inverse 

problem is finding the stiffness of a linear spring when the applied load and the 

corresponding displacement are known. This is the type of inverse problem that is used 

for NDT with seismic or stress waveform tomography in this dissertation.  

The system identification type of inverse problems is probably the most basic 

problem in science and engineering. Many of the engineering problems that require 

model development for the behavior of systems (for example bearing capacities of piles) 

solve the inverse problem of system identification. The type of input and output in system 

identification inverse problems varies depending on the discipline and the problem under 

examination. However, using a general definition, they can be simply called input and 

output signals. A signal is the variation of one parameter with respect to one or more 

independent variables (Santamarina and Fratta, 2005). An input signal is transformed into 



 

257 

its corresponding output signal through the system under study, and the inverse problem 

is intended to figure out the characteristics of the system.  

 

B.2 Notes on Notation 

Throughout the dissertation, lower-case bold letters are used to represent vectors 

and not bold letters represent scalar values. The model (m)	to	be	matched	with	the	

observed	data	will	be	iteratively	modified	until	it	properly	explains	the	data	[i.e.,	the	

optimal	model	(lm )	is	reached].		

Generally, the model m is comprised of the spatial distribution of the wave speed, 

such as the P-wave velocity, Rn(C), the S-wave velocity, R4(C), as well as the mass 

density $(C) of the materials that encompass the domain. As the FWI process proceeds, 

lm  is the optimal earth model that minimizes the misfit functional (o) between the 

observed signals [pB(C	, &)] and the synthetic signals developed during forward modeling 

[p(l; C, &)]. Note that the semicolon indicates that u evolves in space (x) and time (t), 

whereas the model parameters are assumed to be fixed for a given realization of u. 

 

B.3 Full Waveform Inversion 

The ability to solve the forward problem of wave propagation (i.e., the wave 

equation as presented in Appendix A) allows for calculating the synthetic waveforms that 

propagate in a model m. This model m itself is generally parameterized by density and 

wave speed. The goal of FWI is to exploit the wealth of information from the measured 

waveforms. To do so, a physically meaningful quantification of differences between the 
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observed and synthetic waveforms is required. This difference is defined as a misfit 

function o which depends non-linearly on the model parameters m. FWI attempts to find 

the optimal model mopt that minimizes the misfit function at its global minima. Given the 

nonlinearity of the optimization problem and large number of parameters in the problem, 

an iterative scheme combined with gradient-based algorithms are used to find the optimal 

solution.  

The general idea of FWI with an iterative inversion scheme was presented in 

Chapter 2 of this dissertation. With a suitable misfit function and regularization technique 

the objective function of the optimization can be developed. The misfit o(l), in a 

general representation can be written as: 

o(l) = || (g(m) – d) ||L2 + αR  (B-1) 

where, g(m) is the wave field generated as the forward simulation operator g is 

applied to model m, R is a general regularization term, and α is a regularization weight 

(Fichtner 2011). The first term on the right-hand side of Eq. B-1 represents how the 

waveform generated from the forward simulation matches the measured data and the 

second term controls the regularization of the inversion.  

An L2 misfit has the general formulation as below: 

L2: #
%
∫ [FB − F]%	7&
u

	 (B-1a) 

 where, FB is the recorded data, F is the synthetic data, and the integral is over the 

acquisition time T. Another choice of the misfit function is a cross-correlation (CC) in 

which the time shift in the convolutional form is: 
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CC: ∫ F2
B
	F2(& + ^)7&u

	 (B-1b) 

where, i stands for the i-th sample of the data and ^ is the auxiliary variable for the 

integration. 

In order to minimize the misfit, the necessary first order optimality condition 

requires that for the optimal model lm : 

∇vo(lm) = 	0 (B-2) 

where ∇v  is the operator for the first partial derivation with respect to model parameter 

m. In the inversion process, a starting model is iteratively updated, where at iteration i the 

model is denoted as l2. The difference between the models of the two consecutive 

iterations (wl) is in fact the desired update: 

l2x# = 	l2 + 	wl (B-3) 

Obviously, the resulting model must explain data better than the model from the previous 

iteration i.e., o(l2x#) < 	o(l2). 

The model update (i.e., wl) can be defined with a descent direction hi and a 

positive step length y2 > 0. In the general descent method, the descent direction  {2 is: 

{2 = 	−|2	. ∇vo(l2) (B-4) 

where |2 is a positive definite matrix controlling the speed of convergence of the 

inversion. In Newton’s method, |2 is equal to the inverse of the second order gradient of 

the misfit or Hessian. The gradient of the misfit function ∇vo is computed with the 

adjoint method. Generally, a line search approach is adopted to estimate the optimum 

step length y2 at each iteration. 
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As an alternative to line search methods, a trust-region method can be used to 

solve the optimization problem of the misfit. In a trust-region method the direction and 

the step size of the update are simultaneously determined (Boehm et al. 2018). The model 

update can be calculated using a quasi-Newton approximation of the inverse Hessian. 

