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ABSTRACT

Spatio-temporal data analysis involves modeling a variable observed at different loca-

tions over time. A key component of space-time modeling is determining the spatial

scale of the data. This dissertation addresses the following three questions: 1) How

does spatial aggregation impact the properties of the variable and its model? 2) What

spatial scale of the data produces more accurate forecasts of the aggregate variable?

3) What properties lead to the smallest information loss due to spatial aggregation?

Answers to these questions involve a thorough examination of two common space-

time models: the STARMA and GSTARMA models. These results are helpful to

researchers seeking to understand the impact of spatial aggregation on temporal and

spatial correlation as well as to modelers interested in determining a spatial scale for

the data. Two data examples are included to illustrate the findings, and they concern

states’ annual labor force totals and monthly burglary counts for police districts in

the city of Philadelphia.

ii



ACKNOWLEDGEMENTS

This dissertation would not have been possible without the support of a number of

people.

To Dr. William W. S. Wei, thank you for your advisement. Your courses sparked

my ideas for this dissertation, and you have invested a great amount of time in

reviewing and overseeing my work. Your ongoing insight and guidance have pushed

me to grow as a researcher, and I am grateful for it.

To the other members of my committee, thank you for your feedback and time.

Temple University and its Department of Statistics are fortunate to have dedicated

professors who foster the growth of those who will come after them.

To my fellow graduate students, thank you for your friendship. Working together

in the reading room, having fun outside of class, and knowing amazing people like

you have kept me sane and helped me persevere.

To my parents, thank you for your prayers and love. So much of what this degree

required has been nurtured in me through all the ways you have affirmed, challenged,

and blessed me.

To my wife, thank you for your support and love. More than anyone else, I

couldn’t have made it through this work without you. You believed in me, stuck with

me, and encouraged me during this long journey. You are wonderful.

iii



To Sarah

“Let not the wise boast of their wisdom

or the strong boast of their strength

or the rich boast of their riches,

but let the one who boasts boast about this:

that they have the understanding to know me,

that I am the Lord, who exercises kindness,

justice and righteousness on earth,

for in these I delight,” declares the Lord.

-Jeremiah 9:23-24

iv



TABLE OF CONTENTS

ABSTRACT ii

ACKNOWLEDGEMENTS iii

DEDICATION iv

LIST OF FIGURES vi

LIST OF TABLES vii

1 INTRODUCTION 1

2 LITERATURE REVIEW 4
2.1 Space-Time Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2.1.1 The Space-Time Models . . . . . . . . . . . . . . . . . . . . . 4
2.1.2 The Spatial Weighting Matrices . . . . . . . . . . . . . . . . . 7
2.1.3 The Model-Building Process . . . . . . . . . . . . . . . . . . . 10

2.2 Spatial Aggregation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
2.2.1 Defining Spatial Units . . . . . . . . . . . . . . . . . . . . . . 14
2.2.2 Forecasting the Aggregate Variable . . . . . . . . . . . . . . . 17
2.2.3 Open Problems in Spatial Aggregation . . . . . . . . . . . . . 21

3 THE MODEL ORDER OF THE AGGREGATE VARIABLE 23
3.1 The Model Order through Objective Function . . . . . . . . . . . . . 24

3.1.1 The Aggregate Model Error with the Same Model Order . . . 25
3.1.2 The Aggregate Model Error with a Higher Model Order . . . . 29
3.1.3 Determining the Model Order of the Aggregate Variable . . . 31

3.2 The Model Order through Autocovariance Functions . . . . . . . . . 32
3.2.1 The Space-Time Autocorrelation Functions . . . . . . . . . . . 33
3.2.2 The Space-Time Partial Autocorrelation Functions . . . . . . 35
3.2.3 Determining the Model Order of the Aggregate Variable . . . 38

4 COMPARISON OF FORECASTING METHODS 39
4.1 Poolability and the Aggregate Model Parameters . . . . . . . . . . . 39
4.2 Forecasting the Aggregate Variable . . . . . . . . . . . . . . . . . . . 50

v



4.3 Error Variance Test for Poolability . . . . . . . . . . . . . . . . . . . 55
4.4 Likelihood Ratio Test for Poolability . . . . . . . . . . . . . . . . . . 58

5 OPTIMAL AGGREGATION OF NON-AGGREGATE AREAS 61
5.1 Based on Deviation Matrices . . . . . . . . . . . . . . . . . . . . . . . 61

5.1.1 The STARMA Model . . . . . . . . . . . . . . . . . . . . . . . 61
5.1.2 The GSTARMA Model . . . . . . . . . . . . . . . . . . . . . . 68
5.1.3 Equal Spatial Weighting . . . . . . . . . . . . . . . . . . . . . 70

5.2 Algorithm for Optimal Aggregation . . . . . . . . . . . . . . . . . . . 72

6 ADDITIONAL AGGREGATION FINDINGS 77
6.1 Aggregation of STAR(11) and GSTAR(11) Models . . . . . . . . . . . 77
6.2 Visualizing the Effect of Spatial Aggregation . . . . . . . . . . . . . . 83

7 DEMONSTRATIONS 87
7.1 Simulation Study 1: Testing Poolability . . . . . . . . . . . . . . . . . 87
7.2 Simulation Study 2: Optimal Aggregation . . . . . . . . . . . . . . . 95
7.3 Empirical Example 1: Labor Force in the U.S. . . . . . . . . . . . . . 103
7.4 Empirical Example 2: Crime in Philadelphia . . . . . . . . . . . . . . 110

8 CONCLUSION 117

REFERENCES 119

APPENDIX 127

vi



LIST OF FIGURES

6.1 Illustration of Non-Aggregate-Level lth Neighbor Weights . . . . . . . 84
6.2 Illustration of Aggregation’s Impact on 1st-Neighbor Weights . . . . . 85

7.1 Representation of Non-Aggregate Areas and Aggregation . . . . . . . 96
7.2 Simulated SSC1 Values . . . . . . . . . . . . . . . . . . . . . . . . . . 98
7.3 Simulated Optimal and Worst Aggregation Schemes by s . . . . . . . 100
7.4 Derived Optimal Aggregation Schemes by s . . . . . . . . . . . . . . 101
7.5 Derived Worst Aggregation Schemes by s . . . . . . . . . . . . . . . . 102
7.6 95% Confidence Intervals of Parameter Estimates of GSTAR(11) Model

in (7.4) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
7.7 Maps of Aggregation Schemes . . . . . . . . . . . . . . . . . . . . . . 107
7.8 Philadelphia Police Department Division Maps . . . . . . . . . . . . . 111
7.9 Aggregation of r = 65 Police Service Areas into s = 21 Police Districts 114
7.10 Aggregation of r = 65 Police Service Areas into s = 6 Police Regions 115
7.11 Aggregation of r = 21 Police Districts into s = 6 Police Regions . . . 116

A.1 Simulation Results: Aggregate Variable Sample ST-ACFs and ST-
PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.7, 0.2) . . . . . . 138

A.2 Simulation Results: Aggregate Variable Sample ST-ACFs and ST-
PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.2, 0.7) . . . . . . 139

A.3 Simulation Results: Aggregate Variable Sample ST-ACFs and ST-
PACFs for GSTAR(11) Model with Larger Purely Autoregressive Pa-
rameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

A.4 Simulation Results: Aggregate Variable Sample ST-ACFs and ST-
PACFs for GSTAR(11) Model with Larger Spatial Parameters . . . . 141

A.5 Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.7, 0.2) . . . . 142

A.6 Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.2, 0.7) . . . . 143

A.7 Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for GSTAR(11) Model with Larger Purely Autoregressive
Parameters . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

A.8 Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for GSTAR(11) Model with Larger Spatial Parameters . . 145

vii



LIST OF TABLES

7.1 Likelihood Ratio Test for Equivalent Model Fits - Proportion of Sim-
ulations Not Rejecting Null Hypothesis . . . . . . . . . . . . . . . . . 92

7.2 Model Error Comparison Test for Equivalent Model Fits - Proportion
of Simulations Not Rejecting Null Hypothesis . . . . . . . . . . . . . 92

7.3 Mean SSC1 Values - Using Aggregate Model Parameter Estimates . . 93
7.4 Mean SSC1 Values - Using Non-Aggregate Model Information Only . 93
7.5 Percent Increase in Mean Squared Forecast Error in Using the Aggre-

gate Model Instead of the Non-Aggregate Model . . . . . . . . . . . . 94
7.6 Sample ST-ACFs of Zt . . . . . . . . . . . . . . . . . . . . . . . . . . 104
7.7 Sample ST-PACFs of Zt . . . . . . . . . . . . . . . . . . . . . . . . . 104
7.8 Sample ST-ACFs of εt . . . . . . . . . . . . . . . . . . . . . . . . . . 105
7.9 Sample ST-PACFs of εt . . . . . . . . . . . . . . . . . . . . . . . . . 105
7.10 Sample ST-ACFs and ST-PACFs of Yt (Aggregation Scheme 1) . . . 108
7.11 Sample ST-ACFs and ST-PACFs of ηt (Aggregation Scheme 1) . . . 108
7.12 Results of the Aggregate Model Fittings . . . . . . . . . . . . . . . . 109

viii



CHAPTER 1

INTRODUCTION

Spatio-temporal data involves three aspects: the variable, the temporal index, and

the spatial reference. The correlations of the variable throughout time and the depen-

dence of the variable between locations requires special techniques to understand and

model the process. Often the goal is to forecast the variable for future time points at

locations in the data set or to interpolate values for the variable between locations at

any time point in the data set.

A quick look at literature reveals that space-time models have been used to fit

data regarding the increase of new technology (Cliff and Ord, 1975), the prevalence

of disease (Martin and Oeppen, 1975), and the level of criminal reports (Pfeifer and

Deutsch, 1980). Others have been applied in the areas of economics (Pfeifer and

Deutsch, 1980; Pfeifer and Bodily, 1990; Miller, 1998; Nurhayati et al., 2012), business

(Borovkova et al., 2002, 2008; Ruchjana et al., 2012; Mukhaiyar and Pasaribu, 2012),

disease (Reynolds and Madden, 1988; Gottwald et al., 1992), and the environment

(Deutsch and Pfeifer, 1981; Dalezios and Adamowski, 1995; Antunes and Rao, 2006).

Recent examples include forecasting traffic flow data (Kamarianakis and Prastacos,

2005; Cheng et al., 2012; Min et al., 2010; Islam-Khan et al., 2012), with variations

involving forecasting phone traffic (Herring et al., 2010) and utility water flow (Alvisi
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et al., 2014). These examples illustrate the wide variety of disciplines for which these

spatial time series models are useful.

The combination of temporal and spatial aspects involved in such analyses open

the door for many interesting and important questions regarding spatio-temporal

data. The issue of temporal sampling and temporal aggregation deals with the impact

of the selection of the time units (Stram and Wei, 1986). Others focus on spatial

aggregation and methods of determining the spatial scale (Lütkepohl, 1984; Miller,

1998; Giacomini and Granger, 2004; Lütkepohl, 2009; Arbia et al., 2010). The latter

pursuit is the focus of this research, being motivated by the necessity of defining

spatial units in analyses and the fascinating insight that can be gained on the impact

of changing those spatial definitions.

In particular, we consider time series variables that exist at two spatial scales. The

first is the non-aggregate level, consisting of many smaller spatial units that partition

two-dimensional space. The other is the aggregate level, constructed from grouping

non-aggregate areas into fewer but larger regions that partition the same space. We

refer to locations at the non-aggregate level as areas and those at the aggregate level

as regions. Every area and region has a time series associated with it.

If the space-time variable on the non-aggregate level is known, what can be known

about the variable at the non-aggregate level? To guide and focus this work, two

space-time models are considered and introduced in Section 2. All of the empirical

analyses mentioned earlier were performed using one of these two models to fit the

data. In Section 2, an overview of spatial statistics and previous work on spatial

aggregation will also be given.

In Chapter 3, we begin to ask our first question: If the non-aggregate variable

is known to follow a specific model and model order, can the model order of the

aggregate variable be determined? Then, Chapter 4 explores and tests when the non-

aggregate variable and the aggregate variable are equally able to model and forecast
2



the aggregate variable. Aspects of those findings help guide spatial aggregation,

with the discovery of the optimal way to aggregate the non-aggregate areas into

aggregate regions being the topic of Chapter 5. Finally, addition results are given for

simpler first-order models in Chapter 6, and simulation studies and empirical analyses

demonstrate the results of this dissertation in Chapter 7.

These results are useful in many ways. Theoretically deriving model order and

parameter values of the model of the aggregate variable helps explain the impact of

spatial aggregation on spatial and temporal correlation. Also, if a researcher knows

that the aggregate and non-aggregate information provide statistically similar fore-

casts of the aggregate variable, then effort and cost can be saved in obtaining the

aggregate variable instead of the higher-dimension non-aggregate one. Last, future

studies would benefit from a prior knowledge of ideal spatial scales and zones for their

data type and space, instead of grouping areas arbitrarily.
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CHAPTER 2

LITERATURE REVIEW

2.1 Space-Time Modeling

Two models are chosen to examine the effects of spatial aggregation of data that

is indexed in both time and space. Their method of capturing both temporal and

spatial relationships has been established in both time series analysis and spatial

statistics and is straightforward enough to be seen directly in the model form. In

addition, both models have been shown to adequately model data from a variety

of disciplines. The first of these is the space-time autoregressive moving-average

(STARMA) model, which was introduced by Cliff and Ord (1975) and extended

by Pfeifer and Deutsch (1980) and Deutsch and Pfeifer (1981). The other is the

generalized STARMA (GSTARMA) model outlined by Borovkova et al. (2002, 2008)

and included as a special case of the STARMAG model in Di Giacinto (2006).

2.1.1 The Space-Time Models

Both models are also special cases of the vector autoregressive moving-average

(VARMA) model which is commonly employed in time series analysis. Because of

this, we begin by explaining the VARMA model. The mean- and variance-stationary
4



and mean-centered variable Zt = [Z1,t, Z2,t, . . . , Zr,t]
′

is a vector consisting of r time

series each observed at time points t = 1, 2, ..., T . The VARMA(p, q) model is

Zt =

p∑
k=1

BkZt−k −
q∑

k=1

Mkεt−k + εt, (2.1)

where Bk and Mk are the r × r autoregressive (AR) and moving-average (MA) pa-

rameter matrices respectively at time-lag k. Each Zi,t is a function of its own past

observations and errors as well as those of every other time series. In addition, the

error terms, εt, are independent and identically distributed as Nr(0,Σ), where Σ

is any symmetric, positive-definite matrix. We will also use Γz(k) = E[ZtZ
′

t+k] to

denote the variable covariance matrix at any time lag k.

An appeal of the VARMA model is that it incorporates the interaction between

every pair of time series. However, it does not take advantage of the spatial informa-

tion of the locations when spatial time series are involved. In addition, it is likely that

many elements of the VARMA parameter matrices are not significantly different from

0 for pairs of locations that are spatially distant and uncorrelated given information

on other locations. Finally, the VARMA(p, q) model requires estimation of a total of

(p+ q)r2 parameters, which is especially difficult or impossible when r is large.

To include the additional spatial information and considerably lower the num-

ber of parameters in a meaningful way, the STARMA model was introduced. The

STARMA(pλ1,...,λp , qm1,...,mq) model, given by Pfeifer and Deutsch (1980), is

Zt =

p∑
k=1

λk∑
l=0

φz,k,lWz,lZt−k −
q∑

k=1

mk∑
l=0

θz,k,lWz,lεt−k + εt. (2.2)

The model order includes both temporal and spatial orders, where each of the p or q

temporal orders have a spatial order (λk or mk). The parameters φz,k,l and θz,k,l are

scalar values. We refer to φz,k,0 as the purely autoregressive (AR) parameters and
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θz,k,0 as the purely moving average (MA) parameters, while φz,k,l and θz,k,l for l > 0

are the lth-order spatial AR and MA parameters respectively. It is obvious that the

STARMA model is a special case of the VARMA model when we restrict the VARMA

parameter matrices to be of the form Bk =
∑λk

l=0 φz,k,lWz,l and Mk =
∑mk

l=0 θz,k,lWz,l

for all k.

The Wz,l matrices determine the spatial relationships in the model by identifying

locations which are lth-neighbors and placing an appropriate weight upon that depen-

dence. Each Wz,l is an r× r matrix, with a non-zero [i, j]th element if locations i and

j are lth-neighbors. Many different types of weighting schemes exist, some which will

be described in the next section. Most forms stipulate that the rows of each weight-

ing matrix must all sum to one. Ultimately, the final specification of the weighting

matrices is left to the discretion of the model builder.

One assumption of the STARMA model is spatial homogeneity - that the rela-

tionship between locations varies only by the spatial lag between them. This implies

that the specific position of a location within the spatial system does not matter once

relative positions are known. More directly it means that the same spatial parameter

is used for all lth-lagged spatial dependence weights at each time lag k.

The GSTARMA(pλ1,...,λp , qm1,...,mq) model deviates from this assumption and is

given in Borovkova et al. (2008) as

Zt =

p∑
k=1

λk∑
l=0

Φz,k,lWz,lZt−k −
q∑

k=1

mk∑
l=0

Θz,k,lWz,lεt−k + εt, (2.3)

where Φz,k,l and Θz,k,l are r× r diagonal parameter matrices with diagonal elements

(φz,k,l,1, φz,k,l,2, ..., φz,k,l,r) and (θz,k,l,1, θz,k,l,2, ..., θz,k,l,r), respectively. This allows the

parameters at each temporal and spatial lag to differ for each of the r locations. The

GSTARMA model is also a restricted case of the VARMA model in (2.1), as can

be seen with Bk =
∑λk

l=0 Φz,k,lWz,l and Mk =
∑mk

l=0 Θz,k,lWz,l for all k. Almost

6



all papers on this model have dealt with the simple case of a GSTAR model having

Σ = σ2Ir (Borovkova et al., 2002; Di Giacinto, 2006; Borovkova et al., 2008; Ruchjana

et al., 2012; Mukhaiyar and Pasaribu, 2012; Nurhayati et al., 2012).

2.1.2 The Spatial Weighting Matrices

Both of the space-time models incorporate spatial dependence through the Wz,l

weighting matrices. Spatial autocorrelation or spatial dependence can be described

by means of an illustration in which “some quality in a county of a country makes

its presence in neighboring counties more or less likely” (Cliff and Ord, 1973). Thus,

value or series of values from locations close together are more similar than locations

further apart (Tobler, 1979). These two models are useful to the extent that the data

contain some level of spatial dependence.

Note that each location is modeled as a linear combination of the previous observa-

tion and errors from all locations that are no more than max(λ1, . . . , λp,m1, . . . ,mq)
th-

neighbors. More specifically for the STARMA model, the values φz,k,l and θz,k,l are the

same for all locations, so any variation in the spatial dependence between locations

at time-lag k and spatial-lag l depends on the values of [Wz,l][i,j]. Thus the values of

Wz,l are a necessary and important aspect of the STARMA and GSTARMA models.

Since these matrices are not parameter matrices, they typically must be determined

a priori based on the known or assumed spatial dependence of the locations.

Weighting schemes that capture this spatial dependence can generally be placed

in two categories: connection-based and distance-based (Deutsch and Pfeifer, 1981).

Examples of criteria for connectivity include presence of a border, the length of the

border, physical features separating regions, and a measure of interaction between two

locations. For areal (non-point) data, the simplest case is to have binary weights that

identify regions that share a common border. Varieties exist which define connected
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neighbors according to the direction of chess moves, with rook, bishop, and queen

configurations, which are especially appropriate when the regions are arranged as

a grid or lattice (Anselin, 1988). It may also be possible to define a hierarchy of

connectivity. 1st neighbors have a shared border or vertex. 2nd neighbors are locations

that fail to meet this criteria but have a common 1st neighbor, and so on. Each level

of neighbor-ness corresponds to a different spatial lag matrix, Wz,l.

On the other hand, the distance between locations can serve as a measure of

dependence, which decays as the distance increases. This is better suited for point

data or when areas have centers. Stetzer (1982) described several types of distance

weighting, based on the distance di,j between locations i and j. Under this setup,

only one spatial lag is defined, so l only takes values 0 or 1. Power weighting defines

the [i, j]th element of Wz,1 as 1/di,j for di,j < D and as 0 otherwise (where D is

a cutoff value determined beforehand). Exponential weighting sets each element of

Wz,1 equal to e(−di,j) for similarly small di,j and 0 otherwise. In either case, closer

locations have larger values of Wz,1 for each location i. For additional weighting

schemes, see Getis and Aldstadt (2004).

One general requirement is for the sum of the weighted effects on each row to

be 1; that is, each
∑r

j=1[Wz,l][i,j] = 1 for each l. This results in desirable statistical

properties like interpretability of the parameters and summary statistics of spatial

correlation (Getis and Aldstadt, 2004). Thus, the binary weighting scheme explained

above constructs Wz,l with elements [Wz,l][i,j] that equal 1/nl,i when location j is

the lth neighbor of location i, and 0 otherwise. Here, nl,i denotes the number of lth

neighbors that location i has. By definition, each location is a 0th neighbor of itself,

so Wz,0 = Ir.

As noted by Anselin (1988), the method of structuring the weighting matrices to

reflect the spatial dependence of the data varies by the field of discipline and also

from researcher to researcher. The form should be based on an understanding of
8



the spatial relationship or beliefs about them. Stetzer (1982) explored the impact

of various weighting schemes upon forecast error. This paper involved Monte Carlo

simulations of a STAR(11) model using nine different weighting matrices, ranging

from binary weights to exponentially decaying distance-based weights. He found

that using a different form of weighting matrix than what generated the data will

cause bias in the estimates and influence the variance. This was most pronounced

when the proportion of non-zero weights (the effect area) was high and the individual

weights were relatively low in magnitude (shallow). He concluded that identifying the

correct effect area of the weighting matrix mattered more than identifying its true

form. Therefore he recommended binary weights when possible or a steeply declining

distance function.

Finally, it could be the case that the r locations in the analysis border other

locations outside the system. These unobserved time series could influence those in

the analysis, but their effect is not included in the model. The impact of ignoring

this is known as the edge effect or boundary value problem. When outside interaction

upon the boundary locations in our system is not measured or accounted for, bias in

the estimation of spatial parameters will occur (Griffith and Amrhein, 1983; Anselin,

1988).

Solutions for this problem have ranged from converting the grid into an infinite

surface, ignoring the effects, or creating buffer zones (Griffith, 1988). Griffith (1988)

proposed a transformation of the variance covariance matrix based on generalized least

squares theory or treating the outside data as missing values. However, simulations

found the proposed solutions did not differ significantly from simply ignoring the edge

effects (Griffith and Amrhein, 1983; Griffith, 1985). Anselin (1988) also concluded

that the estimation of spatial parameters in the presence of edge effects remains an

open problem.

9



2.1.3 The Model-Building Process

In practice, the modeling procedure for the STARMA and GSTARMA models is very

similar to that for the ARMA or VARMA model. The three steps involve model

identification, parameter estimation, and diagnostic checking. Additionally, forecasts

for future time points can be made from an adequate model, which is often the goal

of time series analysis. We now discuss these stages in more detail.

Determining possible values for the (pλ1,λ2,...,λp , qm1,m2,...,mq) temporal and spatial

orders that define these model forms is based on the patterns in the space-time auto-

correlation function (ST-ACF) and space-time partial autocorrelation function (ST-

PACF). Due to dealing with spatial time series, each temporal order k and spatial

order l will have its own ST-ACF and ST-PACF value. The ST-ACF for lth neighbors

at time lag k is given as

ρl(k) =
γl,0(k)

[γl,l(0)γ0,0(0)]
1
2

, (2.4)

where the space-time autocovariance function γi,j(k) between ith and jth neighbors at

time lag k is

γi,j(k) = E

{
[Wz,iZt]

′
[Wz,jZt+k]

r

}
, (2.5)

where r is the number of spatial areas in the space-time system.