Commonly an L-BFGS approximation of the Hessian is used instead of the 

computationally impossible problem of determining the Hessian. In the trust-region 

problem, a quadratic approximation of the objective function subject to an upper bound 

on the norm of the update is minimized.       

With regard to the regularization of the inversion, a small regularization 

coefficient forces the optimization to accommodate the data. In other words, lower 

tolerance for the deviation of the estimated model from the true model is accepted. On the 

other hand, increasing the regularization coefficient allows the solution to be less 

sensitive to the residuals. Similar to any other regularized optimization problem, the 

regularization coefficient holds a trade-off between the stability of the solution (i.e., 

being physically meaningful and not overfit) and its conformance to the data. This can be 

an indication of the dependence of FWI on the problem at hand and the prior knowledge 

from the model. 

To compute the gradient (i.e. partial derivatives) of the objective functional with 

respect to the model parameters, a mathematical tool known as the adjoint method is 

used. The extension of the adjoint methods to the second derivative leads to the Hessian 

kernels. The solution to the adjoint wave equation is generally called the adjoint wave 
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field (regular wave field vs. adjoint wave field). In the next section, adjoint simulations 

for the calculation of the gradient at the first order derivation are briefly discussed. 

 
B.4 Governing Equations and Use of Adjoint Methods 

The behavior of a system that is defined with model parameters m is quantified 

with a physical theory that links the model parameters to an observable u. The observable 

u is the output of the dynamic system. The operator that forms this link can is denoted by 

L: 

}(p,l) = ~  (B-5) 

where f represents external forces. This equation is actually the formulation of the 

forward problem. As noted previously, u represents an elastic wave field in this stress-

wave application that is linked via the wave equation to the model parameters m and 

external forces f.  

With regard to the optimization problem of inversion, optimality means that a 

problem-specific objective functional (or simply misfit function) o(l) = 	o[p(l)] is 

minimized. This objective function is a measure of misfit between the observed data 

pB(C, &) and synthetic data (theoretically predicted data from forward modeling) 

p(l; C, &). A change of o in response to a change from m to l+ hwl is approximated 

by the derivative of o with respect to m in the direction wl: 

∇vo(l)wl =	 lim
Ä→B

1

h
	[ o(l + εwl) − 	o(l)]    (B-6) 
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Note that wl is the model parameter change and ∇vo is referred to the gradient 

of the misfit function. A common choice of the misfit function is the second norm (i.e. 

the L2 distance between the observed and synthetic data) at receiver locations C = CÉ: 

o(l) = 	
1

2
	) ) [p(l; C, &) −	pB(C, &)]%	w(C − CÉ)	d&	dÜC

áu

 
 (B-7) 

This integral over the time and space domains (T and G, respectively) can be 

rewritten in a more general way: 

o(l) = 	
1

2
	) ) o#[p(l; C, &)]	d&	d

ÜC
áu

= 	 〈o#(l)〉 
 (B-8) 

where the brackets 〈	. 〉 is a short notation for the double integral over T and G. With this 

notation, it is possible to re-write Eq. B-6 for the derivatives of the misfit function 

o[p(l)] with respect to m in the direction wl (or in short ∇v	o	wl), following the 

chain law: 

∇vo	wl =	∇6	o	wp = 	 〈∇6	o#	wp〉    (B-9) 

where, wp is the derivative of u with respect to m in the direction of wl and 

defined as: 

wp = 	∇vp	wl  (B-10) 

Finding wp requires approximating ∇vo. In order to do so, it is required to 

determine p(l + hwl) for each possible direction wl. This is a very computationally 

expensive task since it involves repeated use of forward modeling, which renders this 

task infeasible for this application. Consequently, adjoint methods are used to calculate 

the derivatives of the misfit function by eliminating wp from the equations. For this 
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purpose, }(p,l) = ~  is differentiated with respect to model parameters m while 

invoking the chain rule for differentiation: 

∇v}	wl +	∇6}	wp = ä  (B-11) 

Since f is not a function of m, its derivatives with respect to the model is zero, 

which is why the right-hand side of this equation is eliminated. Eq. B-11 can then be 

multiplied by an arbitrary test function pã and the integral 〈	. 〉 subsequently applied: 

〈pã	. ∇v}	wl〉 +	〈p
ã	. ∇6}	wp〉 = 0    (B-12) 

Now by adding Eq. B-9 to B-12: 

∇vo	wl =	 〈∇6	o#	wp〉 +	〈p
ã	. ∇6}	wp〉 +	〈p

ã	. ∇v}	wl〉 (B-13) 

Adjoint operators ∇6o#
ã and ∇6}ãcan be introduced as: 

〈∇6o#	wp〉 = 	 〈wp	. ∇6o#
ã
〉  (B-14) 

〈pã. ∇6}	wp〉 = 	 〈wp	. ∇6}
ãpã〉  (B-15) 

Plugging B-14 and B-15 into B-13 and re-arranging terms results in the following 

expression for the derivative of o with respect to m in the direction wl: 

∇vo	wl =	 〈	wp. (∇6	o#
ã
+	∇6}

ã	pã)〉 +	〈pã	. ∇v}	wl〉  (B-16) 

In order to eliminate wp from Eq. B-13, an adjoint field needs to be found to 

satisfy: 
∇6}

ãpã = 	−	∇6o#
ã   (B-17) 

This equation is referred to as the adjoint equation of equation B-1 [i.e. }(p,l) =

~]. The adjoint field is pã, and −	∇6o#
ã is the adjoint source. When the adjoint field is 

calculated from the adjoint equation, the derivatives of the misfit or objective function 

can be computed using: 
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∇vo	wl = 〈pã	. ∇v}	wl〉  (B-18) 

In this manner, ∇vo	wl can be computed for any differential direction wl 

without any explicit knowledge of wp. This, however, comes at the cost of finding adjoint 

operator ∇6}ã and a solution of the adjoint equation (Eq. B-17). 

Finally, the gradient can be written taking into account the sensitivity kernels. The 

sensitivity or Fréchet kernels (Km) are defined as the volumetric densities of the Fréchet 

derivatives ∇vo: 

åv =	
7

7!
	∇vo = 	) pã. ∇v}

u

d&  (B-19) 

        

Using the sensitivity kernels, Eq. B-18 can be re-written as:  

∇vo	wl =	) åv(C)	wl(C)	d
ÜC

á

 
 (B-20) 

The sensitivity kernels åv(C) show how the objective functional o(l) is affected by 

model parameter changes at position x in the model. 

The physical meaning associated with the sensitivity kernel helps to obtain a more 

thorough understanding of the inversion and its parameterization. The sensitivity kernels 

of the material properties are non-zero only within the primary influence zone where the 

regular and adjoint wave fields interact at some time between &B and &#. The primary 

influence zone is the region where a mode perturbation, wl, causes the regular wave 

field, u, to generate a first order or single scattered wave that affects the measurement at 

the receiver. A perturbation located outside the primary influence zone has no first-order 

effect on the measurement.  
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For most seismic phases, the primary influence zone is a roughly oval region 

connecting the source and the receiver. Its precise geometry depends on many factors 

including the frequency content, the length of the considered time window, the type of 

measurement and the reference model, m. Figure B.1 shows the regular (or forward) 

field, adjoint field, and the primary influence zone. The forward field propagates in all 

directions (following the incremental order of the numbers on the figure). These numbers 

are used to highlight the variation in time. On the other hand, the adjoint wave field 

collapses into the receiver. In other words, the wavefield is backpropagated from the 

receiver to the source. In numerical simulations, the adjoint equations are solved 

backwards in time in order to satisfy this. As noted previously, within the primary 

influence zone, any perturbation will have a first order effect on the measurements at the 

receiver, but anything outside it has no effect. Figure B.2 shows another example of the 

primary influence zone for a homogenous model. The classic banana doughnut shape of 

the influence zone is clearly visible in this figure. 
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Figure B.1. Illustration of the primary influence zone where the regular wave field, u, 

interacts with the adjoint wave field, u† (Fichtner 2011).  

 

  
Figure B.2. The influence zone (scaled sensitivity) for a source and receiver pair within 

a homogeneous domain. 
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APPENDIX C 

WAVE PROPAGATION SIMULATIONS USING THE SPECTRAL ELEMENT 

METHOD 

 
C.1 Introduction 

In order to implement full waveform tomography, it is necessary to simulate wave 

propagation in a domain. There is often no analytical solution to the partial differential 

equation (PDE) of motion of the stress wave propagation (Appendix A). Numerical 

techniques are generally used to provide an accurate estimation of the solution to the 

wave equation (Komatitsch and Tromp 2002, Igel 2016). These numerical techniques 

typically fall into two broad categories: (1) the finite difference method (FDM); and (2) 

the finite element method (FEM).  

The finite difference method is the most commonly used numerical technique for 

the simulation of wave propagations. FDM suffers from limitations when implementing 

more complex free surface conditions, boundary conditions, and relatively sharp 

discontinuities in domains. For example, some of the schemes for accurate modeling of a 

free surface in a FDM model require very fine grids that eventually increase the cost of 

computation.  