The ST-PACF for lth neighbors at time lag k is δl,k, for which Pfeifer and Deutsch

(1980) give a detailed explanation of the derivation and solution. Unfortunately, many

people misunderstand their equations, and we will try to clarify the computation of
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ST-PACF in the following manner based on the relationship

γh,0(s) =
k−1∑
j=1

λ∑
i=0

φi(j)γh,i(s− j) +
l∑

i=0

φi(k)γh,i(s− k), (2.6)

formed by taking the expected value of the STAR(pλ,...,λ,l) model pre-multiplied by

[Wz,hZt−s]
′
. Here, s is an index for temporal lag taking values in 1, 2, . . . , k, and h

is an index for spatial lag (which is defined for each temporal lag) taking values in

0, 1, . . . λ for s ≤ k − 1 and in 0, 1, . . . l for s = k. The value for λ is fixed as the

maximum spatial lag considered. The set of last coefficients, φl(k), obtained from

successively solving the above system of equations for k = 1, 2, . . . as l = 0, 1, . . . , λ

constitutes the ST-PACF at temporal lag k and spatial lag l. These values can be

approximated as the highest-order parameter in successively fittings of STAR(kλ,λ,...,l)

models, which is why STAR parameters and the ST-PACFs are represented by the

same Greek letter. A diagram of the system of equations for this solution can be

found in Pfeifer and Deutsch (1980).

The process of determining the order of a STARMA or GSTARMA model is com-

parable to that for a univariate ARMA model. A ST-ACF that tails off as both spatial

and temporal lags increase, while the ST-PACF cuts off after time lag p and each at

spatial lag λk, for k = 1, . . . , p, suggests a STAR(pλ1,λ2,...,λp) or GSTAR(pλ1,λ2,...,λp)

model (with no MA term). A STMA(qm1,m2,...,mq) or GSTMA(qm1,m2,...,mq) model

(with no AR term) exhibits the reverse phenomena for the ST-ACF and ST-PACF

values. Finally, STARMA and GSTARMA models are a mixture of these two pat-

terns, and their model form may best be determined by comparing model fit criteria

values across several models.

Once the order is determined, the parameters are estimated through maximum

likelihood methods. For STAR or GSTAR models (those without MA components),

the predicted value for each Zt is a linear function of its known past values. Therefore
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the maximum likelihood solution for the parameters is also the least squares solution.

Models with a moving average component, however, cannot be estimated in this

way. Non-linear estimation algorithms must be used to solve for the parameters that

minimize the determinant of the residual covariance matrix, estimated as

Σ̂ =
1

T

T∑
t=1

ε̂tε̂
′

t, (2.7)

where the STARMA model residuals are

ε̂t = Zt −
p∑

k=1

λk∑
l=0

φ̂z,k,lWz,lZt−k +

q∑
k=1

mk∑
l=0

θ̂z,k,lWz,lε̂t−k, (2.8)

and the GSTARMA model residuals are

ε̂t = Zt −
p∑

k=1

λk∑
l=0

Φ̂z,k,lWz,lZt−k +

q∑
k=1

mk∑
l=0

Θ̂z,k,lWz,lε̂t−k. (2.9)

Lastly, the diagnostic check involves examining if the estimated model is adequate.

One aspect is determining if the ST-ACF and ST-PACF of the residuals have any

noticeable patterns and if they are close to zero for all temporal and spatial lags. To

evaluate this, the variance of the sample ST-ACFs is given in Pfeifer and Deutsch

(1981) as

V ar(ρ̂l(k)) ≈ 1

T − k
tr(W

′

z,lE[εtε
′
t]Wz,lE[εtε

′
t])

tr(E[εtε
′
t])tr(W

′
z,lWz,lE[εtε

′
t])
, (2.10)

where E[εtε
′
t] is estimated as Σ̂.

The other requirement for an adequate model is for each parameter estimated in

the model to be significantly different from 0. Confidence intervals for the k-dimension
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parameter vector β can be constructed using the following equation for STAR models:

(β − β̂)
′
[ T∑
t=1

X
′

tΣ̂
−1Xt

]−1
(β − β̂) = kFk,rT−k,1−α, (2.11)

where

(Xt)[i,j] =
∂εt,i
∂βj

∣∣∣∣
β̂

, (2.12)

and the following when MA components are involved:

S(β) = S(β̂)

[
1 +

k

rT
Fk,rT−k,1−α

]
, (2.13)

where k is the number of parameters estimated and S(β̂) =
∑T

t=1 ε̂
′

tΣ̂
−1ε̂t.

Once an adequate model has been determined, it can be used in forecasting future

values of Zt for t > T . We consider the one-step ahead forecast for out-of-sample

time point T + 1 at time point T , for which the forecast error of the STARMA model

is

ε̂T (1) = ZT+1 −
p∑

k=1

λk∑
l=0

φ̂z,k,lWz,lZT+1−k +

q∑
k=1

mk∑
l=0

θ̂z,k,lWz,lε̂T+1−k, (2.14)

and of the GSTARMA model is

ε̂T (1) = ZT+1 −
p∑

k=1

λk∑
l=0

Φ̂z,k,lWz,lZT+1−k +

q∑
k=1

mk∑
l=0

Θ̂z,k,lWz,lε̂T+1−k. (2.15)

2.2 Spatial Aggregation

The locations that make up the vector time series in STARMA or GSTARMA mod-

eling may be points or areas ranging from city blocks to continents. Here we focus on

areal data, where the variable would be summary or count measures from regions like

a zip code, county, region, state, or nation. The choice of areal unit often depends on
13



the question that is being asked or on the data available. The focus here is on spatial

time series data that exists on two spatial levels: the non-aggregate (many smaller ar-

eas) and the aggregate (fewer larger areas formed from combining the non-aggregate

ones).

This aggregate variable is s-dimensional, where s ∈ (1, 2, . . . , r − 1), and is given

as Yt = [Y1,t, Y2,t, . . . , Ys,t]
′
. The non-aggregate variable Zt is related to its aggregate

variable Yt with a s × r aggregation matrix A, such that Yt = AZt. We consider

the case where A is binary, such that its i, jth element (given as A[i,j]) is 1 when Zj,t

is included in the aggregate Yi,t, and 0 otherwise. Thus, the elements of row i in A

construct Yi,t as the sum of designated elements of Zt. This type of aggregation is

often used in practice and is applicable for data that are meaningful when summed,

such as total sales or the counts of a disease. Other forms of A could be adopted for

different types of data and purposes. We use the subscripts y and z to denote the

aggregate and non-aggregate level, respectively.

Methods to perform spatial aggregation or determine the spatial scale have been

thoroughly researched by others, and we can only provide a brief summary of the

relevant work here. We focus on the impact of changing the size or border of spatial

units, as well as on the discovery of preferred or optimal spatial aggregation schemes.

2.2.1 Defining Spatial Units

Through various studies and statistical analyses, researchers have discovered that “It

is clearly possible to find almost any desired result by aggregating the data in different

ways.” (Fotheringham and Wong, 1991). This has become known as the ‘modifiable

areal unit problem’ (MAUP) as explained by Openshaw and Taylor (1979). In many

instances, there is no formal way to define the scale (large or small) and the zone

(where the borders are) of spatial areas. As a result of these ‘arbitrary’ units, the
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conclusions from statistical studies are dependent on how these spatial units are

defined. By aggregating 99 counties in Iowa into 12 regions, Openshaw and Taylor

(1979) found correlation coefficients between two voting variables that varied from

-0.97 to 0.99. Another example in Ouimet (2000) showed that the set of significant

predictor variables (and thus the policy recommendations) in a model of crime rate

varied with the scale of the areal units.

How does this happen? Aggregating areas that are near each other and often

more similar is one possible reason for the MAUP (Clark and Avery, 1976; Green,

1994). Looking deeper, Amrhein (1995) concluded that the scale effect increases the

regression coefficient and Pearson correlation coefficient, while the zone effect impacts

the standard deviation of the regression coefficients. From another perspective, spatial

scale and distribution of the data are related as seen in work where traffic data

from three different spatial scales each appeared to come from different distributions

(Thomas, 1996).

To overcome or avoid the MAUP, Murray (2005); Murray and Tong (2007); Tong

and Murray (2009); Tong and Church (2012) recommended representing the data in

another form (as in areas instead of aggregated points), while Sheppard and McMaster

(2008) used spatial wavelengths through spectral or Fourier analysis. In any case, the

researcher should be careful that inferences only apply to the spatial units from which

the data was analyzed (Clark and Avery, 1976).

In light of the MAUP, spatial aggregation of the data should be performed care-

fully and purposefully. In regression study with two variables at each location, Clark

and Avery (1976) gave four possible ways to aggregate the locations: random group-

ing, grouping to maximize variation in Y , grouping to maximize variation in X, and

grouping based on spatial proximity. Another method is to aggregate based on simi-

larity of regression coefficients (Meen, 1996). In the bivariate regression case, Blalock

(1964); Hannan (1971); Clark and Avery (1976) recommended aggregation that does
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little to change the variation in Y while increasing the variation in X. Clark and Av-

ery (1976) recommended aggregation that produces areas “which are homogeneous

with respect to all of the variables in the model”. Note that a majority of these meth-

ods focus on statistical properties, not spatial proximity, for aggregation. As such,

the non-aggregate areas are not required to be contiguous in order to be aggregated

together.

Due to the variety of guidelines or methods to conduct spatial aggregation, the

question arises if there could be an optimal aggregation. The first responses given

here relates to cross-sectional data for which there is no temporal component. The

goal of many has been to minimize within-group variation while maximizing across-

group variation (Clark and Avery, 1976; Marceau et al., 1994; Duque et al., 2012). In

the case where a hierarchy of spatial scales is already known, Moellering and Tobler

(1972) constructed ANOVA table in which the optimal spatial scale of the data is the

one with the largest sum of squares. On the other hand, the data and a model could

be used to simultaneously determine each other (Openshaw, 1977a). This technique

involves iterative algorithms to optimize an objective function that partitions space

into a given number regions (Openshaw and Baxter, 1977; Openshaw, 1977a,b, 1978;

Openshaw and Rao, 1995). Fotheringham and Wong (1991) noted that any spatial

configuration that is optimal for one data set may not be the optimal for another.

For spatial time series, a vast variety of methods exist to identify clusters of obser-

vations existing across time and/or space. Relevant to this work are those that seek

to form clusters of entire time series. Maharaj (2000) examined ARMA time series,

clustering by similarity of AR parameters (and not by any spatial information). Spa-

tial regions in Coppi et al. (2010); Qin et al. (2011) were clustered by the similarity of

their variable along with temporal and spatial proximity. The ST-DBSCAN method

of Birant and Kut (2007) clustered spatio-temporal points based on density. Finally,

additional variations have clusters that change over time for points (Deng et al., 2013),
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fixed areas (Joshi et al., 2013), and changing areas (Wang et al., 2013). The primary

criteria for clustering in many of these papers is density, and few consider the spatial

units or partitions to be fixed over time.

2.2.2 Forecasting the Aggregate Variable

We approach this topic in another angle by considering how to use non-aggregate-

level data to estimate or forecast an aggregate-level measure. A substantial review

of economic papers addressing this question is given in Miller (1998). The conclusion

reached by many of those papers, as well as by Miller in his analysis of regional-state

employment data forecasts for Idaho, is that aggregate forecasts with non-aggregated

data are (slightly) more accurate than direct forecasts with the aggregate data. The

same conclusion is reached by Auffhammer and Steinhauser (2007) in comparing

state and national models of CO2 levels. Engemann et al. (2011) discover similar

results with employment data at the metropolitan statistical area (MSA), state, and

district level, but they note that the improvement may not be equal for every level

of comparison.

In terms of a theoretical approach, many have explored the impact on forecasts

from contemporaneously aggregating a vector time series. We first consider the fol-

lowing definition which will be useful throughout the paper.

Definition 1. A non-aggregate vector time series is considered poolable if under the

given aggregation scheme, A, the model and forecast error of the aggregate variable

from models using the non-aggregate series and aggregate series are equal.

Wei and Abraham (1981), Kohn (1982), and Lütkepohl (1984) demonstrated

poolability for the following situation when the true parameters are known:

Result 1. Consider a r-dimensional non-aggregate VARMA(p, q) time series Zt =∑p
k=1 BkZt−k−

∑q
k=1 Mkεt−k+εt and its s-dimensional aggregate Yt = AZt modeled
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with a VARMA(p, q) model as Yt =
∑p

k=1 DkYt−k−
∑q

k=1 Pket−k+et. The condition

for the forecasts of Yt from the aggregate model to be equivalent to the aggregate of

forecasts from the non-aggregate model are: ABk = DkA (for k = 1, 2, ..., p) and

AMk = PkA (for k = 1, 2, ..., q), where Aεt = et.

Wei and Abraham (1981) showed this result when A was a row vector of ones with

s = 1. For Kohn (1982), A was a general row vector, also with s = 1. Finally,

Lütkepohl (1984) considered a general s× r matrix for A with s ∈ (1, 2, . . . , r − 1).

This result has been referred to as the poolability condition (Giacomini and

Granger, 2004), since the non-aggregate locations and structure are such that they

retain certain properties when pooled or aggregated. In addition to having equivalent

model and forecast errors, the models have the same AR and MA orders. When this

poolability condition is not met, the forecast error variance from the aggregate model

will be greater than that from the non-aggregate model.

When the true parameters are not known and need to be estimated, Kohn (1982)

outlined a poolability test for a VARMA model to be used in practice, which is

summarized as follows:

Test 1. For a non-aggregate variable Zt estimated with a VARMA(p, q) model as

Zt =
∑p

k=1 B̂kZt−k −
∑q

k=1 M̂k + ε̂t−k, let F =

 A

J(r−s)×r

, where J(r−s)×r consists

of s zero-columns and the r−s columns of Ir−s arranged (corresponding to the columns

of A) such that F is of full rank. Then, the process is poolable if the last r−s elements

of the first s rows of FB̂kF
−1 and of FM̂kF

−1 are each not significantly different from

0, for all k.

It should be noted that this test was introduced for cases where the aggregate

variable was univariate (s = 1), in which case A was a row vector. The test only

requires the estimated non-aggregate parameters, their variance-covariance matrix,
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and the aggregation vector, and not the estimation of the aggregate model parameters.

It tests to see if the aggregate series is sufficiently modeled by its past observations and

residuals, or if including a set of r − s non-aggregate variables significantly improves

the model fit. Non-zero coefficients for these effects indicate a lack of poolability

and a subsequent loss in information when only using the aggregate information to

forecast the aggregate. Hendry and Hubrich (2006, 2011) discuss this test and the

components of the forecast error for VAR(1) models when s = 1 in more detail.

For a space-time model, Giacomini and Granger (2004) considered the case where

s = 1 and A =

[
1 1 . . . 1

]
. As noted before, when s = 1, the aggregate is

univariate and has no spatial component; the univariate STARMA(pλ1,...,λp , qm1,...,mq)

model thus simplifies to an ARMA(p, q) model. This paper compares four methods

of forecasting the univariate aggregate of a STAR(11) time series: 1) directly fore-

casting from the ARMA model of the aggregated series; 2) aggregating the forecasts

from separate AR(1) models of each non-aggregate series; 3) aggregating the fore-

casts from a VAR(1) model of the non-aggregate series; 4) aggregating the forecasts

from a STAR(11) models of the non-aggregate series. We are primarily interested

in the comparison of methods 1) and 4). With known parameters, when Result 1

was satisfied, 1) and 4) were equivalent; otherwise 4) was superior. However, with

parameter estimation, a ranking between the two methods in general was not known.

Through simulations involving parameter estimation, this paper found that method

1) had lower mean square error on average when the weighting matrix was such that

aggregation satisfied the poolability condition with known parameters or when the

magnitude of the non-aggregate purely AR parameter was large and that of the non-

aggregate spatial AR parameter was low. In all other cases, the aggregated forecasts

from the non-aggregate STAR(11) model - method 4) - were optimal.

Also concerning space-time models, Arbia et al. (2010) extended the simulation

experiment of Giacomini and Granger (2004) by considering the case of negative spa-
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tial dependence, using a larger grids of areas, correcting for edge effects by using a

buffer zone, and also forecasting a multivariate aggregate. Their analysis looked not

only for low average forecast error, but also for preservation of original spatial corre-

lation. In their multivariate aggregate analysis with s > 1 and A being a s×r binary

matrix, they compared three forecast methods for forecasting the aggregate variable:

1) separate AR(1) models of the aggregate data, 2) a VAR(1) model of the aggregate

data, and 3) a STAR(11) model of the aggregate data. Again, the STAR model in

3) achieves both aims of this paper most often among the forecast strategies consid-

ered. Unfortunately, these methods only modeled data on the aggregate level, so no

methods from different spatial scales were compared. In addition, no justification was

given for using a STAR(11) model to fit the aggregate of a STAR(11) model.

An interesting discussion is given in both of these papers (Giacomini and Granger,

2004; Arbia et al., 2010) as to what spatial arrangements are poolable in the case of

a univariate aggregate (s = 1). For this scenario, the poolability condition in Result

1 is equivalent to requiring the column sums of Wz,1 to be equal (Giacomini and

Granger, 2004). This occurs when each location has an equal overall influence on

the system. For the binary weighting scheme used, this is equivalent to all locations

having the same number of first-neighbors. An example of this is when r = 4 locations

are arranged in a 2× 2 grid and then aggregated into s = 1 region. Each of the non-

aggregate locations borders (is 1st neighbors to) two other non-aggregate locations,

and each column sum of Wz,1 is 1. Thus, this is an example of poolability under

known parameters, although very few other lattice arrangements lend themselves to

satisfying this condition on the weighting matrix.

In addition when the true parameters are known (again for s = 1), Arbia et al.

(2010) revealed that the AR(1) parameter of the aggregate model of a poolable

STAR(11) model is equal to φz,1,0 +φz,1,1. They also state that when poolability does

not exactly hold, the aggregate variable does not exactly follow an AR(1) model,
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but may approximately, if the column sums of Wz,1 are approximately equal. Thus

we see that there may be a relationship between non-aggregate and aggregate model

parameters.

2.2.3 Open Problems in Spatial Aggregation

We conclude by summarizing the gaps in knowledge from the reviewed sources. First,

a test for poolability only exists for VARMA models, not STARMA or GSTARMA.

And almost all examples and results of this test have been in the case when the

aggregate series is univariate (s = 1). Thus, the literature for testing when s > 1 is

severely underrepresented.

In regards to spatial time series models, the research has also been sparse. Most

work involves comparing forecast methods through empirical examples. Theoretical

work has only involved STAR(11) models where s = 1, and has never considered

GSTARMA models. Thus, expanding the theoretical work to include moving average

components, more general model orders, and GSTARMA models is needed.

In addition, all the reviewed papers focus on forecasts comparisons, but these rely

on the parameters and model order of the aggregate model. Even the theoretical

STAR papers assumed that the aggregate variable followed the same order as the

non-aggregate. It is unknown if this is always true or under what cases it is not.

The relationship between non-aggregate and aggregate parameters in the poolable

STAR(11) model scenario mentioned previously suggests that similar relationships

could hold in a multivariate setting.

Finally, in regards to the MAUP, we also wonder if different scales and zones

of aggregation produce different model orders or forecast. Do broader schemes of

aggregation (smaller s) cause poorer forecasts than finer schemes (larger s)? Is there

21



an optimal way to aggregate locations into regions to produce the best forecasts from

those regions? These are the questions that will be answered in this dissertation.
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CHAPTER 3

THE MODEL ORDER OF THE

AGGREGATE VARIABLE

The first question we address is what do we know about the aggregate variable?

The property of particularly interest is its model order. Model parameters, error,

and forecasts all depend upon knowing what model is to be estimated. As mentioned

earlier, there are two different methods used to discover the model order in time series

analysis: selecting the model order out of many possible model orders that optimizes

some objective function, or obtaining the model order from patterns of the space-

time autocovariance functions. We will show both methods for the spatial aggregate

of variables that follow STARMA and GSTARMA models.

We will use VARMA model notation for both STARMA and GSTARMA mod-

els for the sake of convenience. For a non-aggregate variable that follows the

STARMA(pλ1,...,λp , qm1,...,mq) or GSTARMA(pλ1,...,λp , qm1,...,mq) model, the aggregate
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variable formed using the s× r binary aggregation matrix A is

Yt = AZt = A

[ p∑
k=1

BkZt−k −
q∑

k=1

Mkεt−k + εt

]

=

p∑
k=1

ABkZt−k −
q∑

k=1

AMkεt−k + et, (3.1)

where the error terms are et = Aεt, which are also independent and identically

distributed as Ns(0,AΣA
′
). The aggregate variable has covariance matrix Γy(k) =

E[YtY
′

t+k] = AE[ZtZ
′

t+k]A
′
= AΓz(k)A

′
for any k.

The equation in (3.1) is neither an aggregate-level model nor a model in the form

of a STARMA, GSTARMA, or VARMA model. However, the equation has temporal

AR order p and temporal MA order q, which indicates that the aggregate variable

may possibly have the same model order as the non-aggregate variable. If nothing

else, the model order of the non-aggregate variable will serve as a starting point in

determining the model order of the aggregate variable.

3.1 The Model Order through Objective Function

As given in Deutsch and Pfeifer (1981), model estimation of STARMA models is done

so as to minimize the determinant of the residual covariance matrix. For any model of

the aggregate variable, we label its model error as ηt and the error covariance matrix

as

H = E[ηtη
′

t]. (3.2)

In practice, an objective function is often chosen that not only minimizes the deter-

minant of H but simultaneously penalizes the model for each additional parameter
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in the model. Thus, one commonly used objective function is the AIC, given as

AIC = ln(|Ĥ|) +
2m

T −max(p, q)
, (3.3)

where T − max(p, q) is the effective length of the time series and m is the number

of parameters in the model. For examples of papers that use AIC to identify model

orders for the GSTARMA model, see (Borovkova et al., 2008; Min et al., 2010; Wutsqa,

2010; Ruchjana et al., 2012).

Thus, the goal of this section is to derive an expression for H for various model

orders. We first consider the case where the aggregate variable is modeled with the

same model order as its non-aggregate variable. Then we consider higher order models

for the aggregate variable. Note that these results apply to STARMA, GSTARMA,

and VARMA models since we will still be using VARMA notation.

3.1.1 The Aggregate Model Error with the Same Model Or-

der

The aggregate model fit with the same model order as the non-aggregate variable is

Yt =

p∑
k=1

DkYt−k −
q∑

k=1

Pkηt−k + ηt, (3.4)

where for STARMA models Dk =
∑λk

l=0 φy,k,lWy,l and Pk =
∑λk

l=0 θy,k,lWy,l, and for

GSTARMA models Dk =
∑λk

l=0 Φy,k,lWy,l and Pk =
∑λk

l=0 Θy,k,lWy,l, for each k.
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By equating (3.1) and (3.4) for the aggregate variable, we solve for ηt as

ηt =

p∑
k=1

ABkZt−k −
p∑

k=1

DkYt−k −
q∑

k=1

AMkεt−k +

q∑
k=1

Pkηt−k + Aεt

=

p∑
k=1

(ABk −DkA)Zt−k −
q∑

k=1

(AMk −PkA)εt−k +

q∑
k=1

(Pkηt−k −PkAεt−k) + Aεt

=

p∑
k=1

CkZt−k −
q∑

k=1

Qkεt−k +

q∑
k=1

Pk(ηt−k − et−k) + et

= vt + et, (3.5)

where we define the following for all k

Ck = ABk −DkA, (3.6)

Qk = AMk −PkA, and (3.7)

vt =

p∑
k=1

CkZt−k −
q∑

k=1

Qkεt−k +

q∑
k=1

Pkvt−k, (3.8)

where vt is the difference between ηt and et.

The following point should be noted:

Theorem 1. The additional error in the aggregate model in (3.4) due to using the

same model order as the non-aggregate model is uncorrelated with the aggregated error

of the non-aggregate model in (3.1). That is, vt is uncorrelated with et.
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Proof. Consider the following:

E[etv
′

t] = E

[(
Aεt

)( p∑
k=1

CkZt−k −
q∑

k=1

Qkεt−k +

q∑
k=1

Pkvt−k)
′
]

= E

[(
Aεt

)( p∑
k=1

CkZt−k

)′]
− E

[(
Aεt

)( q∑
k=1

Qkεt−k

)′]

+ E

[(
Aεt

)( q∑
k=1

Pkvt−k

)′]

= 0 + 0 + A

q∑
k=1

E[εtv
′

t−k]P
′

k

= 0.

since εt is independent of any variable or term prior to time point t.