On the other hand, one of the main features of element-based methods such as the 

FEM is the flexibility in generating complex geometries where meshes can be adapted to 

the structures (Schuberth 2003). However, FEM has a poor cost-to-accuracy ratio and 

generally suffers from numerical dispersions due to the use of low-order polynomial 



 

268 

approximations (Fichtner 2011). The element size must be reduced to overcome this 

issue, which can excessively increase computation time. 

The pseudo-spectral method attempts to address this by solving the governing 

equations using space derivatives that are calculated using orthogonal functions. 

Subsequently, two grid points per wavelength can theoretically lead to sufficient spatial 

sampling of the wave field. Moreover, the pseudo-spectral method has the benefit of very 

small amount of numerical dispersion. However, a pseudo-spectral approach poses 

challenges and difficulties with regard to irregular domains (surfaces) and parallel 

computations (Fichtner, 2011).  

To address some of the limitations of these methods, the spectral element method 

(SEM) was developed in the 1990’s and has since been used extensively in geoscience 

and geophysical research to simulate the large domains typically encountered in such 

applications (Komatitsch and Vilotte 1998, Fitchner 2011, Igel 2016). The goal of the 

spectral element method (SEM) is to combine the FEM and spectral method to take 

advantage of flexibility of the element-based method (i.e., FEM) and the accuracy of the 

pseudo-spectral method. SEM with Lagrange polynomials as interpolating basis functions 

(Komatitsch and Vilotte 1998) allows the development of a diagonal mass matrix, with 

great advantages for implementation in terms of time scheme and parallelism. Unlike 

FDM, there is no need for another set of equations to take into account the effect of the 

boundary condition. It has also been reported that SEM provides more flexibility in 

modeling curved topography (Schuberth 2003). 
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In this dissertation, the SEM is used for the purpose of forward simulation. In this 

review, the main aspects of the SEM that makes it different from other numerical 

methods are highlighted and the supporting equations are provided. This is followed by a 

series of numerical simulations and comparison of the performance against the results of 

FDM. Finite difference is the most commonly used method in the forward simulation of 

the stress waves where high accuracy is expected. FDM has long been known as the 

forward simulation tool in wave propagation problems. Simulating similar results, with 

lower efforts, partly demonstrates the efficiency of the SEM. 

 

C.2 Principles of SEM 

In the forward modeling of wave propagation, the equations of motion derived 

from force equilibrium are solved. In a one-dimensional (1D) domain this can be 

developed using three force-type terms:  

$(L)
D%F(L, &)

D&%
−	

D

DL
	çé(L)

DF(L, &)

DL
è = 	9456/10(L, &) (C-1) 

where, u denotes the response field (e.g., displacement or acceleration), and the spatial 

and temporal variations in the domain are quantified by x and t, respectively. Mechanical 

and physical properties of the material are represented through an elastic parameter [μ(x)] 

and mass density [ρ(x)]. The partial derivatives with respect to time (acceleration) and 

location (strain) are represented by the operator ∂. The first term in Eq. C-1 represents the 

inertial forces as the share of the mass and acceleration and the second is the share of 

internal forces (stresses). The fsource(x,t) term accounts for external forces that causes the 

mechanical perturbation in the domain (Ω).  
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In forward modeling, the wave equation is not solved in its differential form (Eq. 

C-1). In fact, the variational or weak formulation of this equation is developed by 

multiplying both sides of Eq. C-1 by a time-independent test function v(x), and 

integrating over the spatial domain Ω: 

) R	$	F̈	7x

ë

−	) R	∇	(é	∇F)	7x

ë

= 	) R	9	7x

ë

 (C-2) 

The second term on the left side of Eq. C-2 contains information on the boundary of the 

domain Ω. It can be shown that this integral simplifies into the combination of an integral 

over the domain Ω and over the boundary. For a free surface boundary condition, the 

integration over the boundary equals to zero and the weak form of the wave equation 

reduces to: 

) R	$	F̈	7x

ë

+	) ∇R	é	∇F	7x

ë

= 	 ) R	9	7x

ë

 (C-3) 

 
This formulation for the 1D case can be extended to higher dimensions (2D and 3D) and 

incorporate the effect of damping. However, the direct benefit of this weak formulation is 

that the boundary condition is directly addressed in the wave equation. Unlike FDM, 

there is no need for another set of equations to take into account the effect of the 

boundary condition. It is also reported that SEM provides more flexibility in modeling 

curved topography (Schuberth 2003).  

In many cases it is not possible to find an analytical solution to the strong form or 

weak form (Eq. C-3) of the wave equation. To estimate the solution using the weak form, 



 

271 

the domain Ω first needs to be discretized into non-overlapping ne elements, where e = 1 

, …, ne: 

) R	$	F̈	7x

ëì

+	 ) ∇R	é	∇F	7x

ëì

= 	 ) R	9	7x

ëì

 (C-4) 

The transformation from the physical or global coordinate (L	 ∈ 	Ω) to a standard interval 

over the elements is performed via a transformation function. In SEM, this standard 

interval is Λ = [−1, 1] of the Gauss-Lobatto-Legendre (GLL) quadrature of order N with 

ñ	 ∈ 	Λ. 