It can be shown through plugging in successive iterations of vt−k that

vt =

p∑
k=1

CkZt−k −
q∑

k=1

Qkεt−k

+

q∑
k=1

Pk

[ p∑
j=1

CjZt−k−j −
q∑
j=1

Qjεt−k−j

]

+

q∑
k=1

q∑
j=1

PkPj

[ p∑
i=1

CiZt−k−j−i −
q∑
i=1

Qiεt−k−j−i

]

+

q∑
k=1

q∑
j=1

q∑
i=1

PkPjPi

[ p∑
h=1

ChZt−k−j−i−h −
q∑

h=1

Qhεt−k−j−i−h

]
+ . . . . (3.9)

In practice, there will never be more than T such lines in the above sum, since Z0

and ε0 equal 0. In addition, due to the nature of Pk, the product of s such matrices

approaches 0 after large enough s. Thus it is likely that the above sum is adequately

approximated by its first few lines.
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Substituting the equation in (3.9) (or its approximation) into (3.5) for the aggre-

gate model error leads to a very complicated expression for H using (3.2). However,

some special cases can be illustrated, with proofs provided in the Appendix.

When there is no moving-average term (q = 0), the equation greatly simplifies for

any STAR or GSTAR model of temporal order p as

H = AΣA
′
+

p∑
i=1

p∑
j=1

CiΓz(i− j)C
′

j. (3.10)

And when there is no autoregressive term (p = 0), the equation similarly simplifies

for any STMA or GSTMA model of temporal order q as

H = AΣA
′
+
∞∑
k=1

[ ∑
∑k
g=1 ig=k

∑
∑k
h=1 jh=k

(
(Pi1

1 . . .P
ik−1
q Qik)Σ(Pj1

1 . . .P
jk−1
q Qjk)

′
)]
,

(3.11)

where (Pi1
1 . . .P

ik−1
q Qik) and (Pj1

1 . . .P
jk−1
q Qjk) are any such products of the P and

Q matrices such that the subscript and superscripts sum to k, ik > 0, and jk > 0, all

for each k.

Finally, for STARMA or GSTARMA models when p = 1 and q = 1,

H = AΣA
′
+
∞∑
i=1

∞∑
j=1

(
Pi−1

1 E

[
(C1Zt−i −Q1εt−i)(C1Zt−j −Q1εt−j)

′
]
(Pj−1

1 )
′
)
.

(3.12)

Important for many expressions of H, it can be shown that for any h and i,

E[εt−hZ
′

t−i] =


0, h < i

Σ, h = i

(
∑h−i

k=1E[εt−hZ
′

t−i−k]B
′

k)−ΣM
′

h−i, h > i

(3.13)
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At this point, it should be noted that H differs from AΣA
′

to the extent that

Ck and Qk are not 0 for all k. These matrices represent the deviation from the

poolability conditions given in Result 1. If they do all equal 0, then the model order

of the aggregate variable is exactly the same as the non-aggregate variable. The same

conclusion could be reached when Ck and Qk are approximately 0 for all k. When

this is not true, it is likely that the aggregate variable requires additional terms than

the model of the non-aggregate variable.

3.1.2 The Aggregate Model Error with a Higher Model Or-

der

Now we consider modeling the aggregate variable with a higher (temporal) order for

the STARMA or GSTARMA model. This model is

Yt =
P∑
k=1

DkYt−k −
Q∑
k=1

Pkηt−k + ηt, (3.14)

where P > p and/or Q > q, and the parameter matrices are in their restricted

STARMA or GSTARMA model forms. We show results for the case where P = p+ 1

and Q = q + 1, where additional temporal lags can be added in a similar manner.
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When P = p+ 1 and Q = q + 1, ηt in (3.14) can be shown to be

ηt =

p∑
k=1

ABkZt−k −
p+1∑
k=1

DkYt−k −
q∑

k=1

AMkεt−k +

q+1∑
k=1

Pkηt−k + Aεt

= (AB1 −D1A)Zt−1 +

p∑
k=2

(ABk −DkA)Zt−k − (Dp+1A)Zt−p−1

− (AM1 −P1A)εt−1 −
q∑

k=2

(AMk −PkA)εt−k +

q∑
k=1

(Pkηt−k −PkAεt−k)

+ Pq+1ηt−q−1 + Aεt

= C1

( p∑
k=1

BkZt−k−1 −
q∑

k=1

Mkεt−k−1 + εt−1

)
+

p∑
k=2

(ABk −DkA)Zt−k − (Dp+1A)Zt−p−1

− (AM1 −P1A)εt−1 −
q∑

k=2

(AMk −PkA)εt−k +

q∑
k=1

(Pkηt−k −PkAεt−k)

+ Pq+1ηt−q−1 + Aεt

=

p∑
k=2

(C1Bk−1 + ABk −DkA)Zt−k + (C1Bp −Dp+1A)Zt−p−1

− (−C1 + AM1 −P1A)εt−1 −
q∑

k=2

(C1Mk−1 + AMk −PkA)εt−k

− (C1Mq −Pq+1A)εt−q−1 +

q+1∑
k=1

(Pkηt−k −PkAεt−k) + Aεt

=

p∑
k=2

CkZt−k + Cp+1Zt−p−1 −Q1εt−1 −
q∑

k=2

Qkεt−k −Qq+1εt−q−1 +

q+1∑
k=1

Pk(ηt−k − et−k) + et

=

p+1∑
k=2

CkZt−k −
q+1∑
k=1

Qkεt−k +

q+1∑
k=1

Pk(ηt−k − et−k) + et

= vt + et, (3.15)

where we now define the following for all k > 0

Ck = C1Bk−1 + ABk −DkA, (3.16)

Qk = C1Mk−1 + AMk −PkA, and (3.17)

vt =

p+1∑
k=2

CkZt−k −
q+1∑
k=1

Qkεt−k +

q+1∑
k=1

Pkvt−k, (3.18)

where it is understood that B0 = 0 and M0 = −Ir.
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Theorem 1 still applies, where et and vt in (3.18) are independent. Also the

equation for vt in (3.9) can be easily modified so that the autoregressive term begins

at k = 2 and the summations have upper limits p+ 1 and q + 1.

For a non-aggregate-level STAR or GSTAR model of temporal order p, the equa-

tion for H when a STAR or GSTAR model of temporal orders P = p+ 1 and Q = 1

is used for the aggregate variable is given as

H = AΣA
′
+

∞∑
i=1

∞∑
j=1

{
Pi−1

1 E

[( p+1∑
k=2

CkZt−i−k −Q1εt−i

)( p+1∑
k=2

CkZt−j−k −Q1εt−j

)′]
(Pj−1

1 )
′
}
,

(3.19)

which, when p = 1, simplifies to

H = AΣA
′
+
∞∑
i=1

∞∑
j=1

(
Pi−1

1 E

[
(C2Zt−i−2 −Q1εt−i)(C2Zt−j−2 −Q1εt−j)

′
]
(Pj−1

1 )
′
)
.

(3.20)

If the variable of STAR (or GSTAR) model of order p is aggregated and the

aggregate variable is fit with a STAR (or GSTAR) model with P = p + 1, then we

have

H = AΣA
′
+

p+1∑
i=2

p+1∑
j=2

CiΓz(i− j)C
′

j. (3.21)

The proofs of these derivations are also provided in the Appendix.

3.1.3 Determining the Model Order of the Aggregate Vari-

able

The purpose of this section was to derive the expression for H (and thus AIC) at

various model orders of the aggregate variable. Then, the AIC values between models
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can be compared, selecting the model order associated with the lowest AIC. In other

words, we can compare the AIC from aggregate-level models of the same order to that

of the non-aggregate-level model with those of a higher order to see if any addition

terms and parameters are justified.

For example, consider a non-aggregate variable which follows a STAR (or GSTAR)

model with temporal order p. Fitting the aggregate variable with the same model

order results in the error covariance matrix given in (3.10). If the aggregate model

includes an additional temporal order for the autoregressive term (P = p + 1), the

error covariance matrix is given by (3.21). Finally, if a moving average term with one

temporal order is added (Q = 1), then H can be calculated via (3.19). The covariance

matrix H and total number of aggregate model parameters which lead to the lowest

AIC determine the proper order of the aggregate-level model.

The above equations for H become very complicated when the model for the

aggregate variable involves moving average terms. This is due to the aggregate model

error involving the term vt, which measures the deviation from the aggregation of

non-aggregate model error (et) which possesses more tractable properties. Therefore,

it is important to have another method to determine the model order of the aggregate

variable.

3.2 The Model Order through Autocovariance

Functions

As mentioned previously, possible values for the terms (pλ1,λ2,...,λp , qm1,m2,...,mq) that

define the order of the STARMA and GSTARMA models can be obtained through the

patterns in the space-time autocovariance function. The space-time autocovariance

function given in the general case in (2.5) is given here for the aggregate variable
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between ith and jth neighbors at time lag k as

γy,i,j(k) = E

{
[Wy,iYt]

′
[Wy,jYt+k]

s

}
, (3.22)

where s is the number of aggregate regions.

These values help define the space-time autocorrelation function (ST-ACF) and

space-time partial autocorrelation function (ST-PACF), which are useful in deter-

mining the order of a STARMA or GSTARMA model. Models with only autore-

gressive terms or only moving-average terms will be addressed in this section, since

they are clearly indicated by the patterns in the ST-ACF and ST-PACF. The order

for STARMA and GSTARMA models with both autoregressive and moving average

terms is often best determined by comparing AIC values of several models, a process

shown in the previous section.

In this section, we denote the ST-ACFs and ST-PACFs of the non-aggregate

variable as ρz,l(k) and φz,l(k), and similarly use ρy,l(k) and φy,l(k), respectively for

those of the aggregate variable, for time lag k and spatial lag l. We derive the ST-

ACFs and ST-PACFs of the aggregate variable to determine when it requires a higher

model order than that of the non-aggregate variable. We focus on the ST-ACFs for

STMA and GSTMA models and on the ST-PACFs for STAR and GSTAR models.

3.2.1 The Space-Time Autocorrelation Functions

We begin by considering the case where the non-aggregate variable follows a

STMA(qm1,m2,...,mq) or a GSTMA(qm1,m2,...,mq) model. Variables of this model form

and order exhibit a ST-PACF that tails off as both spatial and temporal lags increase,

while the ST-ACF cuts off after time lag q and each at spatial lag mk for k = 1, . . . , q.

An aggregate variable that follows a STMA or GSTMA model but requires terms for

addition temporal orders will have an ST-ACF that cuts off for a time lag Q > q.
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Thus, we focus on the ST-ACF of the aggregate variable for time lag greater than q

to determine if a larger model order is required.

As defined in (2.4), the ST-ACF for aggregate variable at spatial lag l and time

lag k is given as

ρy,l(k) =
γy,l,0(k)

[γl,l(0)γ0,0(0)]
1
2

=
tr(Wy,lΓy(k))

[tr(W
′
y,lWy,lΓy(0))tr(Γy(0))]1/2

. (3.23)

Specifically, we are interested in ρy,l(q + 1) for any l. For l = 0,

ρy,0(q + 1) =
tr(Γy(q + 1))

tr(Γy(0))

∝ tr(E[YtY
′

t+q+1])

= tr(AE[ZtZ
′

t+q+1]A
′
)

= tr

(
AE

[(
−

q∑
k=1

Mkεt−k + εt

)(
−

q∑
k=1

Mkεt+q+1−k + εt+q+1

)′]
A
′
)

= 0, (3.24)

and similarly for any other l > 0. Thus we conclude that the ST-ACF of the aggregate

variable indicates no additional temporal lag for the moving average term.

However, when the aggregate variable is modeled with the same model and model

order as the aggregate variable, the error term of an adequate model must be white

noise. That is, ηt = et, for which the ST-ACFs would all equal 0. However, using

the equation in (3.23) for the aggregate model error instead of the aggregate variable

has ρη,0(k) ∝ E[ηtη
′

t+k] for k = 1, 2, . . . . Particularly for k = 1,

E[ηtη
′

t+1] = AΣQ1 +

∞∑
k=1

[ ∑
∑k
g=1 ig=k

∑
∑k
h=1 jh=k+1

(
(Pi1

1 . . .P
ik−1
q Qik)Σ(Pj1

1 . . .Pjk−1
q Qjk)

′
)]
,

(3.25)

34



using the same work as in (3.11), where the notation was introduced. For the same

reason, E[ηtη
′

t+k] takes a similar form for k > 1. In addition, a similar procedure

shows that ρη,l(k) ∝ E[Wy,lηtη
′

t+k], for l > 0.

We conclude that when Qk 6= 0 for k = 1, . . . , q the model order of the non-

aggregate model is not adequate for the aggregate variable. We see that this is not

due to the aggregate variable possessing autocorrelation at additional temporal lags

than q, but rather that the model error is not white noise. These Qk matrices are the

same as those defined in (3.7) in the previous section. When this happens, it suggests

that a STMA or GSTMA model of temporal order q is not sufficient for the aggregate

variable. However, when all Qk = 0 (or are approximately so), ρy,l(q + 1) = 0 (or is

approximately 0) indicating that the non-aggregate model order is sufficient for the

aggregate variable.

3.2.2 The Space-Time Partial Autocorrelation Functions

Now the focus is on the case where the non-aggregate variable has a ST-ACF that

tails off as both spatial and temporal lags increase, while the ST-PACF cuts off after

time lag p and each at spatial lag λp, which is a property of a STAR(pλ1,λ2,...,λp) or

a GSTAR(pλ1,λ2,...,λp) model. Again, we will examine the aggregate variable to see if

it has the same properties and can be fit with the same model order. The system

of equations used to define the ST-PACFs was given in (2.6), and is provided again,

now for the aggregate variable, as

γy,h,0(s) =
k−1∑
j=1

λ∑
i=0

φy,i(j)γy,h,i(s− j) +
l∑

i=0

φy,i(k)γy,h,i(s− k). (3.26)

A helpful property of this section is the non-aggregate variable covariance matrix

in terms of the parameter matrices, given by Lütkepohl (2007) for a VAR(p) model
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(which the STAR and GSTAR models of temporal order p are special cases of) as

Γz(k) =
k∑

h=1

BhΓz(k − h). (3.27)

As before, we are interested in the magnitude of φy,l(p + 1) for all l. Solving for

φy,0(p+ 1) results in the following system of equations:



φy,0(1)

.

.

.

φy,λ(1)

.

.

.

.

.

.

φy,0(p)

.

.

.

φy,λ(p)

φy,0(p + 1)


=



γy,0,0(0) . . . γy,0,λ(0) . . . . . . γy,0,0(1− p) . . . γy,0,λ(1− p) γy,0,0(−p)
.
.
.

. .
.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

γy,λ,0(0) . . . γy,λ,λ(0) . . . . . . γy,λ,0(1− p) . . . γy,λ,λ(1− p) γy,λ,0(−p)
.
.
.

.

.

.
.
. .

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
. .
.

.

.

.

.

.

.

.

.

.

γy,0,0(p− 1) . . . γy,0,λ(p− 1) . . . . . . γy,0,0(0) . . . γy,0,λ(0) γy,0,0(−1)

.

.

.
.
.
.

.

.

.

.

.

.
.
.
.

.

.

.

.

.

.

γy,λ,0(p− 1) . . . γy,λ,λ(p− 1) . . . . . . γy,λ,0(0) . . . γy,λ,λ(0) γy,λ,0(−1)

γy,0,0(p) . . . γy,0,λ(p) . . . . . . γy,0,0(1) . . . γy,0,λ(1) γy,0,0(0)



−1 

γy,0,0(1)

.

.

.

γy,0,λ(1)

.

.

.

.

.

.

γy,0,0(p)

.

.

.

γy,0,λ(p)

γy,0,0(p + 1)


,

which we denote as  v

φy,0(p+ 1)

 =

 S b

b
′
a


−1 R

c

 .
Before we continue, we note that

S−1R =

[
φy,1,0 . . . φy,1,λ . . . . . . φy,p,0 . . . φy,p,λ

]′
,

the least squares solutions of the parameters of the STAR(pλ,...,λ) model fitting of the

aggregate variable.
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Using properties of partitioned matrices, we see that

φy,0(p+ 1) =
1

a− b′S−1b
[c− b

′
S−1R]

∝ γy,0,0(p+ 1)−
[
γy,0,0(p) . . . γy,0,λ(p) . . . . . . γy,0,0(1) . . . γy,0,λ(1)

]
S−1R

= γy,0,0(p+ 1)−
[
γy,0,0(p) . . . γy,0,λ(p) . . . . . . γy,0,0(1) . . . γy,0,λ(1)

]
×
[
φy,1,0 . . . φy,1,λ . . . . . . φy,p,0 . . . φy,p,λ

]′
= tr(Γy(p+ 1))−

p∑
k=1

λ∑
l=0

φy,k,ltr(Wy,lΓy(p+ 1− k))

= tr(AΓz(p+ 1)A
′
)−

p∑
k=1

tr

( λ∑
l=0

φy,k,lWy,lAΓz(p+ 1− k)A
′
)

= tr

[
A

( p∑
k=1

BkΓz(p+ 1− k)
)

A
′
−

p∑
k=1

DkAΓz(p+ 1− k)A
′
]

= tr

[ p∑
k=1

(
(ABk −DkA)Γz(p+ 1− k)A

′
)]

= tr

[ p∑
k=1

(
CkΓz(p+ 1− k)A

′
)]

=

p∑
k=1

tr[CkΓz(p+ 1− k)A
′
], (3.28)

where the Ck matrices are the same as those defined in (3.6) in the previous section.

Although not shown here, φy,l(p+ 1) can be solved for in a similar fashion, for l > 0.

We conclude that Ck 6= 0 for k = 1, . . . , p causes φy,l(p + 1) 6= 0, for any l.

This suggests that a STAR or GSTAR model of temporal order p is not sufficient

for the aggregate variable. However, when all Ck = 0 (or are approximately so),

φy,l(p + 1) = 0 (or is approximately 0) this indicates that the non-aggregate model

order is sufficient for the aggregate variable.
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3.2.3 Determining the Model Order of the Aggregate Vari-

able

In this section, the ST-ACF and ST-PACF of aggregate variables were derived to

determine if they follow the same pattern as those of the non-aggregate variable.

For STMA and GSTMA models of temporal order q, the ST-ACF of the aggregate

variable is very important, because it indicates the temporal order. The ST-ACF

of the aggregate variable at time lag q + 1 has been shown to be a function of the

matrices Qk, defined for k = 1, . . . , q. The more that Qk 6= 0 for k = 1, . . . , q, the

more the aggregate-level model requires an additional temporal order q + 1 for its

moving-average terms (and possibly terms beyond that).

For STAR and GSTAR models, the ST-ACF of the non-aggregate variable depends

on the properties of non-aggregate variance covariance matrix, Γz(k). Since the ST-

ACF of the aggregate variable depends on the same properties (through Γy(k) =

AΓz(k)A
′
), we see the ST-ACF also decaying over time lag k. This suggests a

STAR or GSTAR model for the aggregate variable. The patterns of the ST-PACF

define the temporal order for the STAR or GSTAR model. The work in this section

shows that the aggregate-level model requires additional temporal orders than the

non-aggregate-level model to the degree that Ck 6= 0 for k = 1, . . . , p.

For STARMA and GSTARMA models, we believe that a combination of these

two results apply. This was not shown because, as mentioned earlier, there is no clear

connection between the pattern of the ST-ACF and ST-PACF and the autoregressive

and moving average orders. For variables of this form, we refer the reader to the earlier

section which dealt with model order through minimizing an objective function.
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CHAPTER 4

COMPARISON OF

FORECASTING METHODS

The second topic of interest is forecasting the aggregate variable. Two methods are

readily available. One is to forecast the non-aggregate variable and then aggregate

the forecasts. The other is to directly forecast the aggregate variable.

The starting point for this discussion is poolability, which was defined and de-

scribed in Result 1 in the case of known parameters. This result stated that when the

poolability conditions are met, the two methods are equivalent. It also shows that

the aggregate model is the same order as the non-aggregate one. Because of this fact

and our goal to find out whether this occurs, we will primarily be considering the

same model order for both non-aggregate and aggregate models.

4.1 Poolability and the Aggregate Model Param-

eters

We begin with the STARMA(pλ1,...,λp , qm1,...,mq) model in (2.2). Since it is a special

case of the VARMA(p, q) in (2.1), a parallel to Result 1 for the STARMA model
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should be straightforward to obtain. The only difference is that the STARMA model

parameter matrices are of a restricted form. Now we have a more precise condition

for poolability for the STARMA model when parameters are known:

Theorem 2. Consider a non-aggregate variable that follows a STARMA

(pλ1,...,λp , qm1,...,mq) model as in (2.2) and its aggregate variable modeled with the same

model order. The conditions for poolability when the parameters are known are:∑λk
l=0 φz,k,lAWz,l =

∑λk
l=0 φy,k,lWy,lA (for k = 1, 2, . . . , p) and

∑mk
l=0 θz,k,lAWz,l =∑mk

l=0 θy,k,lWy,lA (for k = 1, 2, . . . , q).

Proof. Theorem 2 is just a restatement of Result 1 using the VARMA model repre-

sentation of the STARMA model parameter matrices:

λk∑
l=0

φz,k,lAWz,l = A

[ λk∑
l=0

φz,k,lWz,l

]
= ABk

= DkA =

[ λk∑
l=0

φy,k,lWy,l

]
A =

λk∑
l=0

φy,k,lWy,lA,

for k = 1, 2, . . . , p, and

mk∑
l=0

θz,k,lAWz,l = A

[ mk∑
l=0

θz,k,lWz,l

]
= AMk

= PkA =

[ mk∑
l=0

θy,k,lWy,l

]
A =

mk∑
l=0

θy,k,lWy,lA,

for k = 1, 2, . . . , q.
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When Theorem 2 is satisfied, the aggregate variable Yt also follows a

STARMA(pλ1,...,λp , qm1,...,mq) model and is modeled as

Yt = AZt = A

[ p∑
k=1

λk∑
l=0

φz,k,lWz,lZt−k −
q∑

k=1

mk∑
l=0

θz,k,lWz,lεt−k + εt

]

=

p∑
k=1

λk∑
l=0

φz,k,lAWz,lZt−k −
q∑

k=1

mk∑
l=0

θz,k,lAWz,lεt−k + Aεt

=

p∑
k=1

λk∑
l=0

φy,k,lWy,lYt−k −
q∑

k=1

mk∑
l=0

θy,k,lWy,let−k + et, (4.1)

where et = Aεt, with E[ete
′
t] = E[Aεtε

′
tA
′
] = AE[εtε

′
t]A

′
= AΣA

′
and E[ete

′

t+k] =

AE[εtε
′

t+k]A
′

= 0 for k > 0. As a result, the error term of (4.1) is white noise.

And as in Result 1, the aggregated error and one-step ahead forecasts of the non-

aggregate model are equivalent to those of the aggregate model, which follows as

the consequence of the error terms in the non-aggregate and aggregate models being

related by et = Aεt.

From Theorem 2, we see there is a relationship between the parameters of the

non-aggregate and aggregate models, which can be exploited to produce the following

derivation for the aggregate model parameters:

Theorem 3. When Theorem 2 is satisfied for non-aggregate and aggregate variables

each following a STARMA (pλ1,...,λp , qm1,...,mq) model, the parameters of the aggregate

model (given in (4.1)) are the following:

φy,k,l =

λk∑
j=0

φz,k,jtr(A
′
W
′

y,lAWz,j)/tr(A
′
W
′

y,lWy,lA), and

θy,k,l =

mk∑
j=0

θz,k,jtr(A
′
W
′

y,lAWz,j)/tr(A
′
W
′

y,lWy,lA).
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Proof. For k ∈ 1, . . . , p, let

U =

[
vec(AWz,0) vec(AWz,1) . . . vec(AWz,λk)

]
,

Φz,k =

[
φz,k,0 φz,k,1 . . . φz,k,λk

]′
,

V =

[
vec(Wy,0A) vec(Wy,1A) . . . vec(Wy,λkA)

]
,

Φy,k =

[
φy,k,0 φy,k,1 . . . φy,k,λk

]′
.