To perform the mapping, shape functions Na are defined on na anchor nodes L>0 

(i.e., the coordinate of the anchor nodes inside element e). For example, in the case of a 

1D domain, only two anchor nodes (one at each end of each element) suffice. In the case 

of 1D wave propagation, with a shape function Na that is defined on na anchor nodes L>0 

inside the element (e), the mapping functions are in the general form of: 

L0(ñ) = 	óò>(ñ)	L>
0

?ô

>ö#

 (C-5) 

The integrals in Eq. C-4 must be approximated by discrete functions using an appropriate 

interpolation scheme on some discrete points (Schuberth 2003). Lagrange-Polynomials 

(ℓú) are used as interpolating functions. 

ℓ2 = 	ù
ñ −	ñû

ñ2 −	ñû

ú

ûöB

ûü2

 (C-6) 

These polynomials are defined on the collocation points of Gauss-Lobatto-Legendre 

quadrature. The degree of the polynomial is chosen as N = 4, 5, 6, 7, or 8. Figure C.1 
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shows an example of Lagrange interpolants of degree 4 and their corresponding values at 

the GLL points. Each polynomial ℓ2 is exactly 1 at the coordinate ñ2 and exactly 0 at all 

other nodes of the element. Due to this property, the linear combination of all Lagrange 

polynomials within a given element can be reduced to the Kronoeker delta [ℓ2(ñû) = 	w2û] 

at each node. The solution to the equation can be subsequently interpolated inside each 

element as follows: 

F0(ñ) ≈ 	óF0(ñ2)	ℓ2(ñ)

ú

2ö#

 (C-7) 

where, F0 is the function u restricted to the area [L0	, L0x#] of element e mapped onto the 

standard interval. The Kronecker-delta property, along with the anchor nodes defined on 

the borders [-1, +1] of the reference element, allow for the simple enforcement of the 

continuity of the solution between elements via the FEM assembly process. The 

interpolation functions in Eq. C-7 also allow the calculation of the derivatives in Eq. C-4. 

 

 

Figure C.1. For a Lagrange polynomial of N = 4, there are 5 GLL points that are not 

equidistance (Komatitsch and Tromp 1999). 
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The integrals in Eq. C-4 are converted into finite weighted sums with °2 weight 

factors. The integration is then performed over the standard interval of each element, 

using the Gauss-Lobatto-Legendre quadrature. These collocation points ñ2 (where i = 0, 

…, N) are the N + 1 roots of the first derivative of the Legendre polynomial (Schuberth 

2003). The first term on the left side of Eq. C-5 now can be approximated as: 

) R(L)$(L)F̈(L)7x	

ëì

≈ 

	ó{$(ñ£)	°£	[óR2	ℓ2(ñ£)]

ú

2öB

	[ó F̈û	ℓû(ñ£)]	§

ú

ûöB

ú

£ö#

(ñ£) ≈ 	 F̈û	f2û 

 
(C-8) 

where parameter § is defined as the determinant of the Jacobian matrix (§ = det
@](ß)	

@ß
). 

The Jacobian matrix in simple terms takes into account the effect of transformation 

between the standard and physical coordinates. The elemental mass matrix f2û	is: 

f2û = 	$2	°2	§2	w2û	 (C-9) 

It is evident from the Kronecker-delta function in this equation that the mass matrix is 

diagonal. The elemental stiffness matrix is approximated using the same interpolation and 

integration points; however, the stiffness matrix is not diagonal. Using the Jacobian 

matrix of the inverse transformation (iJ), it can be shown that the elemental stiffness 

matrix is: 

å2û = 	óóé£	°£ ®£
%©

ú

£öB

	

ú

2öB

§£	ℓ2
™(ñ£)	ℓû

™
(ñ£)	 (C-10) 
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To make the solution valid over global or physical domain, the elemental matrices have 

to be assembled: 

´p̈ + ¨p = ~		 ⇔ 		´p̈ + ~ÆØ∞±ÉØ≤≥ = ~±¥∞±ÉØ≤≥ 	⇔ 		´p̈ = ~∞µ∞≤≥ (C-11) 

where, M and K are the global mass and stiffness matrices, respectively, and ftotal denotes 

the matrix of total forces applied to the domain. The resulting global matrix equation has 

a second time-derivative term in it. No matter what the time integration scheme is, the 

mass matrix needs to be inverted. Since the mass matrix is diagonal, its inversion is 

trivial and computationally inexpensive (Schuberth 2003). 