Then Theorem 2 is equivalent to UΦz,k = VΦy,k for all k, which means

V
′
UΦz,k = V

′
VΦy,k and thus Φy,k can be solved for as

Φy,k = (V
′
V)−1V

′
UΦz,k

=



vec(Wy,0A)
′
vec(Wy,0A) . . . vec(Wy,0A)

′
vec(Wy,λkA)

vec(Wy,1A)
′
vec(Wy,0A) . . . vec(Wy,1A)

′
vec(Wy,λkA)

...
. . .

...

vec(Wy,λkA)
′
vec(Wy,0A) . . . vec(Wy,λkA)

′
vec(Wy,λkA)



−1



vec(Wy,0A)
′
vec(AWz,0) . . . vec(Wy,0A)

′
vec(AWz,λk)

vec(Wy,1A)
′
vec(AWz,0) . . . vec(Wy,1A)

′
vec(AWz,λk)

...
. . .

...

vec(Wy,λkA)
′
Avec(Wz,0) . . . vec(Wy,λkA)

′
Avec(Wz,λk)





φz,k,0

φz,k,1
...

φz,k,λk
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=



tr(A
′
W
′
y,0Wy,0A) . . . tr(A

′
W
′
y,0Wy,λkA)

tr(A
′
W
′
y,1Wy,0A) . . . tr(A

′
W
′
y,1Wy,λkA)

...
. . .

...

tr(A
′
W
′

y,λk
Wy,0A) . . . tr(A

′
W
′

y,λk
Wy,λkA)



−1



tr(A
′
W
′
y,0AWz,0) . . . tr(A

′
W
′
y,0AWz,λk)

tr(A
′
W
′
y,1AWz,0) . . . tr(A

′
W
′
y,1AWz,λk)

...
. . .

...

tr(A
′
W
′

y,λk
AWz,0) . . . tr(A

′
W
′

y,λk
AWz,λk)





φz,k,0

φz,k,1
...

φz,k,λk



=



tr(A
′
W
′
y,0Wy,0A) 0 . . . 0

0 tr(A
′
W
′
y,1Wy,1A)

. . .
...

...
. . . . . . 0

0 . . . 0 tr(A
′
W
′

y,λk
Wy,λkA)



−1



tr(A
′
W
′
y,0AWz,0) . . . tr(A

′
W
′
y,0AWz,λk)

tr(A
′
W
′
y,1AWz,0) . . . tr(A

′
W
′
y,1AWz,λk)

...
. . .

...

tr(A
′
W
′

y,λk
AWz,0) . . . tr(A

′
W
′

y,λk
AWz,λk)





φz,k,0

φz,k,1
...

φz,k,λk



=



tr(A
′
W
′
y,0AWz,0)

tr(A′W
′
y,0Wy,0A)

. . .
tr(A

′
W
′
y,0AWz,λk

)

tr(A′W
′
y,0Wy,0A)

tr(A
′
W
′
y,1AWz,0)

tr(A′W
′
y,1Wy,1A)

. . .
tr(A

′
W
′
y,1AWz,λk

)

tr(A′W
′
y,1Wy,1A)

...
. . .

...

tr(A
′
W
′
y,λk

AWz,0)

tr(A′W
′
y,λk

Wy,λk
A)
. . .

tr(A
′
W
′
y,λk

AWz,λk
)

tr(A′W
′
y,λk

Wy,λk
A)





φz,k,0

φz,k,1
...

φz,k,λk


= ΨkΦz,k,

(4.2)

where Ψk has dimensions λk + 1 by λk + 1, and for k = 1, . . . , p.

The 0 entries in the inverted matrix are due to tr(A
′
W
′

y,l1
Wy,l2A) =

tr(AA
′
W
′

y,l1
Wy,l2) =

∑
i,j[AA

′
W
′

y,l1
](i,j) ◦ [Wy,l2 ](i,j) = 0, since AA

′
is a diagonal

matrix, which only scalar-multiplies the rows of W
′

y,l1
. Further, the (i, j) elements of

W
′

y,l1
and Wy,l2 are never both non-zero for any i and j when l1 6= l2 (no location
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pairs are both lth1 and lth2 neighbors for l1 6= l2). Here, ◦ represents the element-wise

product.

An identical process can be done for the aggregate model MA parameters, θy,k,l.

For k ∈ 1, . . . , q, let

U∗ =

[
vec(AWz,0) vec(AWz,1) . . . vec(AWz,mk)

]
,

Θz,k =

[
θz,k,0 θz,k,1 . . . θz,k,mk

]′
,

V∗ =

[
vec(Wy,0A) vec(Wy,1A) . . . vec(Wy,mkA)

]
,

Θy,k =

[
θy,k,0 θy,k,1 . . . θy,k,mk

]′
.

Then,

Θy,k =



tr(A
′
W
′
y,0AWz,0)

tr(A′W
′
y,0Wy,0A)

. . .
tr(A

′
W
′
y,0AWz,mk

)

tr(A′W
′
y,0Wy,0A)

tr(A
′
W
′
y,1AWz,0)

tr(A′W
′
y,1Wy,1A)

. . .
tr(A

′
W
′
y,1AWz,mk

)

tr(A′W
′
y,1Wy,1A)

...
. . .

...

tr(A
′
W
′
y,mk

AWz,0)

tr(A′W′
y,mk

Wy,mk
A)
. . .

tr(A
′
W
′
y,mk

AWz,mk
)

tr(A′W′
y,mk

Wy,mk
A)





θz,k,0

θz,k,1
...

θz,k,mk


= Ψ∗kΘz,k, (4.3)

where Ψ∗k has dimensions mk + 1 by mk + 1, and for k = 1, . . . , q.

From Theorem 3, we have the following corollaries concerning Ψk and Ψ∗k:

Corollary 1. Every element of Ψk in (4.2) and of Ψ∗k in (4.3) is non-negative.

Proof. Each element involves the traces of the product of aggregation and weighting

matrices, which consist entirely of non-negative entries.

Corollary 2. For a given temporal order k, when all φz,k,l are of the same sign (for l =

0, 1, . . . , λk), the aggregate model parameter φy,k,0 will be of higher magnitude than its

corresponding non-aggregate parameter φz,k,0 (and similarly for the MA parameters).
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Proof. [Ψk](1,1) = tr(A
′
W
′
y,0AWz,0)/tr(A

′
W
′
y,0Wy,0A) = tr(A

′
A)/tr(A

′
A) =

1. Then φy,k,0 = φz,k,0 +
∑λk

l=1 φz,k,ltr(A
′
AWz,l)/tr(A

′
A) = φz,k,0 +∑λk

l=1 φz,k,ltr(A
′
AWz,l)/r, since tr(A

′
A) = tr(AA

′
), and AA

′
is a diagonal matrix

with trace r. As noted earlier, tr(A
′
AWz,l) is non-negative for all l.

Corollary 3. Ψk and Ψ∗k are both upper triangular matrices.

Proof. We see that [AWz,l2 ](i,j) is non-zero when non-aggregate location j is an lth2

neighbor of a non-aggregate location in aggregate location i. Also, [Wy,l1A](i,j) is non-

zero when non-aggregate location j is in an aggregate location that is an lth1 neighbor

of aggregate location i. Then [Ψk](l1,l2) = tr(A
′
W
′

y,l1
AWz,l2)/tr(A

′
W
′

y,l1
Wy,l1A) =

0 for l1 > l2 (and similarly for [Ψ∗k](l1,l2)). This is due to tr(A
′
W
′

y,l1
AWz,l2) =∑

i,j[Wy,l1A](i,j) ◦ [AWz,l2 ](i,j) = 0 since aggregate locations cannot be higher-order

neighbors than any of their non-aggregate locations. As an example, if non-aggregate

location j is 1st neighbors with another non-aggregate location in aggregate location

i, then non-aggregate location j cannot be in an aggregate location that is a 2nd

neighbor of aggregate location i.

Additional work reveals that the column sums of Ψk and Ψ∗k are often equal

to or close to 1. This would lead us to interpret the elements of each column of

these matrices as proportions. It is clear that element [Ψk](i,j) is the proportion

of influence of φz,k,j that is transferred to φy,k,i (and similarly for [Ψ∗k](i,j)). Each of

these elements are also the weighted proportion of jth neighbor relations that through

aggregation become (or remain) ith neighbor relations. For instance, when bordering

non-aggregate locations are aggregated together, they become part of the same 0th

neighbor aggregate, while if they are both on the edge of their respective aggregate

regions, they will remain part of 1st neighbors on the aggregate level. We will return

to this topic in Section 6.2.
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As with the STARMA model, the poolability condition of Result 1 for VARMA

models can be written in terms of the GSTARMA parameter matrices.

Theorem 4. Consider a non-aggregate variable that follows a GSTARMA

(pλ1,...,λp , qm1,...,mq) model as in (2.3) and its aggregate variable modeled with the

same model order. The conditions for poolability when parameters are known are:∑λk
l=0 AΦz,k,lWz,l =

∑λk
l=0 Φy,k,lWy,lA (for k = 1, 2, . . . , p) and

∑mk
l=0 AΘz,k,lWz,l =∑mk

l=0 Θy,k,lWy,lA (for k = 1, 2, . . . , q).

Proof. This follows from Result 1 using the GSTARMA model parameter matrices:

λk∑
l=0

AΦz,k,lWz,l = A

[ λk∑
l=0

Φz,k,lWz,l

]
= ABk

= DkA =

[ λk∑
l=0

Φy,k,lWy,l

]
A =

λk∑
l=0

Φy,k,lWy,lA,

for k = 1, 2, . . . , p, and

mk∑
l=0

AΘz,k,lWz,l = A

[ mk∑
l=0

Θz,k,lWz,l

]
= AMk

= PkA =

[ mk∑
l=0

Θy,k,lWy,l

]
A =

mk∑
l=0

Θy,k,lWy,lA,

for k = 1, 2, . . . , q.
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When the above conditions are met, the spatial aggregate of a poolable

GSTARMA(pλ1,...,λp , qm1,...,mq) model is

Yt = AZt = A

[ p∑
k=1

λk∑
l=0

Φz,k,lWz,lZt−k −
q∑

k=1

mk∑
l=0

Θz,k,lWz,lεt−k + εt

]

=

p∑
k=1

λk∑
l=0

AΦz,k,lWz,lZt−k −
q∑

k=1

mk∑
l=0

AΘz,k,lWz,lεt−k + Aεt

=

p∑
k=1

λk∑
l=0

Φy,k,lWy,lYt−k −
q∑

k=1

mk∑
l=0

Θy,k,lWy,let−k + et, (4.4)

where et = Aεt which has the same properties of the error in (4.1).

We use this relationship to solve for the aggregate model parameters in terms of

the non-aggregate parameters.

Theorem 5. When Theorem 4 is satisfied for non-aggregate and aggregate variables

that each follow a GSTARMA (pλ1,...,λp , qm1,...,mq) model, the parameters of the aggre-

gate model (given in 4.4) are the following:

φy,k,l,h =

λk∑
j=0

r∑
i=1

φz,k,j,itr(A
′
W
′

y,lJ
′

hAKiWz,j)/tr(A
′
W
′

y,lJ
′

hJhWy,lA), and

θy,k,l,h =

mk∑
j=0

s∑
i=1

θz,k,j,itr(A
′
W
′

y,lJ
′

hAKiWz,j)/tr(A
′
W
′

y,lJ
′

hJhWy,lA),

for h = 1, 2, . . . , r or h = 1, 2, . . . , s for the non-aggregate and aggregate model pa-

rameters respectively, and where Ki and Ji are r × r and s× s matrices respectively

with a 1 as the element in the ith row and ith column, and 0’s everywhere else.
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Proof. For k ∈ 1, . . . , p, let

Π =

[
vec(AK1Wz,0) . . . vec(AKrWz,0) . . . vec(AK1Wz,λk) . . . vec(AKrWz,λk)

]
,

Φz,k =

[
φz,k,0,1 . . . φz,k,0,r φz,k,1,1 . . . φz,k,1,r . . . φz,k,λk,1 . . . φz,k,λk,r

]′
,

Λ =

[
vec(J1Wy,0A) . . . vec(JsWy,0A) . . . vec(J1Wy,λkA) . . . vec(JsWy,λkA)

]
,

Φy,k =

[
φy,k,0,1 . . . φy,k,0,s φy,k,1,1 . . . φy,k,1,s . . . φy,k,λk,1 . . . φy,k,λk,s

]′
.

From this, ΠΦz,k = ΛΦy,k for all k, and thus Λ
′
ΠΦz,k = Λ

′
ΛΦy,k, resulting in a

solution for Φy,k as

Φy,k = (Λ
′
Λ)−1Λ

′
ΠΦz,k = ΩkΦz,k, (4.5)

where Ωk is a (sλk + s) by (rλk + r) matrix with (hl + h, ji + i)th element equal

to tr(A
′
W
′

y,lJ
′

hAKiWz,j)/tr(A
′
W
′

y,lJ
′

hJhWy,lA), where h = 1, . . . , s, l = 0, . . . , λk,

i = 1, . . . , r, j = 0, . . . , λk, and k = 1, . . . , p. The matrix (Λ
′
Λ)−1 simplifies to a

diagonal matrix for the same reasons as with the STARMA model in the proof of

Theorem 3 and since J
′
iJj = 0 for any i 6= j.

Additionally, for k ∈ 1, . . . , q for the MA parameters, let

Π∗ =

[
vec(AK1Wz,0) . . . vec(AKrWz,0) . . . vec(AK1Wz,mk) . . . vec(AKrWz,mk)

]
,

Θz,k =

[
θz,k,0,1 . . . θz,k,0,r θz,k,1,1 . . . θz,k,1,r . . . θz,k,mk,1 . . . θz,k,mk,r

]′
,

Λ∗ =

[
vec(J1Wy,0A) . . . vec(JsWy,0A) . . . vec(J1Wy,mkA) . . . vec(JsWy,mkA)

]
,

Θy,k =

[
θy,k,0,1 . . . θy,k,0,q θy,k,1,1 . . . θy,k,1,s . . . θy,k,mk,1 . . . θy,k,mk,s

]′
,
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which leads to the solution

Θy,k = (Λ∗
′
Λ∗)−1Λ∗

′
Π∗Φz,k = Ω∗kΘz,k, (4.6)

where Ω∗k is a (smk + s) × (rmk + r) matrix with (hl + h, ij + i)th element equal

to tr(A
′
W
′

y,lJ
′

hAKiWz,j)/tr(A
′
W
′

y,lJ
′

hJhWy,lA), where h = 1, . . . , s, l = 0, . . . ,mk,

i = 1, . . . , r, j = 0, . . . ,mk, and k = 1, . . . , q.

As for the STARMA model, the matrices Ωk and Ω∗k have non-negative elements,

for all k. In addition, we have the following corollary unique for GSTARMA models.

Corollary 4. Aggregate model parameters φy,k,l,h and θy,k,l,h (corresponding to ag-

gregate region h) do not depend on non-aggregate model parameters φz,k,j,i or θz,k,j,i

(corresponding to non-aggregate locations i) when non-aggregate area i is not part of

aggregate region h.

Proof. Consider the component of the numerator trace in Theorem 5: J
′

hAKi. Every

element of J
′

h is 0 except that in the hth row and hth column. Thus, the above product

is non-zero if the hth row of AKi is non-zero. Every column of AKi is the zero column

except for the ith, which is all 0’s except for the element in the gth row, where g is

the aggregate region that includes non-aggregate location i. Thus, J
′

hAKi is the zero

matrix when g 6= h, or equivalently when non-aggregate area i is not in aggregate

region h.

Thus we see that for both STARMA and GSTARMA models when parameters

are known and the poolability condition is met, each aggregate model parameter is a

function of other parameters of the same AR/MA temporal order. For GSTARMA

models, each aggregate model parameter can be written in terms of just the non-

aggregate parameters corresponding to non-aggregate locations that make up that

aggregate region. The work of this section has been assuming these parametric equal-
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ities hold and then concluding that both forecasts methods are equivalent. We now

turn to the case where we desire forecasts and want to test if poolability holds in

practice.

4.2 Forecasting the Aggregate Variable

The results we show in this section will be for STARMA models, but apply to

GSTARMA models as well. In the equations, the only difference would be to re-

place φk,l and θk,l with Φk,l and Θk,l. We begin with the case from the previous

section where parameters are known and move to the case where they have to be

estimated.

Since forecasting the aggregate variable is an important application and the focus

of our concerns with poolability, we will also demonstrate how the forecasts using

(3.4) compare to those using (2.2), regardless of poolability conditions in Theorem 2

being met. To specify again, the two methods for forecasting the aggregate variable

are to aggregate the forecasts from the non-aggregate model, which leads to forecast

error of

AεT (1) = A

[
ZT+1 −

p∑
k=1

λk∑
l=0

φz,k,lWz,lZT+1−k +

q∑
k=1

mk∑
l=0

θz,k,lWz,lεT+1−k

]
, (4.7)

and to forecast directly from the aggregate model, which leads to forecast error of

ηT (1) = YT+1 −
p∑

k=1

λk∑
l=0

φy,k,lWy,lYT+1−k +

q∑
k=1

mk∑
l=0

θy,k,lWy,lηT+1−k. (4.8)

The mean square forecast error (MSFE) from either method is the sum of squares

of each element in AεT (1) or ηT (1) divided by s. In the absence of parameter esti-

mation, the MSFE from either model is equal to the forecast error variance (FEV).

Then, it becomes possible to compare the two forecasting methods:
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Theorem 6. Given a non-aggregate variable that follows a STARMA

(pλ1,...,λp , qm1,...,mq) model as in (2.2) and modeling its aggregate as a STARMA

(pλ1,...,λp , qm1,...,mq) model as in (3.4) when parameters are known, the mean squared

forecast error of the s-dimension aggregate (notated MSFE(y)) is larger than that us-

ing the non-aggregate model (notated MSFE(z)) by the value of tr(E[vtv
′
t])/s, which

is 0 under the poolability condition given in Theorem 2 or Theorem 4, and where vt

is defined as in (3.8). In addition, this value is positive, so MSFE(y) ≥MSFE(z).

Proof. The one-step ahead MSFE using the aggregate model is

MSFE(y) = E[ηT (1)
′
ηT (1)]/s

= E[η
′

tηt]/s

= E[(vt + et)
′
(vt + et)]/s

= (E[v
′

tvt] + E[e
′

tet])/s

= (E[v
′

tvt] + E[e
′

T (1)eT (1)])/s

= E[v
′

tvt]/s+MSFE(z)

≥MSFE(z),

since vt and et are uncorrelated and E[v
′
tvt]/s ≥ 0, where E[v

′
tvt]/s =

tr(E[v
′
tvt])/s = tr(E[vtv

′
t])/s.

Thus for the STARMA model when the parameters are known, the forecast error

variance using the aggregate model is never smaller than that from the non-aggregate

model, just as in the VARMA model. The two methods are equal only if the poola-

bility condition of Theorem 2 or Theorem 4 holds (where vt = 0).
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It is most often the case that parameters will have to estimated. This means that

the forecast error resulting from the two forecasting options are

Aε̂T (1) = A

[
ZT+1 −

p∑
k=1

λk∑
l=0

φ̂z,k,lWz,lZT+1−k +

q∑
k=1

mk∑
l=0

θ̂z,k,lWz,lε̂T+1−k

]

= YT+1 −A

[ p∑
k=1

λk∑
l=0

φ̂z,k,lWz,lZT+1−k +

q∑
k=1

mk∑
l=0

θ̂z,k,lWz,lε̂T+1−k

]
, (4.9)

and

η̂T (1) = YT+1 −
p∑

k=1

λk∑
l=0

φ̂y,k,lWy,lYT+1−k +

q∑
k=1

mk∑
l=0

θ̂y,k,lWy,lη̂T+1−k. (4.10)

The MSFE is calculated the same way as before: from the non-aggregate model

as MSFEZ = E[êT (1)
′
êT (1)]/s, and from the aggregate model as MSFEY =

E[η̂T (1)
′
η̂T (1)]/s. Now however, the MSFE of either model is the sum of its fore-

cast error variance (as given in Theorem 6) and parameter estimation bias. In fact,

we can think of the aggregate model MSFE consisting of three components: forecast

error variance due to non-aggregate model error, forecast error variance due to devia-

tion from poolability, and uncertainty from parameter estimation. The non-aggregate

model MSFE only includes the first and third of these components.

To show this, following Lütkepohl (2007), the estimated forecasts of the aggregate

variable from both models have the following properties,

√
T

(
AẐt(1)−Yt+1

)
d−→ Ns(0,AΣẐ(1)A

′
), (4.11)

and

√
T

(
Ŷt(1)−Yt+1

)
d−→ Ns(0,ΣŶ (1)), (4.12)
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where AΣẐ(1)A
′ ≈ AΣA

′
+ AΩZ(1)A

′
/T = G + AΩZ(1)A

′
/T and ΣŶ (1) ≈ H +

ΩY (1)/T = G +E[vtv
′
t] + ΩY (1)/T , with ≈ denoting ‘approximately equal to’. The

matrices,

G = E[ete
′

t] = AE[εtε
′

t]A
′
= AΣA

′
, (4.13)

and

H = E[ηtη
′

t], (4.14)

which was defined in (3.2), are the covariance matrices of the aggregate-level error of

both models. In addition, ΩZ(1)/T and ΩY (1)/T are the biases due to estimation,

themselves estimated as

Ω̂Z(1) =
1

T

T∑
t=1

[
∂Zt(1)

∂β
′

Z

Σβ̂Z

∂Zt(1)
′

∂βZ

]
, (4.15)

and

Ω̂Y (1) =
1

T

T∑
t=1

[
∂Yt(1)

∂β
′

Y

Σβ̂Y

∂Yt(1)
′

∂βY

]
, (4.16)

where βZ and βY are vectors of all non-aggregate and aggregate model parameters,

respectively.

The MSFE from both models is then the average of the sum of squares of the

forecast error, or the trace of the covariance matrices above divided by s:

MSFEZ = tr(AΣẐ(1)A
′
)/s (4.17)
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and

MSFEY = tr(ΣŶ (1))/s. (4.18)

Then an approximation of the increase in MSFE using the aggregate model as a

proportion of the MSFE using the non-aggregate model is

MSFEY −MSFEZ
MSFEZ

=
tr(ΣŶ (1))− tr(AΣẐ(1)A

′
)

tr(AΣẐ(1)A
′)

≈ tr(Ĥ + Ω̂Y (1)/T − Ĝ−AΩZ(1)A
′
/T )

tr(Ĝ + AΩ̂Z(1)A′/T )
, (4.19)

where the components of this ratio can be approximated with sample estimates. For

large T , this ratio is dominated by tr(Ĥ− Ĝ)/tr(Ĝ), for which the expected value of

the numerator converges to tr(E[vtv
′
t]) which is the difference in Theorem 6 in the

case of known parameters.

Clearly, if Ck and Qk are very small for all k, then tr(E[vtv
′
t])/s ≈ 0 and the

above ratio will be approximately 0 for large T . Regardless, the ratio in (4.19)

indicates the actual impact of aggregation on the forecast errors. This ratio serves

to give an approximation of the percent increase in MSFE from the aggregate model

over the non-aggregate model as a percentage of the non-aggregate model MSFE. In

addition, it requires only the observations used to estimate the models (the ‘in-sample’

information), while providing insight about the forecasts (for future ‘out-of-sample’

observations). In practice, the modeler may want to compare this estimate with a

desired value of, say, 5%, 1%, or 0.5%, according to criteria relevant to the data and

analysis. However, as mentioned before, a test for poolability for the STARMA and

GSTARMA models is desired.
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4.3 Error Variance Test for Poolability

As previously mentioned, a test for poolability of the non-aggregate VARMA model

in practice has been given in Kohn (1982) and for the VAR(1) model in more detail

in Hendry and Hubrich (2006, 2011). We first will show that this test cannot be used

for STARMA or GSTARMA models, and then we will develop an appropriate test

and demonstrate it through simulations.

Test 1 for poolability of VARMA models forms a new variable, Xt = FZt =

[Y
′
t Z

′

(r−s),t]
′
, where Z(r−s),t is a subset of r− s non-aggregate observations at time t

corresponding to the non-zero columns of J(r−s)×r. By Kohn (1982), Xt also follows

a VARMA(p, q) model, and the parameter matrices of Xt are FB̂kF
−1 and FM̂kF

−1.