There are a number of benefits to using the GLL points for the interpolation and 

integration as in SEM (Fitchner 2011). For example, this leads to suppression of Runge’s 

effect, which refers to the overshooting of high-order interpolants near the edges of the 

interpolation intervals. Moreover, using the GLL points, the interpolation error decreases 

much more rapidly with increasing the polynomial order than in the case of equidistant 

collocation points.  

Similar to the 1D case, the mapping of global coordinates to local coordinates 

should be performed for each element in higher dimensions. In the 3D case, the local 

standard domain is the unit cube Λ = 	 [−1, 1]Ü. To avoid under-sampling of the 

waveforms over each element, the size of the elements should be proportional to the 

wave velocity or wavelength. It is generally recommended that the polynomial degree 

should be kept between 4 and 8 in order to gain adequate accuracy and reasonable 

computation time, but the optimal value depends both on the available computational 

hardware and geometric characteristics of the model (Fitchner 2011). Regarding the 
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numerical dispersion of the SEM, dispersion errors below 1% have been reported (Seriani 

and Oliviera 2008, Fichtner 2011). The last important point about SEM is the 

convenience of implementing different boundary conditions, from the rigid boundary 

(Dirichlet) condition to the perfectly-matched-layer (PML) absorbing boundary. 

 

C.3 Forward Simulation 

SEM presents a number of potential advantages when modeling stress wave 

propagation as highlighted in the derivation of governing equations for the methodology. 

SEM has been used favorably for modeling seismic wave propagation by in geophysical 

studies (Komatitsch and Tromp 1999; Modrak and Tromp 2016; Afanasiev et al. 2019), 

however, it has seen little use in wave-based geotechnical applications. A series of 

forward simulations was performed in this study to highlight the effectiveness with which 

SEM models stress wave propagation in domains at the geotechnical scales of interest. 

However, finding an analytical solution to the wave propagation problem in many cases 

is impossible. Therefore, it was necessary to compare the SEM forward model results to 

another modeling schema as a basis for the evaluation of SEM performance. FDM has 

long been used as the one of the main tools for forward simulation in seismology and 

geosciences (e.g., Moczo et al. 2010) and was selected for this study.  

The forward problem in this study was defined in a similar context to testing for 

drilled shafts. Three sets of models were defined with increasing complexity (Figure. 

C.2). The first model consists of a homogeneous domain with no heterogeneity. In the 

second model, a heterogeneity with a gradual variation in model properties is introduced 
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in the domain. An anomaly with a sharp discontinuity is investigated in the third model. 

All models have a free surface at the top side of the domain and absorbing boundary 

conditions at the other three sides. The absorbing boundaries are modeled as perfectly 

matched absorbing layers with an average layer thickness of four wavelengths. Forward 

simulation of acoustic waves was performed using the Devito FDM software package 

(Louboutin et al. 2019) and Salvus suite for the SEM efforts (Afanasiev et al. 2019). 

Stencils of order 8 were used for FDM. For the SEM efforts, 4th order polynomials were 

used.  

The same surface source-receiver configuration was maintained in all the 

simulations (Figure C.2) with one source located at the middle of the domain and an array 

of receivers that spanned the length of the model. The source was modeled as a Ricker 

wavelet. Instead of selecting a single central frequency, the models were normalized 

against the dominant wavelength. The domain size in each direction was approximately 

five times this wavelength. For example, for the given maximum VP = 1,800 m/s in the 

domain, a model of 2 m in length by 2 m in depth represent a survey with a source central 

frequency of 5 kHz. The time array was also normalized by the dominant period T (i.e., 

the inverse of the dominant frequency).  
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(a) (b) (c) 

Figure C.2. Domains along with source (   ) and receivers (   ): (a) homogeneous 

domain, (b) smoothed heterogeneity, and (c) heterogeneity with sharp discontinuity. 

  
Figure C.3 shows the results of the simulation for Model 1 and 2. The waveforms 

from the FDM and SEM simulations are plotted on top of each other and each waveform 

is normalized against its maximum amplitude. As expected for such a simple domain, the 

waveforms exhibit nearly a complete match. In general, the FDM formulation relies on 

averaging schemes for discontinuities to ensure the accuracy of the numerical solution 

(Fichtner 2011). When the variations are smooth, such averaging causes less inaccuracy 

in the forward modeling. Consequently, when the heterogeneity within the domain is 

smooth as in Model 2, the waveforms from FDM and SEM continue to match almost 

exactly. 
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(a) (b) 

Figure C.3. Waveforms from SEM and FDM: (a) Model 1; and (b) Model 2 

 

Once the anomalous feature in the domain presents a sharper contrast from the 

surrounding material, the results from FDM and SEM begin to diverge. Figure C.4(a) and 