When the last r− s elements of the first s row of these matrices are 0, it means that

Yt is sufficiently modeled by its past observations and residuals, and that including

non-aggregate information on the r− s non-aggregate variables does not significantly

improve the model fit. On the other hand, non-zero coefficients indicate a loss in

information when only using the aggregate information to forecast the aggregate and

thus a lack of poolability.

We find this test to be inadequate to test poolability for the STARMA and

GSTARMA models. This is because the elements of its parameter matrices, FB̂kF
−1

and FM̂kF
−1, are unrestricted. In particular, the square sub-matrices formed from

the first r− s rows and columns of these matrices are the predicted aggregate model

parameter matrices and are unrestricted when using Test 1. However, the actual

estimated parameter matrices will follow the STARMA or GSTARMA model restric-

tions. In other words, this method does not adequately predict the impact of the

past aggregate information on the aggregate variable in the appropriate model for-

mat, so it does not adequately measure the impact of additional past non-aggregate

information. Therefore, a new test is needed.
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As mentioned before, the MSFE from the aggregate model can be attributed to

three sources: non-aggregate model error, deviation from poolability conditions, and

parameter estimation. We are primarily interested in testing the additional MSFE

due to the deviation from poolability caused by aggregation, which is tr(H)−tr(G) =

tr(E[vtv
′
t])/s as shown in Theorem 6 for known parameters and also the dominant

part of the numerator in (4.19) for estimated parameters when T is large. Thus,

in order to evaluate the difference in MSFE due to misspecification or aggregation

directly, we are interested in testing the following hypothesis:

H0 : tr(H−G)/s = 0

HA : tr(H−G)/s > 0, (4.20)

which is a one-sided hypothesis since we are primarily interested in the alternative

where the aggregate forecasts error variance is larger than the non-aggregate ones.

The above value can be estimated directly from the sample error of both models

as

tr(Ĥ− Ĝ)/s =
1

sT

T∑
t=1

(η̂
′

tη̂t − ê
′

têt)

=
1

sT

T∑
t=1

ζ̂
′

tKζ̂t, (4.21)

where K =

−Is 0s×s

0s×s Is

 and ζ̂t =

êt

η̂t

. We define R = E[ζ̂tζ̂
′

t] =

 G 0s×s

0s×s H

,

which is a 2s× 2s matrix. Since this difference is a sum involving a quadratic form,

we employ the results in Scheffe (1959) and Imhof (1961) to see that

ζ̂
′

tKζ̂t ∼
2s∑
i=1

λiχ
2
1,i, (4.22)
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the weighted sum of 2s independent chi-squared random variables each with one

degree of freedom. The weights are the eigenvalues of KR̂ (where adjustments are

required if the multiplicity of any eigenvalue is greater than 1).

Then, according to Welch (1938); Satterthwaite (1941); Box et al. (1954), this

quantity approximately follows the following

ζ̂
′

tKζ̂t ∼ aχ2
b,1, (4.23)

a single chi-squared random variable with b degrees of freedom where

a =

∑2s
i λ

2
i∑2s

i λi
≈ tr(KR̂KR̂)

tr(KR̂)
, (4.24)

and

b =
(
∑2s

i λi)
2∑2s

i λ
2
i

≈ tr(KR̂)2

tr(KR̂KR̂)
, (4.25)

In our sample, we have T estimates of (4.22) from the model residuals at each

time point. Using all T of these to estimate tr(H −G)/s leads us to the following

test:

Test 2. For a non-aggregate variable Zt estimated with a STARMA(pλ1,...,λp , qm1,...,mq)

or GSTARMA(pλ1,...,λp , qm1,...,mq) model and its aggregate Yt estimated with the same

model and model order, calculate the test statistic in (4.21) using R̂ = 1
T

∑T
t=1 ζ̂tζ̂

′

t.

The distribution of this test statistic can be simulated from many repetitive samplings

of the mean of T values of (4.22) or (4.23) using values of a and b given in (4.24) and

(4.25). Then the level-α test checks if the αth percentile of this distribution excedes

0. If it does not, the non-aggregate series is poolable.
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In summary, this proposed test for poolability evaluates whether the increase in

MSFE directly due to aggregation (and the resulting model misspecification) is signif-

icantly different from 0. Equivalently it tests if the higher-dimension non-aggregate

variable is more accurate at predicting the aggregate variable than the aggregate-

level information. The test requires estimation of both non-aggregate and aggregate

models to calculate its test statistic. It is useful in that it only relies on in-sample

information and that it enables us to identify the features of models and aggregation

that foster poolability. It should also be noted that this test did not rely on any

special knowledge or structure of the STARMA model and thus could apply to the

GSTARMA model and a general VARMA model as well.

4.4 Likelihood Ratio Test for Poolability

An alternative test is given here, based on the likelihood ratio of both models of the

aggregate variable. The two forecasting methods from (4.9) and (4.10) can be viewed

as overlapping regression models in that they have the same response variable and

share predictor variables (Yt−k), while their other predictor variable differs. As a

note, those forecast methods are given for STARMA models and notation would have

to be adjusted for GSTARMA models.

Vuong (1989) provided a likelihood ratio test for such a model comparison of

overlapping models, and so we will apply that general test to our specific case. When

at least one model is known to be correctly specified, as in the case where the non-
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aggregate data is simulated or fit with a model beforehand, the hypotheses are

H0 : E

[
log

f(Yt|Zt−1; Φz)

g(Yt|Yt−1; Φy)

]
= 0 (Models (3.1) and (3.4) are Equivalent),

HA : E

[
log

f(Yt|Zt−1; Φz)

g(Yt|Yt−1; Φy)

]
> 0 (Model (3.4) is Inferior to Model (3.1)),

(4.26)

where Φz and Φy are the models’ parameter sets, of dimension p1 and p2 respectively.

The test statistic for the above hypotheses is the following likelihood ratio,

LRT (Φ̂z, Φ̂y) =
T∑
t=1

log
f(Yt|Zt−1; Φ̂z)

g(Yt|Yt−1; Φ̂y)
, (4.27)

where f and g are the likelihood functions at maximum likelihood estimators Φ̂z and

Φ̂y. Under the null hypothesis, for any non-negative x

Pr(2LRT (Φ̂z, Φ̂y) ≤ x)−Mp1+p2(x, λ̂)
a.s.−−→ 0,

where Mp1+p2(x,λ) is the c.d.f. of the weighted sum of p1+p2 independent chi-squared

random variables. The weights, λ = (λ1, . . . , λp1+p2), are eigenvalues of

W =

 −Bf (Φz)A
−1
f (Φz) −Bfg(Φz,Φy)A

−1
g (Φy)

Bgf (Φy,Φz)A
−1
f (Φz) Bg(Φy)A

−1
g (Φy),

 , (4.28)

where

Af (Φz) = E

[
∂2 log f(Yt|Zt−1; Φz)

∂Φz∂Φ′z

]
,

Bf (Φz) = E

[
∂ log f(Yt|Zt−1; Φz)

∂Φz

∂ log f(Yt|Zt−1; Φz)

∂Φ′z

]
, and
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Bfg(Φz,Φy) = B
′

gf (Φy,Φz) = E

[
∂ log f(Yt|Zt−1; Φz)

∂Φz

∂ log g(Yt|Yt−1; Φy)

∂Φ′y

]
,

where Ag(Φy) and Bg(Φy) are of the same format as Af (Φz) and Bf (Φz) above but

for the aggregate-level model. Sample information is used to form W in practice.

Thus we have the following test for model equivalence:

Test 3. For a non-aggregate variable Zt estimated with a STARMA or GSTARMA

model and its aggregate Yt estimated with the same model and model order, calculate

the test statistic in (4.27). The null hypothesis is rejected in favor of the alternative

when 2LRT (Φ̂z, Φ̂y) > c for some value c such that Mp1+p2(c, λ̂) = 1 − α. If it does

not, the non-aggregate series is poolable.

This test is especially applicable for STAR and GSTAR models, since they can

be viewed as regression-type models. The test for models involving moving average

components can also be computed as in Test 3. When the null hypothesis for this

test is rejected, we conclude that the non-aggregate information is more accurate at

fitting the aggregate variable than the aggregate information is. Otherwise, there

is no significant difference between the fits of both models. These results provide a

substantial insight into forecasting the aggregate variable as well as methods to test

for poolability.
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CHAPTER 5

OPTIMAL AGGREGATION OF

NON-AGGREGATE AREAS

5.1 Based on Deviation Matrices

5.1.1 The STARMA Model

So far we have seen that both model order and poolability are dependent on the

magnitude of the matrices Ck and Qk. What aspects of aggregation cause large

or small values of Ck and Qk? We begin by showing the decomposition of Ck for

STARMA models. We will use the notation of (3.6):

Ck = A

[ λk∑
l=0

φz,k,lWz,l

]
−
[ λk∑
l=0

φy,k,lWy,l

]
A = ABk −DkA, (5.1)

where Bk and Dk are the non-aggregate and aggregate STARMA model autoregressive

parameter matrices in VARMA model notation. The matrices ABk and DkA (and

thus Ck) are s × r, where the element in the ith row and jth column corresponds to

the ith aggregate region and the jth non-aggregate area (within aggregate region ij).
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The (i, j) elements of [DkA][i,j] are only free to vary by spatial lag l (in φy,k,l)

and the number of lth neighbors aggregate region i has (in the values of Wy,l). For

example, consider r = 6 non-aggregate areas arranged in a 2 × 3 lattice grid and

aggregated by columns into s = 3 aggregate regions shown here:

1 2 3

4 5 6
→ 1 2 3 .

This corresponds to

A =

1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1

 ,Wy,1 =

0 1 0
1
2

0 1
2

0 1 0

 , and Wy,2 =

0 0 1
0 0 0
1 0 0

 ,
meaning that

DkA = φy,k,0A + φy,k,1Wy,1A + φy,k,2Wy,2A

=

φy,k,0 φy,k,1 φy,k,2 φy,k,0 φy,k,1 φy,k,2
φy,k,1

2
φy,k,0

φy,k,1
2

φy,k,1
2

φy,k,0
φy,k,1

2

φy,k,2 φy,k,1 φy,k,0 φy,k,2 φy,k,1 φy,k,0


In this example, there are only four different values among the 18 elements of

DkA. Each different value corresponds to a different pair of spatial lag l and number

of lth neighbors. As mentioned earlier, the element in the [i, j]th position of DkA

corresponds to non-aggregate area i and aggregate region j. We now see that every

i, j pair for which i and ij (the aggregate region that includes non-aggregate area j)

are lthneighbors and i has ml,i l
thneighbors will have the same value of [DkA][i,j]. In

this section, we create a new system of indexing based on neighbors that will be more

useful to decomposing Ck.

In general, we first identify the maximum spatial lag (λk) between aggregate

regions. Then for each spatial lag l ∈ {0, . . . , λk}, we place the aggregate regions into

ql groups which each have the same number of lth neighbors and thus the same value
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in Wy,l (given as wy,l,g) for group g. Next for each group g ∈ {1, . . . , ql}, there are nl,g

pairs of non-aggregate areas and aggregate regions that have the same l and g values,

and we index each by h ∈ {1, . . . , nl,g}. So each i, j index corresponds to a unique

l, g, h combination, where i and ij are lth neighbors, i’s number of lth neighbors puts

it in group g, and this i, j pair is the hth such pair with this l and g. By this notation,

the value of [DkA]l,g,h is the same for all h within each l and g.

Again we illustrate with our earlier example. The maximum spatial lag on the

aggregate level is λk = 2, and for each we must determine the number of lth neighbors.

For l = 0, all aggregate regions have one 0th neighbor (q0 = 1), and each of the six non-

aggregate areas is in an aggregate region that is 0th neighbors with own aggregate re-

gion (n0,1 = 6). These correspond to (i, j) pairs (1, 1), (2, 2), (3, 3), (1, 4), (2, 5), (3, 6).

Two aggregate regions have one 1st neighbor and one has two (q1 = 2). For the

first group, there are four (i, j) pairs (n1,1 = 4) such that ij is 1st neighbors with an

aggregate region that has only one 1st neighbor: (1, 2), (1, 5), (3, 2), and (3, 5). In the

second group there are also four pairs (n1,2 = 4) such that ij is 1st neighbors with an

aggregate region that has two 1st neighbor: (2, 1), (2, 3), (2, 4), and (2, 6). Finally, two

aggregate regions have one 2nd neighbor (q2 = 1); there are four pairs (n2,1 = 4) for

this group: (1, 3), (1, 6), (3, 1), (3, 4). The following shows the translation of positional

indexing to neighborhood indexing:

1, 1 1, 2 1, 3 1, 4 1, 5 1, 6

2, 1 2, 2 2, 3 2, 4 2, 5 2, 6

3, 1 3, 2 3, 3 3, 4 3, 5 3, 6

→
0, 1, 1 1, 1, 1 2, 1, 1 0, 1, 4 1, 1, 2 2, 1, 2

1, 2, 1 0, 1, 2 1, 2, 2 1, 2, 3 0, 1, 5 1, 2, 4

2, 1, 3 1, 1, 3 0, 1, 3 2, 1, 4 1, 1, 4 0, 1, 6

.

i, j pairs→ l, g, h indexing

Now, to our main goal of measure the magnitude of Ck, we use the sum of its

squared elements (which is the squared Frobenius norm of the matrix), transitioning
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to this new indexing notation, given as:

SSCk =
s∑
i=1

r∑
j=1

[Ck]
2
[i,j]

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − [DkA]l,g,h)
2

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − φy,k,lwy,l,g)2. (5.2)

Theorem 7. It can be shown that the sum of squared elements of Ck for STARMA

models is minimized when, for each l,

φ∗y,k,l =

∑ql
g=1wy,l,g

∑nl,g
h=1[ABk]l,g,h∑ql

g=1 nl,gw
2
y,l,g

=

∑ql
g=1 nl,gwy,l,g[ABk]l,g,∗∑ql

g=1 nl,gw
2
y,l,g

, (5.3)

where

[ABk]l,g,∗ =
1

nl,g

nl,g∑
h=1

[ABk]l,g,h, (5.4)

the mean of the elements of ABk corresponding to the gth group at the lth spatial lag.

The proof of this theorem and all others in this section is provided in the Appendix.

When we substitute φy,k,l with φ∗y,k,l into (5.2), we have the following.

Theorem 8. When using values of the aggregate model parameter that minimize the

sum of squared elements of Ck for STARMA models, the minimized sum of squares

is

SSCk =

λk∑
l=0

[( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h

)
− dl

]
, (5.5)
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where

dl =
(
∑ql

g=1wy,l,g
∑nl,g

h=1[ABk]l,g,h)
2∑ql

g=1 nl,gw
2
y,l,g

=
(
∑ql

g=1 nl,gwy,l,g[ABk]l,g,∗)
2∑ql

g=1 nl,gw
2
y,l,g

. (5.6)

While the exact value of dl does impact the above equation, the sum of squared

elements of Ck depends primarily on how much the elements of [ABk]l,g,h vary among

all g and h within each spatial lag l. To see what causes this variation, we obtain the

following

[ABk][i,j] =

λk∑
l=0

φz,k,l[AWz,l][i,j] =

λk∑
l=0

φz,k,l

r∑
m=1

[A][i,m][Wz,l][m,j],

where [A][i,m] is an indicator (1 or 0) when non-aggregate area m is in aggregate region

i, and [Wz,l][m,j] is the spatial weight of non-aggregate area j upon non-aggregate area

m. Thus, [ABk][i,j] represents the sum of non-aggregate area j’s impact upon non-

aggregate areas that make up aggregate region i, which can be across multiple spatial

lags. We conclude that this value varies among all i and j to the extent that aggregate

regions consist of vastly different numbers of non-aggregate areas (the row sums of

A), and to a lesser extent upon how non-aggregate areas differ in the number of lth

neighbors (the variety within columns of Wz,l).

To illustrate, consider l = 0, in which each aggregate region has the same number

of 0th-neighbors: 1 (itself). Thus, q0 = 1, and n0,1 = r since each of the r non-

aggregate areas is related to only one aggregate region at the 0th spatial scale. In

addition, Wy,0 is the identity matrix, so wy,0,1 = 1. Then we have the following.

Theorem 9. For spatial lag l = 0, the value of the aggregate model parameter that

minimizes the sum of squared elements of Ck for STARMA models is

φ∗y,k,0 =

∑r
h=1[ABk]0,1,h

r
= [ABk]0,∗,∗, (5.7)
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the mean of the [ABk]0,1,h elements. In addition,

q0∑
g=1

n0,g∑
h=1

[Ck]
2
0,g,h =

r∑
h=1

([ABk]0,1,h − [ABk]0,∗,∗)
2, (5.8)

the sum of squared deviations of the [ABk]0,1,h elements.

We see that for non-aggregate area h within aggregate region ih,

[ABk]0,1,h =

λk∑
l=0

φz,k,l[AWz,l][ih,h] =

λk∑
l=0

φz,k,l

r∑
m=1

[A][ih,m][Wz,l][m,h],

The value of [ABk]0,1,h represents the sum of non-aggregate area h’s impact on non-

aggregate areas within the same aggregate region as h is. These are equal for all h

when each aggregate region consists of the same number of non-aggregate area (the

number of non-zero [A][ih,m] are the same for all ih) which have the same set of number

of lth neighbors (the set of non-zero [Wz,l][m,h] are the same for all h).

The work in this section has so far pertained to STARMA models regarding Ck.

We now show that the exact same results apply to Qk. First, consider the devia-

tion from poolability originally given in (3.7) for the moving average components of

STARMA models:

Qk = A

[ mk∑
l=0

θz,k,lWz,l

]
−
[ mk∑
l=0

θy,k,lWy,l

]
A = AMk −PkA, (5.9)

where Pk and Mk are the VARMA model format of the non-aggregate model and

aggregate model moving-average parameter matrices.

66



Calculating the sum of squared values of Qk (or SSQk) leads to the following:

SSQk =
s∑
i=1

r∑
j=1

[Qk]
2
[i,j]

=

mk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Qk]
2
l,g,h

=

mk∑
l=0

ql∑
g=1

nl,g∑
h=1

([AMk]l,g,h − [PkA]l,g,h)
2

=

mk∑
l=0

ql∑
g=1

nl,g∑
h=1

([AMk]l,g,h − θy,k,lwy,l,g)2. (5.10)

In addition,

[AMk][i,j] =

mk∑
l=0

θz,k,l[AWz,l][i,j] =

mk∑
l=0

θz,k,l

r∑
m=1

[A][i,m][Wz,l][m,j]. (5.11)

The aggregation matrix, spatial weighting matrices, and format in constructing the

deviation matrices are all the same as those in the earlier results concerning SSCk.

This reveals that both Ck and Qk depend on the features A and Wz,l in the same

way and differ only by the respective AR or MA parameters at temporal lag k.
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5.1.2 The GSTARMA Model

When GSTARMA models are examined in the same matter, we see that

SSCk =
s∑
i=1

r∑
j=1

[Ck]
2
[i,j]

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − [DkA]l,g,h)
2

=

λk∑
l=0

s∑
g=1

nl,g∑
h=1

([ABk]l,g,h − φy,k,l,gwy,l,g)2, (5.12)

where the elements of DkA differ by spatial lag l and aggregate region g.

The previously-mentioned (l, g, h) format is more intuitive for GSTARMA models

than for STARMA models. The index l still represents spatial lag. But now, g indexes

the different non-zero values of DkA for each spatial lag. These values are identical

for each of the s aggregate regions because both parameters and spatial weights differ

by location. Thus, g ∈ (1, 2, . . . , s), and nl,g is the number of lth neighbors that

aggregate region g has. This results in unique non-zero elements of DkA for each

spatial lag and aggregate region, given as φy,k,l,gwy,l,g, where wy,l,g is the non-zero

element in row g of Wy,l. With this slight modification, we have the following:

Theorem 10. It can be shown that the sum of squared elements of Ck for GSTARMA

models is minimized when, for each l and g,

φ∗y,k,l,g =
wy,l,g

∑nl,g
h=1[ABk]l,g,h

nl,gw2
y,l,g

=
[ABk]l,g,∗
wy,l,g

=

nl,g∑
h=1

[ABk]l,g,h, (5.13)
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where

[ABk]l,g,∗ =
1

nl,g

nl,g∑
h=1

[ABk]l,g,h, (5.14)

the mean of the elements of ABk corresponding to the gth aggregate region at the lth

spatial lag.

The proof of this is provided in the Appendix.

Regarding these elements of ABk for GSTARMA models, we have

[ABk][i,j] =

λk∑
l=0

[AΦz,k,lWz,l][i,j] =

λk∑
l=0

r∑
m=1

[AΦz,k,l][i,m][Wz,l][m,j]. (5.15)

Since Φz,k,l is diagonal matrix, AΦz,k,l is simply a weighted form of A with both

matrices having non-zero elements in the same position. Theorem 10 implies that

SSCk increases with the variance of elements in ABk for the same l and g (or row i

of ABk). Using (5.15) above, we see that this creates another cause of variation in

the elements of ABk: aggregate regions in which some consist of non-aggregate areas

with large corresponding parameters while others consist of those with smaller valued

parameters. Thus, the variation in the values of non-aggregate parameters allows

additional ways for certain aggregation schemes to cause larger SSCk or SSQk.

Many of the earlier equations and theorems for STARMA models also apply to

GSTARMA models, and so they are not repeated. Thus, the only aspects of the SSCk

and SSQk equations in the previous section that change for GSTARMA models are

the indexing and the parameter values that differ for each location. All other aspects

and results are the same.
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5.1.3 Equal Spatial Weighting

Finally, we present results for an alternative modeling method regarding one of the

factors that increases SSCk and SSQk. Variation in the number of lth neighbors

(either of non-aggregate areas or aggregate regions) has been mentioned earlier, and

is incorporated into the model through the variation of the non-zero elements of

the weighting matrices. We now consider the impact of equal weighting for all lth

neighbors. The rows will not all sum to one, but the largest row-sum will be 1, so

that the properties of weighting matrices mentioned in Section 2 still hold. We use the

notation of wz,l and wy,l for the non-aggregate and aggregate weight for lth-neighbors,

respectively, where wz,l = 1/ml if areas i and j are lth neighbors and 0 otherwise,

where ml is the maximum number of lth neighbors any area has. We present the

following for STARMA models, although as before this can be easily adjusted for

GSTARMA models.

First, this results in [DkA]l,g,h taking only one value for each l: φy,k,lwy,l. The

function of the grouping index g was to differentiate aggregate regions with different

numbers of lth neighbors which had differ weighting matrix values, but that notation

no longer applies. Then,

Theorem 11. It can be shown that the sum of squared elements of Ck for STARMA

models is minimized under equal weighting when, for each l,

φ∗y,k,l =

∑nl
h=1[ABk]l,h
nlwy,l

=
[ABk]l,∗
wy,l

, (5.16)

where

[ABk]l,∗ =
1

nl

nl∑
h=1

[ABk]l,h, (5.17)

the mean of the elements of ABk corresponding to the lth spatial lag.
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Again, the proofs of theorems in this section are provided in the Appendix.

When we substitute φy,k,l with φ∗y,k,l into (5.16), we have

Theorem 12. When using the aggregate model parameter values that minimize the

sum of squared elements of Ck for STARMA models under equal weighting, the min-

imized the sum of squares is

SSCk =

λk∑
l=0

[ nl∑
h=1

([ABk]l,h − [ABk]l,∗)
2

]
, (5.18)

the total sum of squared deviation of the [ABk]l,h elements.

This formation of the magnitude of Ck is calculated more easily and interpreted

more simply than that of the row standardized weighting. It is important to also

examine the impact of equal weighting mean on the non-aggregate level concerning

the variation of elements of [ABk]l,h for each spatial lag l. We see that [AWz,l][i,j] is

now just the product of wy,l and the number of non-aggregate j’s lth neighbors that

are in the same aggregate region as j. So now, the magnitude of Ck is almost entirely

dependent on how similar the aggregate regions are in the number of non-aggregate

areas incorporated in each.

In conclusion, the elements of the Ck and Qk matrices grow in magnitude when

the elements of ABk and AMk vary greatly for each l and g. This variance increases

when aggregate regions consist of different numbers of non-aggregate areas, when

non-aggregate areas have differing numbers of lth neighbors, and when parameter

values differ greatly for GSTARMA models. Using equal spatial weights at the non-

aggregate level likely lessens the variance involved in SSCk and SSQk, while using

equal spatial weights at the aggregate level likely increases the values of SSCk and

SSQk.
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5.2 Algorithm for Optimal Aggregation

The discussion in the previous section gives general characteristics of aggregation that

preserves or deviates from the properties of poolability. From these, we can conclude

that some aggregation schemes are better than others in that the resulting aggregate-

level model has lower error. However, in the case of working with empirical data or

a known spatial configuration of non-aggregate locations, this knowledge does not

identify a specific aggregation scheme that is best (i.e., whose aggregate-level error

is the lowest). In this section, our goal is to create an algorithm that discover the

aggregation matrix A that results in the minimum additional error in the aggregate-

level model.

If the number of non-aggregate areas is small, it may be possible to determine and

compare all possible methods of aggregation. In most practical cases, this will not be

the case, so another technique is needed. To accomplish this, we must first establish

what A we will consider, what function of the aggregate model error to minimize,

and what method will be used to arrive at the optimal A. Variation on this algorithm

could be easily employed for different studies with different goals or measurements. It

is also important that this methodology be useful for both STARMA and GSTARMA

models of any order.

To begin, we assume that the non-aggregate variable is known and has been

successfully fit with a STARMA or GSTARMA model, with estimates of parameter

values and the error covariance matrix. Then, the criteria that we use to compare

aggregations schemes is the relative increase in sum of error variances (RISEV), given

as

RISEV = tr(Ĥ)/tr(Ĝ), (5.19)
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which is a similar value to important measures discussed earlier in (4.19) and (4.21).

Here, Ĝ = AΣ̂A
′

is the covariance matrix of the aggregated residuals from the non-

aggregate model, which will be known for any A. In addition, Ĥ is the residual

covariance matrix of the aggregate model which will need to be estimated. This can

be done using the results of Section 3.1 combined with those of Section 5.1. These

results determine the aggregate model parameters which minimize SSCk and SSQk

(and thus Ck and Qk) for the aggregate of any STARMA or GSTARMA model.

These Ck and Qk (in combination with the non-aggregate level covariance matrices)

are what define H.

In this paper, we limit aggregation to bordering non-aggregate areas, which results

in aggregate regions that are contiguous and not broken up by other aggregate regions.

Another restriction is that any aggregation scheme A that is considered must result

in s aggregate regions, where s is an input for the algorithm. This limits the number

of potential aggregations schemes that can be considered, since aggregation must not

result in an additional or fewer number of regions. If either property is not desirable,

then that restriction can be deleted from the following algorithm.

This provides the necessary structure for the algorithm, given in Algorithm 1. It

involves starting with an initial aggregation scheme. Then, each non-aggregate area

is placed into a neighboring aggregate region (if there are any), resulting in a new

aggregation scheme with a new RISEV value. If any such schemes result in a lower

RISEV than the previous iteration’s, then the scheme with the lowest is the updated

aggregation scheme. This continues until no decline in RISEV occurs. Since the

optimal aggregation scheme may not be a possible outcome reached from the initial

scheme, this entire process is repeated N times, where N is large enough to cover a

sufficient number of initial random aggregate schemes. Finally, the A of the smallest

final RISEV out of all N is the optimal aggregation scheme.
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Algorithm 1 Optimal Aggregation Selection Algorithm

1: procedure FindOptimalA
2: for h ∈ 1, . . . , N do
3: Select initial (k = 0) random scheme Ah,0

4: Calculate tr(Hh,0)/tr(Gh,0)
5: while k = 0 or tr(Hh,k)/tr(Gh,k) < tr(Hh,k−1)/tr(Gh,k−1) do
6: k = k + 1
7: for each non-aggregate area j ∈ 1, . . . , r do
8: for each aggregate region i that borders j do
9: Place j in i
10: if Resulting Ah,k,i,j creates s aggregate regions then
11: Calculate tr(Hh,k,i,j)/tr(Gh,k,i,j)
12: end if
13: end for
14: end for
15: Select Ah,k = Ah,k,i,j corresponding to min(tr(Hh,k,i,j)/tr(Gh,k,i,j))
16: end while
17: Resulting Ah,k is optimal aggregation starting at Ah,0

18: end for
19: Select Aopt = Ah,k corresponding to min(tr(Hh,k)/tr(Gh,k))
20: Resulting Aopt is optimal aggregation
21: end procedure

Four aspects of the algorithm have not been addressed yet. These are how to

arrive at a random aggregation scheme that initiates the algorithm, how to know what

aggregate regions border any non-aggregate area, how to determine what aggregation

schemes will preserve s aggregate regions, and how to determine the aggregate-level

spatial weighting matrices from the known information. We deal with these in order.

To draw a random Ah,0, we propose thinking of aggregation as either preserv-

ing or removing the borders between non-aggregate areas. The non-aggregate areas

which border each other have non-zero elements in Wz,1 at the corresponding row

and column number. These indices can easily be compiled. For each, a realization of

a Bernoulli random variable can be assigned to each, designating if that border will

remain or be aggregated over, resulting in an instance for Ah,0. The Bernoulli param-

eter p can be adjusted based on the ratio of s to r to make arriving at s aggregate
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regions more likely. Similarly, it is also possible to fix the number of aggregated-over

borders (say, at a) by obtaining a random permutation of a string of 0’s and 1’s (with

a 1’s). The random sampling and creation of Ah,0 is repeated until one creates s

contiguous aggregate regions.

The second question is how to determine what aggregate regions (if any) a non-

aggregate area borders. These are the possible ways to place the non-aggregate area

into a new aggregate region. We note that the (i, j)th element of AWz,1 is non-zero

when non-aggregate area j borders a non-aggregate area in the aggregate region i.

This will be non-zero for the aggregate region that j is part of (ij), but also non-zero

for any other aggregate region i that indicates a bordering aggregate region that j

could alternatively be placed in.

Next, there are two ways to deviate from s aggregate regions after switching a

non-aggregate area to another aggregate region. The first is when that non-aggregate

area is the only area that comprises its aggregate region, and so placing it in a new

aggregate region results in one fewer aggregate region than desired. This is corrected

by first checking the number of other non-aggregate areas in each aggregate region and

limiting the exchanges to preserve s regions. The second is when the non-aggregate

areas that is switched is the only link in a sequence of non-aggregate areas in the

original aggregate region, and so switching it to a new region breaks the original one

into two separated parts (and thus having more than the desired number of aggregate

regions).

The process to prevent this second form of aggregation is more complicated, and

we desire a method to automatically perform it. We first observe that the (i, j)th

element of Lk = (A
′
A ◦Wz,1)

k is non-zero when it is possible to move between non-

aggregate areas i and j in k moves when i and j are part of the same aggregate region.

Then for large enough k to move between the most distant non-aggregate areas, we

form matrix P with binary (i, j) elements that equal 1 when the (i, j) element of
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Lk + Lk+1 is non-zero and 0 otherwise (both even and odd powers are needed for

many lattice grid arrangements). Each row i of P indicates which j are in the same

aggregate region as i. Since each row is identical for all i that are part of the same

aggregate region, the number of aggregate regions is the number of unique rows of

P. This is used to identify when an aggregate region is divided into two regions in a

way that examining A directly cannot.

Finally, we explain how it is possible to derive Wy,l directly from A for any new

aggregation scheme. We observe that the (i, j)th of (AWz,1A
′
)k is non-zero when it

is possible to move between aggregate regions i and j in k moves. Then the (i, j)th

element of Wy,l is non-zero when the corresponding element of (AWz,1A
′
)l is non-

zero but the (i, j)th elements of all (AWz,1A
′
)l
∗

are zero, for all l∗ < l. Once the

non-zero elements of each Wy,l are known, the matrices can be row-standardized so

that the rows sum to 1.

These procedures are possible for STARMA and GSTARMA models of any order.

The algorithm will be demonstrated for the empirical data illustrations in Chapter 7.
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CHAPTER 6

ADDITIONAL AGGREGATION

FINDINGS

6.1 Aggregation of STAR(11) and GSTAR(11)

Models

The most basic form of STARMA and GSTARMA models are the STAR(11) and

GSTAR(11) models. Each series is modeled in terms of its most recent observation

and those of its 1st neighbors. There is the purely autoregressive term and the spa-

tial autoregressive term. Being autoregressive models, they can be estimated using

ordinary least squares. In this section, we provide additional results for these models.

The estimated non-aggregate STAR(11) model is

Zt = φ̂z,1,0Zt−1 + φ̂z,1,1Wz,1Zt−1 + ε̂t, (6.1)

while the estimated non-aggregate GSTAR(11) model is

Zt = Φ̂z,1,0Zt−1 + Φ̂z,1,1Wz,1Zt−1 + ε̂t. (6.2)
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We begin by examining the STAR(11) model in more detail.

Assume that the non-aggregate estimates above are known, as well the aggregation

information contained in A and Wy,1. Then as discussed previously, estimating

the aggregate variable with a STAR(11) model results in misspecification due to

aggregation, measured as

Ĉ1 = φ̂z,1,0A + φ̂z,1,1AWz,1 − φ̂y,1,0A− φ̂y,1,0Wy,1A. (6.3)

We view vec(Ĉ1) as the residuals in the equation vec(Ĉ1) = UΦ̂z,1 −VΦ̂y,1, which

was introduced in Theorem 3. If it is possible for Ĉ1 to equal 0, then the aggregate

model parameters are those that satisfy Theorem 2 and are given as those in Theorem

3. In the case that Ĉ1 is never 0, an infinite number of possible values of φ̂y,1,0 and

φ̂y,1,0 could be chosen for the aggregate model. However, what combination minimizes

this misspecification error?

As before, we choose to measure this by the sum of squared elements of Ĉ1 (or

SSC1), which is equivalent to tr(Ĉ1Ĉ
′
1). We then see that the aggregate model pa-

rameter solution in Theorem 3 is identical to those in the aggregate model parameters

which minimize tr(Ĉ1Ĉ
′
1). This leads us to the following:

Φ̂y,1 = Ψ1Φ̂z,1 =

1 ψ1

0 ψ2


φ̂z,1,0
φ̂z,1,1

 , (6.4)

where ψ1 = tr(A
′
AWz,1)/tr(A

′
A) = tr(A

′
AWz,1)/r and ψ2 =

tr(A
′
W
′
y,1AWz,1)/tr(A

′
W
′
y,1Wy,1A) by Theorem 3 and its corollaries.
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Using these parameter estimates, the aggregate model is

Yt = φ̂y,1,0Yt−1 + φ̂y,1,0Wy,1Yt−1 + η̂t

= (φ̂z,1,0 + ψ1φ̂z,1,1)Yt−1 + ψ2φ̂z,1,1Wy,1Yt−1 + η̂t, (6.5)

and a model misspecification measure of

Ĉ1 = φ̂z,1,0A + φ̂z,1,1AWz,1 − (φ̂z,1,0 + ψ1φ̂z,1,1)A− ψ2φ̂z,1,1Wy,1A

= φ̂z,1,1AWz,1 − ψ1φ̂z,1,1A− ψ2φ̂z,1,1Wy,1A

= φ̂z,1,1[AWz,1 − ψ1A− ψ2Wy,1A]

= φ̂z,1,1

[
AWz,1 −

tr(A
′
AWz,1)

tr(A′A)
A−

tr(A
′
W
′
y,1AWz,1)

tr(A′W
′
y,1Wy,1A)

Wy,1A

]
= φ̂z,1,1S. (6.6)

Thus, the minimized model misspecification due to aggregating a STAR(11) model

is a function of the spatial parameter (which is estimated) and the (q × r) matrix S

(which is calculated from known matrices). Note that this solution does not depend

on the non-aggregate purely AR parameter estimate, φ̂z,1,0.

Then, the minimum sum of squared values of Ĉ1 can be written as

SSC1 = tr(Ĉ1Ĉ
′

1) = tr(φ̂z,1,1SS
′
φ̂z,1,1) = φ̂2

z,1,1tr(SS
′
). (6.7)

Using Borovkova et al. (2008), the least squares estimates of the non-aggregate

model parameters are

Φ̂z,1 = (X
′
X)−1X

′
Z, (6.8)
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where X = [X
′
0 X

′
1 . . . X

′
T−1]

′
, Xt = [Zt Wz,1Zt], Z = [Z

′
1 Z

′
2 . . . Z

′
T ]
′
,

and Z0 = 0. Borovkova et al. (2008) also provided properties of the least squares

estimates, which, as T →∞, converge in distribution to a bivariate normal:

√
T (Φ̂z,1 −Φz,1)

d−→ N2(0,P
−1
z MzzP

−1
z ) (6.9)

where

Pz =

 tr(Γz(0)) tr(Γz(0)W
′
z,1)

tr(Wz,1Γz(0)) tr(Wz,1Γz(0)W
′
z,1)

 ,
and

Mzz =

 tr(ΣΓz(0)) tr(ΣΓz(0)W
′
z,1)

tr(ΣWz,1Γz(0)) tr(ΣWz,1Γz(0)W
′
z,1)


Due to φ̂z,1,1 being asymptotically normal, from Chun and Shapiro (2009), we see

that

tr(Ĉ1Ĉ
′
1)

tr(SS′)V ar[φ̂z,1,1]2
=

φ̂2
z,1,1

V ar[φ̂z,1,1]2
∼ χ2

1,λ, (6.10)

where χ2
1,λ is a non-central chi-square random variable with df = 1 and non-centrality

parameter λ = (φz,1,1/V ar[φ̂z,1,1])
2. When λ is large (caused by large T and φz,1,1 not

close to 0), the trace is approximated by a normal distribution as

tr(Ĉ1Ĉ
′
1)

tr(SS′)V ar[φ̂z,1,1]2
=

φ̂2
z,1,1

V ar[φ̂z,1,1]2
∼ N(µ, σ2), (6.11)

where µ = φ2
z,1,1(1+λ2) and σ2 = 2φ2

z,1,1(1+2λ2), again by Chun and Shapiro (2009).

80



In practice, the aggregate parameter least squares estimates that construct Ĉ1 for

the STAR(11) model are the ones that minimize the sum of squared residuals. These

residuals, η̂t, take the form

η̂t = Ĉ1Zt−1 + êt, (6.12)

so the actual aggregate model parameter estimates will be those that minimize

tr(Ĉ1Γ̂z(0)Ĉ
′
1), not those that minimize tr(Ĉ1Ĉ

′
1) given in (6.7). However, the sum

of squared elements of Ĉ1, or tr(Ĉ1Ĉ
′
1), provides a useful measure of the model mis-

specification due to aggregation or the deviation from poolability for the STAR(11)

model.

Note that this does not hold true for the GSTAR(11) model, whose parameters

derived via Theorem 5 depend on others from locations within the same aggregate

region. Instead,

Ĉ1 = AΦ̂z,1,0 + AΦ̂z,1,1Wz,1 − Φ̂y,1,0A− Φ̂y,1,1Wy,1A. (6.13)

The purely AR and spatial AR parameters for each aggregate region (the ith diagonal

elements of Φ̂y,1,0 and Φ̂y,1,1) are determined independently for each aggregate region

i.

Then, using the notation in Theorem 5 and (4.5), we have the following for the

aggregate parameters:

φ̂y,1,0,i =
r∑
j=1

[
φ̂z,1,0,j

tr(A
′
J
′
iAKj)

tr(A′J
′
iJiA)

+ φ̂z,1,1,j
tr(A

′
J
′
iAKjWz,1)

tr(A′J
′
iJiA)

]

=
r∑
j=1

[
φ̂z,1,0,j

I(j ∈ i)
ni

+ ψ0,j,iφ̂z,1,1,j

]
, (6.14)
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where I(j ∈ i) is an indicator function for non-aggregate area j being in aggregate

region i, and ni is the number of non-aggregate areas in aggregate region i. Effectively,

φ̂y,1,0,i is the average of the non-aggregate purely AR parameters from areas in region

i plus the weighted average of non-aggregate spatial AR parameters from the same

areas. The weights are ψ0,j,i, which are the sum of non-aggregate area j’s spatial

weights or influences on other non-aggregate areas also within aggregate region i.

Similarly,

φ̂y,1,1,i =
r∑
j=1

[
φ̂z,1,0,j

tr(A
′
W
′
y,1J

′
iAKj)

tr(A′W
′
y,1J

′
iJiWy,1A)

+ φ̂z,1,1,j
tr(A

′
W
′
y,1J

′
iAKjWz,1)

tr(A′W
′
y,1J

′
iJiWy,1A)

]

=
r∑
j=1

ψ1,j,iφ̂z,1,1,j, (6.15)

where tr(A
′
W
′
y,1J

′
jAKi) = 0 for the same reason as in Corollary 3 of Theo-

rem 3 (also, see Corollary 4 of Theorem 5). Again, φ̂y,1,1,i is a weighted sum

of specific non-aggregate spatial AR parameters. The weights here, ψ1,j,i =

tr(A
′
W
′
y,1J

′
iAKjWz,1)/tr(A

′
W
′
y,1J

′
iJiWy,1A), are more difficult to interpret.

Due to the aggregate GSTAR(11) model having 2s parameters, it is not possible

to isolate the parametric influence on SSC1, like it was with the STAR(11) model and

φ̂z,1,1 earlier. However, this section has demonstrated additional results and proper-

ties for the aggregate model when the non-aggregate follows one of these first-order

autoregressive models. In this section, we have observed the relationship between

non-aggregate and aggregate model parameters even closer, and now turn to showing

these results visually for the general models.
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6.2 Visualizing the Effect of Spatial Aggregation

It will also be helpful to illustrate some of the results of this dissertation visu-

ally. Of special importance is the relationship between spatial aggregation and

the derived parameters of the aggregate model. We recall that non-aggregate

STARMA(pλ1,...,λp , qm1,...,mq) model parameter matrices in VARMA notation con-

sists of elements [Bk][j1,j2] = [φz,k,0Ir + φz,k,1Wz,1 + · · · + φz,k,λkWz,λk ][j1,j2] and

[Mk][j1,j2] = [θz,k,0Ir + θz,k,1Wz,1 + · · · + θz,k,mkWz,mk ][j1,j2] which represents the im-

pact of non-aggregate area j2 upon non-aggregate area j1 at time-lag k. Similarly,

this is [Bk][j1,j2] = [Φz,k,0 + Φz,k,1Wz,1 + · · · + Φz,k,λkWz,λk ][j1,j2] and [Mk][j1,j2] =

[Θz,k,0 + Θz,k,1Wz,1 + · · ·+ Θz,k,mkWz,mk ][j1,j2] for the GSTARMA(pλ1,...,λp , qm1,...,mq)

model. These values are the spatial impacts that are pooled together by the aggre-

gation process.

Two outcomes of aggregation are especially important to observe. First, spatial

aggregation shortens the spatial lags between areas. If two bordering non-aggregate

locations are aggregated together, they have gone from a 1st neighbor relationship on

the non-aggregate scale to a 0th neighbor relationship on the aggregate scale (same ag-

gregate region). This also applies to higher-order relationships in which non-aggregate

areas that are 2nd neighbors could be aggregated into regions that are 2nd, 1st, or 0th

neighbors, and so on.

The second outcome is that spatial aggregation combines spatial impacts. Con-

sider two aggregate regions labeled i1 and i2. The way that i2 influences i1 is defined

by the way that the non-aggregate areas within i2 influence the non-aggregate ar-

eas within i1. The overall aggregate-level impact of i2 onto i1 is the sum of those

non-aggregate-level impacts.

To illustrate these concepts, consider a 3 × 3 lattice grid arrangement of r = 9

non-aggregate areas. Figure 6.1 provides the system of spatial weights between non-
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aggregate areas for spatial lags l ∈ (0, 1, 2, 3, 4). Note that this does not depend on

the model type or model order. The arrow labels are the values in the weighting

matrices, which for each spatial lag would be multiplied by the respective parameter

value to arrive at the impact values of Bk or Mk. For instance, for 1st neighbors

in Figure 6.1(b), the corners have two 1st neighbors, other edges have three, and

the middle has four, which determines the degree of the spatial weight (color-coded

accordingly). Each non-aggregate area receives a combined impact of one spatial

weight per spatial lag (the rows of the weighting matrices all sum to 1). Thus for

each spatial lag there is a total of r = 9 spatial weights in the system (the sum of all

the weights for each subfigure of Figure 6.1 is 9). The exception is Figure 6.1(e) in

which only 4 non-aggregate areas have 4th neighbors, so the sum is 4.

(a) 0th Neighbor Weights (b) 1st Neighbor Weights (c) 2nd Neighbor Weights

(d) 3rd Neighbor Weights (e) 4th Neighbor Weights

Figure 6.1: Illustration of Non-Aggregate-Level lth Neighbor Weights
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(a) Non-Aggregate-Level 1st

Neighbor Weights after Ag-
gregation

(b) Non-Aggregate-Level 2nd

Neighbor Weights Aggregated
into 1st Neighbor Weights

(c) Aggregate-Level 1st

Neighbor Weights [Figure
6.2(a) Plus Figure 6.2(b)]

Figure 6.2: Illustration of Aggregation’s Impact on 1st-Neighbor Weights

Now, consider the aggregation of non-aggregate areas 1 and 4 to form aggregate

region A (the other seven regions are relabeled B through H), seen in Figure 6.2.

First, Figure 6.2(a) shows the same influences and weights as Figure 6.1(b), but

aggregation has caused a shortening between non-aggregate areas 1 and 4. Their 1st

neighbor interactions (1/3 from 1 to 4 and 1/2 from 4 to 1) has been aggregated

into a 0th neighbor interaction (5/6 = 1/3 + 1/2), represented by the light blue

loop. Similarly non-aggregate area pairs 2 and 4, 1 and 5, and 1 and 7 were 2nd

neighbors on the non-aggregate-level, but their aggregate regions are 1st neighbors

on the aggregate-level (since aggregate regions B, D, and F border aggregate region

A). These new 1st neighbor influences produced by aggregation are shown in Figure

6.2(b) and are added to the 1st neighbor influences in Figure 6.2(a) to arrive at the

aggregate-level 1st neighbor weights in Figure 6.2(c). This shows how aggregation

both shortens spatial lags and combines the spatial impacts.

But notice in this illustration that the proportion of 1st neighbor weights that

became 0th neighbor weights is 5/6 out of r = 9, or 5/54 of the total 1st neighbor

weight. This value is the same as the calculated value ψ1 in (6.4) for STARMA

models using the aggregation and weighting matrices corresponding to the example.
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In addition, the proportion of 1st neighbor weights that remained 1th neighbor weights

is 9 − 5/6 = 49/54, which is very close to the calculated value ψ2 = 452/505 using

(6.4). Thus, we see that the values of Ψ1 for STARMA models are proportions that

represent the transformation of one order of spatial impacts into another. This holds

true for moving average terms too.
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CHAPTER 7

DEMONSTRATIONS

7.1 Simulation Study 1: Testing Poolability

To further illustrate the results of this dissertation, we introduce a simulation study

involving 24 different scenarios of a STAR(11) or GSTAR(11) model. These consist

of two forms of the non-aggregate model error covariance matrix Σ, three arrange-

ments the non-aggregate areas, two non-aggregate model types (the STAR(11) or

GSTAR(11) model), and two non-aggregate model parameter combinations for each

model type.

We select r = 16 non-aggregate areas. Our first choice of the error covari-

ance matrix is uncorrelated errors with unit variance (Σ = I16), while the sec-

ond involves a small positive correlation (ρ = 0.3) between all areas and variances

(1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4, 1, 2, 3, 4) for the 16 areas in order. The former represents

the most simplified error covariance structure, while the latter has differences in error

variances and correlation which is not nearly as restrictive.