C.4(b) show the shot-gather from the FDM and SEM simulations of Model 3, 

respectively. Visual observation demonstrates that the two sets of results are quite similar 

to each other. However, there are some differences present in the amplitudes indicated by 

the scaled color scheme, particularly in later arrivals. For example, there is more yellow 

present at normalized times greater than eight in Figure C.4. Moreover, when the 

waveforms are plotted on top of each other, small differences in phase and normalized 

amplitudes are evident (Figure C.5). This discrepancy can be attributed to the presence of 

the sharp discontinuity in the domain and different ways that FDM and SEM treat such 

features. The FDM stencil naturally extends across the discontinuity, and as such the 

elastic stresses are implicitly treated as a continuous field. The FEM mesh honors the 

edges of the discontinuity, and therefore the computation of the elastic stresses within 

each element respects the discontinuous nature of the physical solution. 
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(a) (b) 

Figure C.4. Normalized shot-gather plots of Model 3: (a) SEM; and (b) FDM 

simulations.  

 

 
 

 

Figure C.5. Waveforms from SEM and FDM simulation on model 2 (with sharp 

heterogeneity) plotted on top of each other. 
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C.4 Summary 

The purpose of this appendix was to highlight the performance of SEM and 

provide support for its selection to simulate stress-wave propagation in the deep 

foundation applications presented in this dissertation. In SEM, the element-wise 

discretization and element-based calculations of the FEM is combined with high accuracy 

of the pseudo-spectral element method to provide a more efficient tool for forward 

modeling. It was demonstrated how a diagonal mass matrix appears in the final matrix 

solution of the equation of motion, giving computational advantages to SEM. The 

benefits of the SEM over FDM was also characterized in terms of the implementation of 

free surfaces and curved geometries. The application of both methods was demonstrated 

through a series of forward simulation to generate similar results. A comprehensive 

quantitative comparison of the two methods is beyond the limited space of this Appendix. 

However, the representative results in the three models highlight the improvements SEM 

offers with respect to the accuracy of waveforms in complex domains with sharp 

discontinuities, as encountered in the deep foundation applications explored in this 

dissertation. Given this improved performance, the flexibility of boundary conditions 

implementation, and the computational efficiency, SEM proved a useful tool for 

simulating wave propagation for deep foundation NDT. 
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APPENDIX D 

SEQUENTIAL OPTIMAL EXPERIMENTAL DESIGN 

 
The misfit functional for FWI with an L2 misfit function and a general 

regularization term is a non-linear least squares problem as follows: 

min
v

1

2
	‖∑∏(l) −	πµ∫∏‖ªºΩæø¿

¡¬
%

+	
1

2
	‖l −	lä‖ª√ƒæΩƒ

¡¬
%  (D-1) 

where, Fs is the forward modeling operator of wave propagation. This operator maps the 

model parameter (like density or velocity) to synthetic waveforms. The observed data 

(i.e., laboratory or field measured data) is denoted by dobs and the prior information about 

the unknown model parameters is denoted by m0. The capital gamma characters (i.e., 

Γnoise and Γprior) are the covariance matrices of the noise and the prior distribution. The 

distributions are assumed to be Gaussian as ≈ØµÆ∏± = 	\?∆ and ≈«ÉÆµÉ = 	\«ÉÆµÉ∆ (Korta 

Martiartu et al. 2019).  The element at the kth and lth position in the covariance matrix is 

the covariance between the kth and lth elements of a vector. Note that the vector contains 

elements are random variables and each element of the vector is a scalar random variable.  

To get a better sense of the covariance matrix, the formulation of the forward 

operator ∑ can be expressed as (Korta Martiartu et al. 2019): 

π = ∑(l; ») + 	… 
(D-2) 

 

 where, the vector   contains information on measurement noise and d denotes the 

simulated data. It is assumed that measurement noise is Gaussian with a zero-mean and 

covariance matrix Γnoise.  



 

282 

The forward operator Fs depends non-linearly on the model parameter m and is 

parameterized by a set of design variables s. According to Vinard et al. (2018), in the 

optimal experimental design process the optimal design variable s is sought. Optimality 

of s refers to the design variables that keep the cost of acquisition and computation low 

while providing a very high level of quality in the reconstructed image. In the case of 

FWI, the design variable s that is related to the computational costs is the selection of 

source locations. In terms of the quality of information, according to Vinard et al. (2018), 

the experimental design problem can either maximize the amount of information that is 

acquired or minimize the expected uncertainties in the reconstruction of the domain. 

Since this is an optimization problem, it can be written as a general form of a 

minimization problem where a criterion like Θ is minimized.  

min
»
Θ(») 				subject	to			»	 ∈ {0, 1}”	,						‖»‖# 	≤ c 

(D-3) 

    

Note that s is the set of the sources that are used. In fact, it is assumed that n is the 

number of all possible source locations, and »	 ∈ {0, 1}” represent the binary decision 

variables that tells if the locations of the sources are selected or not. 