The three arrangements and aggregation schemes of the 16 non-aggregate areas

are as follows (hereafter simply referred to as scenarios). The first is a 4 × 4 lattice

grid, with areas numbered left to right, then top to bottom. The selected aggregation
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scheme groups together the four non-aggregate areas in each corner or quadrant,

resulting in a 2 × 2 lattice grid of aggregate regions, each consisting of the same

number of non-aggregate areas. The non-aggregate weighting matrix, aggregation

matrix, and aggregate weighing matrix are as follows:

Wz,1 =



0 1/2 0 0 1/2 0 0 0 0 0 0 0 0 0 0 0
1/3 0 1/3 0 0 1/3 0 0 0 0 0 0 0 0 0 0
0 1/3 0 1/3 0 0 1/3 0 0 0 0 0 0 0 0 0
0 0 1/2 0 0 0 1/2 0 0 0 0 0 0 0 0 0

1/3 0 0 0 0 1/3 0 0 1/3 0 0 0 0 0 0 0
0 1/4 0 0 1/4 0 1/4 0 0 1/4 0 0 0 0 0 0
0 0 1/4 0 0 1/4 0 1/4 0 0 1/4 0 0 0 0 0
0 0 0 1/3 0 0 1/3 0 0 0 0 1/3 0 0 0 0
0 0 0 0 1/3 0 0 0 0 1/3 0 0 1/3 0 0 0
0 0 0 0 0 1/4 0 0 1/4 0 1/4 0 0 1/4 0 0
0 0 0 0 0 0 1/4 0 0 1/4 0 1/4 0 0 1/4 0
0 0 0 0 0 0 0 1/3 0 0 1/3 0 0 0 0 1/3
0 0 0 0 0 0 0 0 1/2 0 0 0 0 1/2 0 0
0 0 0 0 0 0 0 0 0 1/3 0 0 1/3 0 1/3 0
0 0 0 0 0 0 0 0 0 0 1/3 0 0 1/3 0 1/3
0 0 0 0 0 0 0 0 0 0 0 1/2 0 0 1/2 0



,

A =


1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1

 ,

Wy,1 =


0 1/2 1/2 0

1/2 0 0 1/2
1/2 0 0 1/2
0 1/2 1/2 0

 .
The second scenario has non-aggregate areas arranged identically to first one, but

now aggregation results in different sizes of the aggregate regions: the 9 areas in the

3 × 3 grid in the upper left, the 3 areas in the 3 × 1 column in the upper right, the

88



3 areas in the 1× 3 row in the lower left, and the single area in the lower right. The

Wz,1 and Wy,1 matrices are the same as before, but now

A =


1 1 1 0 1 1 1 0 1 1 1 0 0 0 0 0
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

 ,
And the final scenario has an arrangement is one in which all non-aggregate area

1 borders all the other 15 non-aggregate areas, but none of the other non-aggregate

areas border each other. This is not an easily visualized or realistic arrangement,

but rather serves to illustrate the scenario where one location (non-aggregate area

1) has a vastly greater influence (it has the sole impact on all other areas) than any

other location. We select an aggregation scheme where consecutive groups of four

non-aggregate areas are aggregated together. Thus we have

Wz,1 =



0 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15 1/15
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



,

A =


1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1

 ,
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Wy,1 =


0 1/3 1/3 1/3
1 0 0 0
1 0 0 0
1 0 0 0

 .
For the STAR(11) model, we consider one case where (φz,1,0, φz,1,1) = (0.7, 0.2)

and another where (φz,1,0, φz,1,1) = (0.2, 0.7). The first represents the case where the

variable for each non-aggregate area is primarily predicted by its own previous obser-

vation, while the second corresponds to larger influences by bordering areas. Then

for the GSTAR(11) model we considered the following two cases for the parameters.

First,

diag(Φz,1,0) = (0.8, 0.8, 0.8, 0.8, 0.7, 0.7, 0.7, 0.7, 0.6, 0.6, 0.6, 0.6, 0.5, 0.5, 0.5, 0.5)

diag(Φz,1,1) = (0.1, 0.1, 0.1, 0.1, 0.2, 0.2, 0.2, 0.2, 0.3, 0.3, 0.3, 0.3, 0.4, 0.4, 0.4, 0.4),

and the second is

diag(Φz,1,0) = (0.1, 0.1, 0.1, 0.1, 0.2, 0.2, 0.2, 0.2, 0.3, 0.3, 0.3, 0.3, 0.4, 0.4, 0.4, 0.4)

diag(Φz,1,1) = (0.8, 0.8, 0.8, 0.8, 0.7, 0.7, 0.7, 0.7, 0.6, 0.6, 0.6, 0.6, 0.5, 0.5, 0.5, 0.5).

The first again has larger purely autoregressive parameters, while the second param-

eteric definition has larger spatial parameters.

For each of the 24 cases, we simulated 300 time points of each of the r = 16

non-aggregate series. The first 50 time points we discarded as start up, while the

final 50 we preserved for out-of-sample forecast comparison. This left T = 200 time

points for our model estimation process. Each non-aggregate series was estimated

so as to minimize the determinant of the residual covariance matrix. Aggregation

was performed as noted above, and the aggregate series were estimated in the same
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fashion using the same model type and order as the non-aggregate series. Each case

was replicated 1000 times.

For each, we calculated the sample ST-ACFs and ST-PACFs of the aggregate vari-

able and aggregate model residuals. In addition, Test 3 based on the likelihood ratio

and Test 2 based on the test statistic in (4.21) were performed to test for poolability.

The value of SSC1 = tr(Ĉ1Ĉ
′
1) was calculated, first with Ĉ1 using aggregate model

parameters as in (6.3), and then only using the non-aggregate model parameters as

in (6.6). Finally, we calculated the mean squared forecast error (MSFE), using the

forecasts shown in (4.9) and (4.10).

The sample ST-ACFs and ST-PACFs of the aggregate variable and aggregate

model residuals are given in Figures A.1 through A.8 in the Appendix. Each larger

plot corresponds to one parameter combination and model type, while rows represent

the scenario (combination of Σ and non-aggregate areal arrangement/aggregation

scheme) and columns are the type of ST-ACF or ST-PACF. For each of the instances

of the aggregate variable, the sample ST-ACFs decay in both time and space. For

the STAR(11) model with larger purely autoregressive parameter in Figure A.1, the

sample ST-PACFs cut off after one time lag and spatial lag 0 (for scenarios 1 and 2)

or 1 (for scenario 3). However, when the spatial autoregressive parameter is larger

(as in Figure A.2), the sample ST-PACFs do not cut off until time lag k = 2 in most

cases, indicating a STAR(11) model may provide an inadequate fit. Figures A.3 and

A.4 show a similar patterns for both GSTAR(11) models.

The residual ST-ACFs and ST-PACFs are a prime indicator whether the

STAR(11) or GSTAR(11) model of the aggregate variable is an adequate fit. For

the STAR model (seen in Figures A.5 and A.6, it is only the following instances in

which the residuals are not white noise: the uncorrelated error with the third scenario

with larger purely autoregressive parameter and the second and third scenarios with

the larger spatial autoregressive parameter. Again, the same is mainly true for the
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Table 7.1: Likelihood Ratio Test for Equivalent Model Fits - Proportion of Simula-
tions Not Rejecting Null Hypothesis

Scenario 1 Scenario 2 Scenario 3
Model Type Σ1 Σ2 Σ1 Σ2 Σ1 Σ2

STAR (larger purely AR parameter) 33.0 35.0 3.0 2.4 0.0 8.5
STAR (larger spatial AR parameter) 2.4 2.3 0.0 0.0 0.0 0.0

GSTAR (larger purely AR parameters) 13.3 12.8 0.2 0.8 0.0 0.0
GSTAR (larger spatial AR parameters) 2.2 2.6 0.0 0.0 0.0 0.0

Table 7.2: Model Error Comparison Test for Equivalent Model Fits - Proportion of
Simulations Not Rejecting Null Hypothesis

Scenario 1 Scenario 2 Scenario 3
Model Type Σ1 Σ2 Σ1 Σ2 Σ1 Σ2

STAR (larger purely AR parameter) 89.4 96.3 63.7 71.8 0.0 61.6
STAR (larger spatial AR parameter) 35.1 73.7 0.2 2.7 0.0 0.1

GSTAR (larger purely AR parameters) 76.7 80.6 51.7 59.7 0.0 8.9
GSTAR (larger spatial AR parameters) 41.6 68.9 9.4 34.4 0.0 0.0

GSTAR models in Figures A.7 and A.8, where the aggregate variable deviates from

following the GSTAR(11) model more with larger spatial autoregressive parameters

and for scenario 3.

Next in Table 7.1, we see the proportion of times the null hypothesis of Test 3

was failed to be rejected. This indicates how likely the non-aggregate and aggregate

models were equivalent at explaining the aggregate variable for each case. This hap-

pened more frequently for the STAR model than the GSTAR model, for scenario 1

than scenarios 2 or 3, and for larger purely autoregressive parameters than with larger

spatial parameters. The difference between error covariance matrices appeared to be

minimal. Even the most poolable cases only failed to reject the null hypothesis about

one third of the time.

Then Table 7.2 displays the results of using Test 2 on the same data. Again, the

table reveals the proportion of instances in which the null hypothesis was not rejected,

indicated equivalence of model error variances. We come to the same conclusions in

that STAR models, scenario 1, and larger purely autoregressive parameters foster
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Table 7.3: Mean SSC1 Values - Using Aggregate Model Parameter Estimates

Scenario 1 Scenario 2 Scenario 3
Model Type Σ1 Σ2 Σ1 Σ2 Σ1 Σ2

STAR (larger purely AR parameter) 0.038 0.038 0.124 0.141 1.872 1.894
STAR (larger spatial AR parameter) 0.375 0.378 1.403 1.702 22.881 22.646

GSTAR (larger purely AR parameters) 0.203 0.281 0.362 0.438 4.328 4.690
GSTAR (larger spatial AR parameters) 0.487 0.607 0.919 1.036 17.842 18.334

Table 7.4: Mean SSC1 Values - Using Non-Aggregate Model Information Only

Scenario 1 Scenario 2 Scenario 3
Model Type Σ1 Σ2 Σ1 Σ2 Σ1 Σ2

STAR (larger purely AR parameter) 0.030 0.030 0.111 0.111 1.845 1.791
STAR (larger spatial AR parameter) 0.356 0.357 1.340 1.342 22.105 21.809

GSTAR (larger purely AR parameters) 0.161 0.193 0.294 0.315 3.771 3.758
GSTAR (larger spatial AR parameters) 0.430 0.469 0.837 0.868 17.382 17.008

poolability more than the other cases. We do note that in some instances, the error

covariance matrix choice does make a large difference as in scenario 3 of the STAR

model with larger purely autoregressive parameters. In general, having correlation

in the error covariance matrix raises the likelihood of poolability. In addition, all

the proportions in Table 7.2 are larger than those in Table 7.1. Although they are

testing a similar property, they are using different means (trace of error covariance

matrices versus likelihood). In any case, each test produces similar comparisons be-

tween different scenarios, allowing us to observe the impact of aggregation on different

models.

Tables 7.3 and 7.4 reveal the mean SSC1 from each case, providing a single value

to gauge the magnitude of the C1 matrix which represents deviation from poolability.

This is a meaningful comparison because this matrix is the same dimension for all

scenarios, involving the same number of elements. In both calculations of C1, this

value increases greatly with larger spatial parameters and for scenario 3. The impact

of the error covariance matrix and model type was small or inconsistent. Both meth-

ods produce very similar values, although those in Table 7.4 are slightly lower than
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Table 7.5: Percent Increase in Mean Squared Forecast Error in Using the Aggregate
Model Instead of the Non-Aggregate Model

Scenario 1 Scenario 2 Scenario 3
Model Type Σ1 Σ2 Σ1 Σ2 Σ1 Σ2

STAR (larger purely AR parameter) 0.59 0.49 2.81 3.60 15.59 4.35
STAR (larger spatial AR parameter) 2.86 1.36 19.79 22.23 183.96 41.11

GSTAR (larger purely AR parameters) 1.49 0.97 2.86 1.52 38.10 8.61
GSTAR (larger spatial AR parameters) 3.13 1.57 7.07 2.65 160.05 35.23

those in Table 7.3. This indicates that our theory on the deriving the aggregate model

parameters is accurate, and it is possible to measure the magnitude of the additional

error in the aggregate model using only non-aggregate level estimates.

Finally, the most meaningful comparison are given in Table 7.5: the forecast

errors using out-of-sample observations. Each of the tests and measurements of SSC1

were methods to judge the impact of spatial aggregation on forecast error using the

aggregate model. We measure this as the percent increase in MSFE in using the

aggregate model instead of the non-aggregate model for forecasts, as given in (4.19).

Similar results as before indicate that larger spatial parameters and scenario 3 (and

to a lesser extent scenario 2) often lead to large increases in forecast error. In some

cases the MSFE is double or nearly tripled. However, most cases with scenario 1 and

larger purely autoregressive parameters have an increase ranging from 0.5% to 3.6%,

a modest and manageable difference which may make using aggregate information

more efficient and preferable to the higher dimension non-aggregate information.

In conclusion, we have seen the confirmation of many of our findings in this sim-

ulation study. The ST-ACFs and ST-PACFs of the aggregate of a STAR(11) or

GSTAR(11) model variable often indicate a STAR(11) or GSTAR(11) model. The

tests and measurements of SSC1 that we have introduced agreed with the ST-ACFs

and ST-PACFs that the following are often equivalent: the non-aggregate model or-

der is adequate for the aggregate variable, the aggregate and non-aggregate models
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of the aggregate variable are equivalent, the magnitude of the deviation from the

poolability condition is small, and the increase in forecast error using the aggregate

model is minor.

We used these results to compare aggregation’s impact on different scenarios.

First, the error covariance matrix had little impact in most cases, although the nega-

tive effects of aggregation were magnified more for uncorrelated errors than correlated

ones. Similarly, comparing STAR and GSTAR models revealed no major differences

in their ability to model their respective aggregate variables. The greatest impact

was the non-aggregate arrangement and aggregation scheme. Aggregate regions of

the same size (scenarios 1 and 3) and non-aggregate areas with similar number of

neighbors (scenarios 1 and 2) foster poolability, while the opposite results in very

large increases in model error. The latter property is more important than the for-

mer. Scenario 3 represented an unrealistic arrangement of areas, and we believe it is

more likely to encounter scenarios like scenario 1 or 2 in practice. Finally, as predicted,

the magnitude of the spatial parameters have an impact on aggregate model error

and poolability. Higher spatial dependence magnifies any misspecification already in

the model.

7.2 Simulation Study 2: Optimal Aggregation

The previous simulation dealt with this dissertation’s findings on the model order of

the aggregate variable, the equivalence of forecasts from non-aggregate and aggregate

level models, and measuring the additional error in the aggregate model. As such,

it involved a sizable number of non-aggregate areas and a variety of error covariance

matrices, model types, and parameter values. The final aspect of the dissertation

examined optimal aggregation of the non-aggregate areas. We conduct a simulation

study in which the derived best aggregation scheme is known and can be compared
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(a) Display of Non-Aggregate Areas (b) Example of Aggregate Scheme

Figure 7.1: Representation of Non-Aggregate Areas and Aggregation

with the simulation results. In order to accomplish this and because additional com-

plexity has been dealt with in the previous simulation study, we only consider a very

simplified scenario here.

This involves r = 9 non-aggregate areas arranged as in Figure 7.1a. We simulate

a STAR(11) model with (φz,1,0, φz,1,1) = (0.6, 0.3) and error covariance matrix Σ = I9.

This model is

Zt = 0.6Zt−1 + 0.3Wz,1Zt−1 + εt (7.1)

where εt ∼ N9(0, I9), for t = 1, . . . , T . As before, we simulated 250 time points of the

non-aggregate variable (discarding the first 50 as initial start-up, so T = 200) and

estimated the non-aggregate STAR(11) model.

This small arrangement of non-aggregate locations was used because it is feasible

to construct every possible aggregation scheme. In the arrangement in Figure 7.1a,

there is a border between 12 pairs of areas. Each border could be eliminated through

aggregation (aggregating that pair together) or kept as a border on the aggregate

level (separating aggregate regions). This creates a total of 212 = 4096 possible ways
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of performing the aggregation. However, many of these result in the same aggregate

regions, since pairs of areas may be connected in multiple ways. After eliminating the

duplicate schemes, we determine there are 1433 unique ways to aggregate the r = 9

non-aggregate areas into s ∈ {1, . . . , 8} aggregate regions.

Using the model in (7.1), we can derive an approximation of C1 using (6.6) or of

SSC1 using (6.7). Both depend on φz,1,1 and S. Since φz,1,1 = 0.3 for all scenarios in

this simulation study, we have isolated the impact of aggregation, which is entirely

contained in tr(SS
′
). Thus, for each aggregation scheme, we will both derive values

of SSC1 using the calculation of S in (6.6) and simulate values of SSC1 using our

simulations here. For this latter part, each aggregate variable was estimated with a

STAR(11) as

Ŷt = φ̂y,1,0Yt−1 + φ̂y,1,1Wy,1Yt−1 (7.2)

giving us sample values of C1 and SSC1. This was repeated 500 times for ever

aggregate scheme.

Other important properties of each aggregation scheme are the number of aggre-

gate regions s and the difference in size (measured in number of non-aggregate areas)

between the largest and smallest aggregate region, labeled as d. For example, consider

the aggregation scheme represented in Figure 7.1b, for which non-aggregate areas in

the same aggregate region have the same color. Here, s = 4 and d = 2, since the

largest aggregate region consists of 3 non-aggregate areas and the smallest consists of

a single non-aggregate area. This aggregation scheme is equivalently represented by

A =


1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 0
0 0 0 0 0 0 0 0 1

 .
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Figure 7.2: Simulated SSC1 Values

In Figure 7.2, the SSC1 values for the same s and d are grouped together (each

involving multiple different aggregations schemes) are displayed in box-plots. Note

that some combinations of s and d are not possible (there is no way to place 9 areas

into two regions which differ in size by an even number, for instance). The x-axis

corresponds to s, while d is color-coded for each s.

The scenarios where s = 1 (aggregate all non-aggregate areas together) and s = 8

(only aggregate together two non-aggregate areas) have the lowest median SSC1

values. In the former case, comparing differences between aggregate regions makes

no sense; in the latter, minimal aggregation occurs and changes little about the model

error. Other scenarios which have low SSC1 values are those with d = 1 or d = 0.

For instance, s = 3 and d = 0 is the case where three aggregate regions are created,

each consisting of three non-aggregate areas. And when s = 2 and d = 1 correspond

to two aggregate regions of size 5 and 4. In general, we see that SSC1 increases with
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s for each d > 2. But the primarily increase in SSC1 is with d, within each s, as

predicted in Section 5.1.

This leads us to our ultimate question: what is the optimal way to aggregate

the non-aggregate areas in a 3 × 3 grid into s aggregate regions? We compare the

mean SSC1 among all aggregation schemes from our simulations. The aggregation

scheme with the lowest mean SSC1 for each number of aggregate regions s are given

in Figure 7.3a. We do the same for the largest mean SSC1 in Figure 7.3b. We see that

better aggregation has similarly sized aggregate regions (in terms of the number of

non-aggregate areas). The worst aggregation however creates aggregate regions that

are vastly different in their number of non-aggregate areas. Often this constructs

the largest aggregate region as a unusually shaped region, while the other aggregate

regions are merely unaggregated non-aggregate areas.

We compare this with the results of derived values SSC1 using S. These are given

in Figures 7.4 and 7.5, again for both optimal and worst aggregation schemes for each

s. Since no estimation is involved for the derived SSC1 values and the error variances

are equal, many rotated schemes produce equal SSC1 values. The impact of d is even

more extreme here, where optimal schemes minimize d, while the worst aggregation

schemes maximize d. Similarly to the simulated results, optimal aggregation seems

to result in aggregate regions with a similar number of first neighbors, while the

worst aggregation schemes often create aggregate regions with a wide range of first

neighbors.
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(a) Optimal Aggregation Schemes

(b) Worst Aggregate Scheme

Figure 7.3: Simulated Optimal and Worst Aggregation Schemes by s
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(a) Derived Optimal Aggregation Schemes with s = 2

(b) Derived Optimal Aggregation Schemes with s = 3

(c) Derived Optimal Aggregation Schemes with s = 4

(d) Derived Optimal Aggregation Schemes with s = 5

(e) Derived Optimal Aggregation Schemes with s = 6

(f) Derived Optimal Aggregation Schemes with s = 7

(g) Derived Optimal Aggregation Schemes with s = 8

Figure 7.4: Derived Optimal Aggregation Schemes by s
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(a) Derived Worst Aggregation Schemes with s = 2

(b) Derived Worst Aggregation Schemes with s = 3

(c) Derived Worst Aggregation Schemes with s = 4

(d) Derived Worst Aggregation Schemes with s = 5

(e) Derived Worst Aggregation Schemes with s = 6

(f) Derived Worst Aggregation Schemes with s = 7

(g) Derived Worst Aggregation Schemes with s = 8

Figure 7.5: Derived Worst Aggregation Schemes by s
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7.3 Empirical Example 1: Labor Force in the U.S.

It is also important to demonstrate how the results of this dissertation work with real

data in a practical situation. The first such example will involve two primary aspects.

The first will justify the usefulness and advantages of the STARMA and GSTARMA

models. The second will be a comparison of non-aggregate and aggregate modeling

of the aggregate variable, using several aggregation schemes, to illustrate Test 3 for

poolability.

The data provided by the Bureau of Labor Statistics within the United States

Department of Labor is a rich source of spatio-temporal data. One of these variables

is the annual labor force count of the 48 contiguous states and Washington D.C.

from 1976 through 2014. This means that there are r = 49 non-aggregate locations

observed at T = 39 time points. The non-aggregate variable Zt is this raw data after

it is differenced and mean-centered, as recommended by univariate tests.

This is an excellent case for using the space-time models like the STARMA or

GSTARMA models instead of the VARMA model. Even the most basic VARMA

model, like a VAR(1) or VMA(1) model, would require 49 × 49 = 2401 parameters.

This is more than the 49×38 = 1862 observations in the data set. Thus, any VARMA

model is not fully estimable. The STARMA and GSTARMA models represent a

solution to this issue, reducing the number of parameters to be estimated by forcing

the parameter matrices to be of the restricted format. These models use the spatial

weighting matrices Wz,l, which are constructed to state borders and are too large to

include here.

With both the non-aggregate data and spatial weighting matrices, the non-

aggregate variable sample ST-ACFs and ST-PACFs are estimated and displayed in

Tables 7.6 and 7.7. We observe that the sample ST-ACF decay, while the sample ST-
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Table 7.6: Sample ST-ACFs of Zt

k ρ̂z,0(k) ρ̂z,1(k) ρ̂z,2(k) ρ̂z,3(k)

1 0.480 (0.081) 0.220 (0.048) 0.192 (0.046) -0.051 (0.041)
2 0.210 (0.082) 0.144 (0.049) 0.117 (0.047) 0.024 (0.042)
3 0.051 (0.084) 0.036 (0.050) 0.037 (0.047) 0.052 (0.042)
4 -0.052 (0.085) 0.006 (0.051) 0.001 (0.048) 0.066 (0.043)
5 -0.162 (0.086) -0.012 (0.051) 0.006 (0.049) 0.125 (0.043)
6 -0.149 (0.087) -0.006 (0.052) -0.001 (0.050) 0.110 (0.044)
7 -0.018 (0.089) 0.009 (0.053) 0.047 (0.050) 0.092 (0.045)
8 0.089 (0.090) 0.045 (0.054) 0.072 (0.051) 0.043 (0.046)
9 0.055 (0.092) 0.061 (0.055) 0.061 (0.052) 0.060 (0.046)
10 0.206 (0.093) 0.072 (0.056) 0.071 (0.053) -0.016 (0.047)

Table 7.7: Sample ST-PACFs of Zt

k φ̂z,0(k) φ̂z,1(k) φ̂z,2(k) φ̂z,3(k)

1 0.480 (0.081) 0.111 (0.048) 0.087 (0.046) -0.024 (0.041)
2 -0.034 (0.082) 0.033 (0.049) -0.028 (0.047) 0.077 (0.042)
3 -0.058 (0.084) -0.100 (0.050) -0.032 (0.047) 0.053 (0.042)
4 -0.065 (0.085) 0.063 (0.051) -0.008 (0.048) 0.035 (0.043)
5 -0.131 (0.086) 0.053 (0.051) 0.118 (0.049) 0.143 (0.043)
6 -0.026 (0.087) 0.042 (0.052) -0.046 (0.050) 0.000 (0.044)
7 0.099 (0.089) -0.002 (0.053) 0.114 (0.050) 0.073 (0.045)
8 0.078 (0.090) 0.016 (0.054) 0.001 (0.051) -0.004 (0.046)
9 -0.067 (0.092) 0.025 (0.055) -0.034 (0.052) 0.095 (0.046)
10 0.207 (0.093) -0.059 (0.056) 0.012 (0.053) -0.069 (0.047)

PACFs cut-off after time lag 1 and spatial lag 1. These patterns indicate a STAR(11)

or GSTAR(11) model.