At this point of formulation, the task becomes how to formulate the optimization 

criterion Θ. The approach presented by Vinard et al. (2018) and Korta Martiartu et al. 

(2019) relies on the Bayesian inference theory, where the solution to the inverse problem 

is formulated as the posterior probability density function of the model parameter. 

According to Vinard et al. (2018) the quality of a specific design can be evaluated by the 
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expected uncertainties in the reconstruction. This expected uncertainty can be quantified 

by the posterior distribution.  

The posterior probability density function of model parameter m is denoted by 

’«µ∏∞	(l	|	π; »). This posterior probability density function combines the data likelihood 

and the prior knowledge about the parameter. Using the inversion problem of Eq. D-1 

and the Bayesian theory, this density function is proportional to: 

’«µ∏∞	(l	|	π; ») 	∝ exp(−
1

2
		‖∑∏(l) −	πµ∫∏‖ªºΩæø¿

¡¬
%

+	
1

2
	‖l −	lä‖ª√ƒæΩƒ

¡¬
%

) (D-4) 

 

The issue with this formulation is that it is dependent on the observed data and the true 

model. To avoid this, the Born approximation is used to linearize the forward operator: 

∑∏(l) 	≈ 	∑∏(lä) +	∑∏
™(lä)	Δl     with  Δl = 	l−	lä (D-5) 

where,	∑∏ is the forward operator that uses the s subset of sources, ∑∏™ is the first derivative 

of the forward modeling operator with respect to model parameters, and Δl indicates the 

model update.  

With this approximation of the forward operator a local approximation ’⁄«µ∏∞ of the 

posterior probability density function can be developed: 

’⁄«µ∏∞	(», Δl) 	∝ exp(−
1

2
		‖∑∏(lä) +	∑∏

™(lä)	Δl −	πµ∫∏‖ªºΩæø¿
¡¬
%

+	
1

2
	‖Δl‖

ª√ƒæΩƒ
¡¬
%

) 

(D-6) 

 

In Eq. D-6, both the regularization and data misfit term depend on Δl not m. The 

Hessian (H) of the misfit with respect to Δl is approximated by: 
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€ = €(») = 	∑∏
™(lä)

u	≈ØµÆ∏±
‹#

	∑∏
™(lä)		 (D-7) 

 
It is important to note that, as a result of this formulation, H is not dependent on the 

model m, but instead depends on the prior m0. This is in fact the Gauss-Newton 

approximation of the Hessian. Determining the exact Hessian is computationally 

intractable, however, this approximation allows for extracting the necessary information 

in the Hessian. 

It is worth discussing an important assumption at this stage of the formulation. 

The linearization of the forward operator is valid when the prior m0 is already in the 

vicinity of the global optimum. This means that the necessary changes from the m0 to the 

true model does not introduce a huge material property contrast. As a result, the optimal 

experimental design with Bayesian theory delivers more reliable results on models that 

are close to the true model. 

With this linearized formulation, the posterior for a fixed s can be related to the 

Hessian. It is equivalent to a Gaussian with a covariance matrix Γpost and is given by: 

≈«µ∏∞(») = (€(») +	≈«ÉÆµÉ
‹#

	)‹› (D-8) 

The posterior covariance is a function of the forward operator Fs through the Gauss-

Newton approximation (Eq. D-7), but it is not dependent on neither the model m nor the 

data dobs (Vinard et al. 2018). 

Having this posterior defined, the design criterion can also be defined. The first 

criterion aims to minimize the trace of the posterior covariance matrix (Vinard et al. 

2018), which is: 
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fi# = tr	(≈«µ∏∞(»)) (D-9) 
The diagonal elements of the posterior covariance matrix are actually the posterior 

variance values, meaning they are a measure of the expected spatial uncertainties in the 

solution of the inverse problem. Minimizing the trace then means minimizing the 

uncertainties. Another criterion postulates the extent of irredundant information. The 

negative trace of the Gauss-Newton approximation normalized by the largest eigenvalue 

gives this criterion. 

fi% = −	
trK€(»)M

‡v>]K€(»)M
 (D-10) 

Another quality measure as D-optimality condition can be defined as: 

fiÜ = − log det(€ +	≈n/25/
‹#

) (D-11) 

Then the expected information gain (or higher certainties in the results) can be defined as 

(Korta Martiartu et al. 2019):  

Ψ =	−fiÜ + log det(≈n/25/) (D-12) 

where, Ψ denotes the expected information gain criterion. 

In this study the criteria defined in Eqs. D.10 and D.12 are used to inform 

decisions on the number of sources for each application. In fact, the benefit-cost curves 

are developed using these criterial to quantify the redundancy in the data and the 

information gain from adding new sources to the system. 

 