The STAR(11) model of the non-aggregate variable is estimated (through mini-

mizing the trace of the error covariance matrix) as

Zt
(49×1)

= 0.457
(0.083)

Zt−1 + 0.120
(0.073)

Wz,1Zt−1 + εt
(49×1)

. (7.3)

Both parameters are significant or nearly so. In addition, the estimated residuals

have sample ST-ACFs and ST-PACFs which are given in Tables 7.8 and 7.9. There

is no perceivable pattern in these values which are also within two standard errors of

0. These factors combine to indicate an adequate model in (7.3).
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Table 7.8: Sample ST-ACFs of εt

k ρ̂z,0(k) ρ̂z,1(k) ρ̂z,2(k) ρ̂z,3(k)

1 0.011 (0.074) -0.007 (0.039) 0.035 (0.035) -0.014 (0.036)
2 0.008 (0.075) 0.050 (0.040) 0.034 (0.035) 0.029 (0.036)
3 -0.030 (0.076) -0.047 (0.040) -0.027 (0.036) 0.022 (0.037)
4 -0.017 (0.077) -0.001 (0.041) -0.027 (0.036) -0.009 (0.037)
5 -0.134 (0.078) -0.014 (0.041) 0.014 (0.037) 0.097 (0.038)
6 -0.107 (0.079) 0.011 (0.042) -0.022 (0.037) 0.043 (0.039)
7 0.007 (0.081) -0.010 (0.043) 0.030 (0.038) 0.051 (0.039)
8 0.117 (0.082) 0.039 (0.043) 0.051 (0.039) -0.024 (0.040)
9 -0.097 (0.083) -0.002 (0.044) -0.002 (0.039) 0.071 (0.041)
10 0.164 (0.085) 0.014 (0.045) 0.009 (0.040) -0.051 (0.041)

Table 7.9: Sample ST-PACFs of εt

k φ̂z,0(k) φ̂z,1(k) φ̂z,2(k) φ̂z,3(k)

1 0.011 (0.074) -0.019 (0.039) 0.099 (0.035) -0.055 (0.036)
2 0.006 (0.075) 0.093 (0.040) 0.033 (0.035) 0.027 (0.036)
3 -0.031 (0.076) -0.080 (0.040) -0.009 (0.036) 0.050 (0.037)
4 -0.020 (0.077) 0.007 (0.041) -0.066 (0.036) -0.015 (0.037)
5 -0.128 (0.078) 0.042 (0.041) 0.103 (0.037) 0.135 (0.038)
6 -0.109 (0.079) 0.065 (0.042) -0.022 (0.037) 0.035 (0.039)
7 0.001 (0.081) -0.022 (0.043) 0.100 (0.038) 0.073 (0.039)
8 0.107 (0.082) 0.020 (0.043) 0.061 (0.039) 0.002 (0.040)
9 -0.112 (0.083) 0.039 (0.044) -0.005 (0.039) 0.110 (0.041)
10 0.144 (0.085) -0.086 (0.045) -0.009 (0.040) 0.000 (0.041)

The GSTAR(11) model of the same data is given as

Zt
(49×1)

= Φ̂z,0Zt−1 + Φ̂z,1Wz,1Zt−1 + εt
(49×1)

. (7.4)

where the parameter estimates for both spatial lags are displayed in Figure 7.6 with

95% confidence intervals. We observe that the parameter estimates, especially within

spatial lag 0, are overlapping or nearly the same. This indicates that the GSTAR(11)

model may not be that different from the STAR(11) model in (7.3). Thus, we continue

with the STAR(11) model as the non-aggregate model of the non-aggregate data.
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Figure 7.6: 95% Confidence Intervals of Parameter Estimates of GSTAR(11) Model
in (7.4)

We now turn to considering the aggregate scale for the data. Six different aggrega-

tion schemes are used. Some were designed by the author with respect to geographical

proximity and features. Others were established partitions, like aggregation schemes

1 which represents divisions used by the US Census Bureau or scheme 4 which is

very similar to the one created by the Environmental Protection Agency. The six

aggregations schemes also differ in the number of aggregate regions from aggregation

scheme 1 (s = 4) to scheme 6 (s = 12). The aggregate regions are displayed in Figure

7.7.

The same pre-processing was performed on each of the six aggregate variables.

For each, the sample ST-ACFs and ST-PACFs appear to be very small and without

pattern beyond time lag 1, suggesting a STAR(10) or STAR(11) model for Yt. Those
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(a) Aggregation Scheme 1 (b) Aggregation Scheme 2

(c) Aggregation Scheme 3 (d) Aggregation Scheme 4

(e) Aggregation Scheme 5 (f) Aggregation Scheme 6

Figure 7.7: Maps of Aggregation Schemes

values for the first aggregation scheme are provided in Tables 7.10 and 7.11 and

indicate a STAR(11) model for this aggregate variable. In addition, we used the

STAR(11) model for Yt in every aggregation scheme in order to fit the non-aggregate

and aggregate variable with the same model and model order to illustrate the results
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Table 7.10: Sample ST-ACFs and ST-PACFs of Yt (Aggregation Scheme 1)

k ρ̂y,0(k) ρ̂y,1(k) ρ̂y,2(k) φ̂y,0(k) φ̂y,1(k) φ̂y,2(k)
1 0.565 (0.118) 0.494 (0.128) 0.257 (0.085) 0.565 (0.118) 0.258 (0.128) -0.050 (0.085)
2 0.350 (0.120) 0.406 (0.130) 0.164 (0.086) 0.012 (0.120) 0.128 (0.130) -0.015 (0.086)
3 0.117 (0.122) 0.227 (0.131) 0.042 (0.087) -0.188 (0.122) -0.044 (0.131) -0.027 (0.087)
4 0.033 (0.124) 0.107 (0.133) -0.001 (0.088) -0.021 (0.124) 0.020 (0.133) -0.024 (0.088)
5 0.023 (0.125) 0.083 (0.135) -0.068 (0.090) 0.053 (0.125) 0.176 (0.135) -0.231 (0.090)
6 0.019 (0.127) 0.038 (0.138) -0.043 (0.091) -0.033 (0.127) 0.006 (0.138) 0.043 (0.091)
7 0.120 (0.129) 0.154 (0.140) 0.067 (0.093) 0.113 (0.129) 0.255 (0.140) 0.067 (0.093)
8 0.194 (0.132) 0.260 (0.142) 0.131 (0.094) 0.065 (0.132) 0.230 (0.142) -0.074 (0.094)
9 0.165 (0.134) 0.281 (0.144) 0.151 (0.096) -0.167 (0.134) 0.071 (0.144) -0.018 (0.096)
10 0.221 (0.136) 0.272 (0.147) 0.188 (0.097) 0.040 (0.136) 0.078 (0.147) 0.016 (0.097)

Table 7.11: Sample ST-ACFs and ST-PACFs of ηt (Aggregation Scheme 1)

k ρ̂y,0(k) ρ̂y,1(k) ρ̂y,2(k) φ̂y,0(k) φ̂y,1(k) φ̂y,2(k)
1 -0.035 (0.105) -0.055 (0.112) -0.069 (0.080) -0.035 (0.105) -0.059 (0.112) -0.090 (0.080)
2 0.113 (0.106) 0.147 (0.114) 0.069 (0.081) 0.107 (0.106) 0.151 (0.114) -0.015 (0.081)
3 -0.129 (0.108) -0.036 (0.116) -0.082 (0.082) -0.111 (0.108) 0.045 (0.116) -0.045 (0.082)
4 -0.084 (0.109) -0.059 (0.117) 0.010 (0.083) -0.116 (0.109) -0.063 (0.117) 0.053 (0.083)
5 -0.016 (0.111) 0.047 (0.119) -0.076 (0.084) -0.001 (0.111) 0.111 (0.119) -0.189 (0.084)
6 -0.052 (0.113) -0.091 (0.121) -0.057 (0.086) -0.039 (0.113) -0.045 (0.121) -0.104 (0.086)
7 0.031 (0.114) 0.059 (0.123) 0.019 (0.087) -0.013 (0.114) 0.066 (0.123) -0.013 (0.087)
8 0.135 (0.116) 0.176 (0.125) 0.057 (0.088) 0.146 (0.116) 0.243 (0.125) -0.071 (0.088)
9 -0.080 (0.118) 0.051 (0.127) -0.026 (0.090) -0.093 (0.118) 0.140 (0.127) -0.055 (0.090)
10 0.045 (0.120) 0.053 (0.129) 0.004 (0.092) -0.052 (0.120) -0.014 (0.129) -0.159 (0.092)

of this dissertation. The model is given here

Yt
(s×1)

= φ̂y,1,0Yt−1 + φ̂y,1,1Wy,1Yt−1 + ηt
(s×1)

. (7.5)

Table 7.12 provides the parameter estimates and standard errors for each

STAR(11) model in (7.5) of the aggregate variables. In most cases, aggregation has in-

creased the purely AR parameter estimate (as compared to the non-aggregate model),

while decreasing the spatial AR parameter estimates. In addition, except for aggre-

gation scheme 1, the spatial AR parameters are less significantly different from 0 at

the α = 0.05 level than in the non-aggregate model. Since the sample ST-ACFs and

ST-PACFs of the model residuals were insignificant and without pattern, each model

fit of the aggregate variable was adequate.
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Table 7.12: Results of the Aggregate Model Fittings

Agg. Scheme φ̂y,1,0 φ̂y,1,1 RISEV 2LRT (φ̂z, φ̂z) c Reject H0?
1 0.429 (0.093) 0.267 (0.126) 1.048 1.082 2.662 No
2 0.537 (0.096) 0.102 (0.086) 1.004 1.490 1.691 No
3 0.562 (0.092) 0.114 (0.089) 1.008 2.016 0.840 Yes
4 0.536 (0.101) 0.121 (0.085) 1.007 0.627 1.259 No
5 0.591 (0.093) 0.061 (0.104) 1.009 10.307 0.492 Yes
6 0.524 (0.086) 0.118 (0.089) 1.005 -0.887 1.288 No

The RISEV values for each aggregate model (also given in Table 7.12) show that

most of the aggregate-level models have an increase in error variance of less than 1%

as compared to the non-aggregate model, with the exception of aggregation scheme

1 for which that increase is 5%. When this was tested using the likelihood ratio

test in Test 3, most concluded that equivalent model fits of the aggregate variable

could be obtained with non-aggregate and aggregate information. The exception

was aggregation schemes 3 and 5, for which the information loss due to aggregation

indicates that the aggregate variable should be fit with the non-aggregate information

instead of the just that of the aggregate level.

Visually, there is nothing that stands out to differentiate schemes 3 and 5 from

the others. As discovered earlier, it may have to do with the spatial weights in those

aggregate regions being combined in an imbalanced fashion. However, each aggregate

model’s additional error is low, indicating that the penalty of using the aggregate

information only is small for all schemes. Other potential causes could be a result of

the data type, geographical/political features of the states, or the components of Ĉ1

mentioned earlier.

In conclusion, this case study illustrates the advantage of using space-time mod-

els. A traditional VARMA model requires estimation of r2 parameters for even the

simplest of model orders, which is impossible when r > T as it is here. The STAR(11)

model involved 2 parameters, while the GSTAR(11) had 2r, due to using the spatial

network of the states. Several aggregation schemes were employed to demonstrate the
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process of modeling the aggregate variable either with aggregate information or with

the non-aggregate variable. These illustrate useful and meaningful ways to view the

data at a different spatial scale. In most cases, using the lower-dimension aggregate

information was sufficient, producing only slightly higher error terms on average and

a model fit that was not statistically inferior to the non-aggregate model fit. Thus,

this provides an example of the likelihood ratio poolability test to compare model fit

at different spatial scales.

7.4 Empirical Example 2: Crime in Philadelphia

The simulated and derived example in the Section 7.2 had one drawback for use in

practice: often it is not feasible to obtain all possible aggregation schemes of the non-

aggregate areas, or at least not practical to estimate models for all possible aggregate

variables. This was the motivation for Algorithm 1 presented earlier. This technique

is able to deal with any number of non-aggregate areas. We now illustrate it on an

empirical data set involving crime in the city of Philadelphia, Pennsylvania.

The Philadelphia Police Department provides a record of reported crimes. We

use the data starting from January 1, 2006 and going through August 31, 2015.

This includes several classifications of crimes, but the burglary count (including both

residential and non-residential) was selected as the variable for this study. Totals

were compiled for each month at the three spatial scales from finest to coarsest:

police service areas, police districts, and police regions.

The Philadelphia Police Department partitions the city in at least three different

ways: 65 service areas, 21 districts, and 6 regions. These are displayed in Figure 7.8.

Ideal zones for the police department would be based on population and represent

a strategic way to provide service. However, we use this data for the purpose of

identifying the optimal way to aggregate the r = 65 sectors into s = 21 districts,
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(a) Police Service Area Map

(b) Police District Map

(c) Police Region Map

Figure 7.8: Philadelphia Police Department Division Maps
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aggregate the r = 65 service areas into s = 6 regions, and aggregate the r = 21

districts into s = 6 regions. Our selection method is Algorithm 1 which uses model

error to perform adjacent aggregation, and does not consider distance or efficiency

for the police department.

The first eight years (T = 108 months) were used to establish and estimate the

model, while the remaining eight months were preserved to evaluate the forecasts.

The data at both of the non-aggregate levels required a square-root transformation

to variance-stabilize the data, but did not test positive for a unit root nor a periodic

(monthly) unit root. The transformed data was then mean-centered.

The space-time autocorrelation functions (ST-ACFs) and space-time partial auto-

correlation functions (ST-PACFs) guide the model order selection process as described

in Pfeifer and Deutsch (1980); Deutsch and Pfeifer (1981). Each model is estimated

as to minimize the sum of squared model errors. The model is adequate if the ST-

ACFs and ST-PACFs of the model residuals are white noise and each parameter of

the model is significantly different from 0. Once an adequate model is reached for the

variable at the non-aggregate level, the algorithm in this paper was employed using

N = 100. We now describe the results from each of the three spatial scales.

The r = 65 police service areas were fit with a STAR(24,0)× (24,4)12 model as

(I65 − 0.195B − 0.162Wy,1B − 0.093Wy,2B − 0.007Wy,3B − 0.119Wy,4B − 0.096B2)×

(I65 − 0.036B12 − 0.047Wy,1B
12 − 0.080Wy,2B

12 − 0.111Wy,3B
12 − 0.141Wy,4B

12

− 0.011B24 − 0.055Wy,1B
24 − 0.067Wy,2B

24 − 0.033Wy,3B
24 − 0.140Wy,4B

24)Zt = ε̂t,

(7.6)

where Bk is the backshift operator such that BkZt = Zt−k and the model order

involves seasonal (monthly) components. The r = 21 police districts were fit with a
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STAR(23,0)× (22,2)12 model as

(I65 − 0.268B − 0.148Wy,1B − 0.022Wy,2B − 0.150Wy,3B − 0.131B2)×

(I65 − 0.087B12 − 0.121Wy,1B
12 − 0.159Wy,2B

12

− 0.057B24 − 0.089Wy,1B
24 − 0.165Wy,2B

24)Zt = ε̂t. (7.7)

These seasonal models were fit using non-linear optimization techniques that min-

imized the determinant of the residual covariance matrix. Due to the form of the

models, it is shown in the Appendix that

vt = C1Zt−1 + C2Zt−2 + C12Zt−12 + C24Zt−24

+ C13Zt−13 + C14Zt−14 + C25Zt−25 + C26Zt−26, (7.8)

where

C1 = AB1 −D1A

C2 = AB2 −D2A

C12 = AB12 −D12A

C24 = AB24 −D24A

C13 = AB1B12 −D1D12A

C14 = AB2B12 −D2D12A

C25 = AB1B24 −D1D24A

C26 = AB2B24 −D2D24A,

where Bk and Dk are the non-aggregate and aggregate model parameter matrices

receptively in VAR model notation at temporal lag k, as described earlier. To sum-
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(a) Algorithm’s Aggregation (b) Police Aggregation

Figure 7.9: Aggregation of r = 65 Police Service Areas into s = 21 Police Districts

marize, we have the non-aggregate model parameter estimates and use the results of

Section 5.1 on SSCk to determine the minimum values of these Ck matrices which

defines H = E[(vt + et)(vt + et)
′
] used in Algorithm 1.

First we discuss aggregating r = 65 police service areas into s = 21 police dis-

tricts, using the algorithm to identify the optimal 21×65 aggregation matrix A. The

optimal aggregation is displayed in Figure 7.9, where the aggregate regions have the

same (arbitrary) color and number, and the Philadelphia Police Districts aggregation

is given for comparison. Although not part of the settings, the algorithm constructed

aggregate regions that consisted of between two to four non-aggregate areas, a remark-

able consistency. In addition, the northeastern regions are of size 2, the northwestern

and central regions are of size 3, and the southern are of size 4. Only one of the algo-

rithm’s aggregate regions is identical to a police district (algorithm aggregate region

16).

Next, the algorithm chose s = 6 aggregate regions out of the r = 65 police

service areas, which are compared to the police regions in Figure 7.10. This time,
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(a) Algorithm’s Aggregation (b) Police Aggregation

Figure 7.10: Aggregation of r = 65 Police Service Areas into s = 6 Police Regions

an additional input to the algorithm forced each aggregate region to consist of at

least two non-aggregate areas, although that does not appear to have been required.

The size of the six aggregate regions are 5, 15, 15, 5, 14, and 11. Certain aggregate

regions seem too irregularly shaped to be useful in practice (see regions 2 and 5). The

aggregation almost partitions the city into bands that go from northwest to southeast

across the entire city.

Finally, the model information in (7.7) is used to aggregate r = 21 police districts

into s = 6 regions, shown in Figure 7.11. Again, each aggregate area has a similar

size, consisting of either three or four non-aggregate areas.

In each of the resulting aggregation schemes from the algorithm, the aggregate

regions were such that the aggregate model error was minimized with respect to the

aggregated non-aggregate model error. None of the choices of aggregation seemed

to reflect the physical (highways, rivers, etc.) or socioeconomic features of the city.

One practical and beneficial aspect of the algorithm is that its aggregate regions were

similarly sized, a property derived theoretically in Chapter 5.
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(a) Algorithm’s Aggregation (b) Police Aggregation

Figure 7.11: Aggregation of r = 21 Police Districts into s = 6 Police Regions
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CHAPTER 8

CONCLUSION

Due to the complexity and diversity of spatio-temporal data, research on its properties

and modeling methods is never-ending. This work has focused on two models, the

STARMA and GSTARMA model, due to their straightforward way of incorporating

both temporal and spatial interactions, their relationship to the popular VARMA

model, and their history of application in a wide variety of disciplines. In addition,

the impact of spatial aggregation and the role spatial scale have been of primary

importance. Choosing how to define spatial units is a necessary step before data

analysis and often even data collection.

In particular, we set out to determine properties of the spatial aggregate variable

formed by aggregating a variable known to follow a STARMA and GSTARMA model.

These included the model type and order, model parameter values, and model error.

Since forecasting is the ultimate goal in many time series applications, we then desired

a way to test when using the aggregate information was equivalent to using the higher

dimension non-aggregate information to forecast the aggregate variable (a property

known as poolability). It was also important to determine what aspects of the spatial

network or the aggregation scheme fostered poolability. Finally, we wanted to take
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those conclusions and determine what the optimal aggregation scheme would be in

order to minimize aggregate model error.

In Chapter 3, we examined two methods to arrive at the model order of the

aggregate variable. These were minimizing the AIC and examining the patterns in

the ST-ACF and ST-PACF. From the former, we concluded that additional model

error is due to the magnitude of the Ck and Qk matrices when using the same model

order, and may be lessened by adding additional terms to the model. From the latter,

the same matrices measured the degree that the ST-ACF or ST-PACF of the model

residuals were not white noise when using the same model order as the non-aggregate

model.

Then, the relationship between non-aggregate and aggregate parameter values was

derived in Chapter 4. We observed that aggregation typically increases the magni-

tude of spatial parameters with a lower spatial order while decreasing the magnitude

of those with a higher spatial order. We also provided results on measuring the

forecast error variance from the aggregate model and the additional amount due to

aggregation. This led to two tests for poolability and equivalence of aggregate and

non-aggregate options of modeling the aggregate variable: one based on the likelihood

ratio and the other on the error variances.

Next, since the Ck and Qk matrices were central to many of the earlier results,

we determined that the following features lead to their increase: when non-aggregate

areas varied in their number of lth neighbors, when aggregate regions consisted of a

wide range of number of non-aggregate areas, and for GSTARMA models when the

non-aggregate parameter values differed greatly for non-aggregate areas in different

aggregate regions. Also in Chapter 5, we developed an algorithm to search thoroughly

through different aggregations schemes to determine an optimal aggregations scheme

that minimizes the relative increase in model error in using the aggregate model over

the non-aggregate one. Additional aggregation results were given in Chapter 6.
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Chapter 7 included two simulation studies that illustrated these findings. The

first involved comparing aggregation’s effect along differences in the non-aggregate

error covariance matrix, arrangement of non-aggregate areas and their aggregation,

model type, and model parameter values. This confirmed our earlier results that

large spatial parameters and aggregating regions with vastly different impacts on the

system increased model error and lowered the likelihood of poolability. The second

displayed the optimal aggregation of a 3 × 3 arrangement of areas since all possible

aggregation schemes were known. Similarly sized aggregate regions represented the

optimal aggregate schemes.

Finally, the algorithm was employed to two data examples in Chapter 7. The

first demonstrated modeling and testing for poolability using state-level employment

data. The second involved two different sets of non-aggregate and aggregate scales

based on the police districts in Philadelphia. Using the spatio-temporal data on

crime counts, our algorithm produced an optimal aggregation scheme for each of the

three scenarios we considered. These aggregate regions, while similarly sized, do not

represent efficient or recommended police districts, but rather the optimal aggregation

with respect to model error.

Overall, this dissertation achieved answers to its original questions regarding how

spatial aggregation impacts the models and forecasts of spatial time series. The two

models considered had tractable properties that produced interesting and applicable

results on the forecast ability of the aggregate model and what properties recommend

its use. This enabled the exploration into the fascinating question of ideal aggrega-

tion. These results will prove helpful for others in understanding aggregation’s ef-

fect on spatial correlation, determining when the aggregate variable is sufficient for

forecasting at the aggregate level, and identifying what spatial scales and zones are

beneficial to use for modeling purposes.

119



Bibliography

Alvisi, S., Ansaloni, N., and Franchini, M. (2014). Generation of Synthetic Water

Demand Time Series at Different Temporal and Spatial Aggregation Levels. Urban

Water Journal, 11(4):297–310.

Amrhein, C. G. (1995). Searching for the Elusive Aggregation Effect: Evidence from

Statistical Simulations. Environment and Planning A, 27(1):105–119.

Anselin, L. (1988). Spatial Econometrics: Methods and Models. Springer.

Antunes, A. M. C. and Rao, T. S. (2006). On Hypotheses Testing for the Selection

of Spatio-Temporal Models. Journal of Time Series Analysis, 27(5):767–791.

Arbia, G., Bee, M., and Espa, G. (2010). Aggregation of Regional Economic Time

Series with Different Spatial Correlation Structures. Geographical Analysis, 43(1).

Auffhammer, M. and Steinhauser, R. (2007). The Future Trajectory of US CO2

Emissions: The Role of State vs. Aggregate Information. Journal of Regional

Science, 47(1):47–61.

Birant, D. and Kut, A. (2007). ST-DBSCAN: An Algorithm for Clustering Spatial-

Temporal Data. Data & Knowledge Engineering, 60(1):208–221.

Blalock, H. M. (1964). Causal Inferences in Nonexperimental Research. University of

North Carolina Press.

Borovkova, S., Lopuhaa, H., and Ruchjana, B. (2002). Generalized STAR Model

with Experimental Weights. In Proceedings of the 17th International Workshop on

Statistical Modelling, pages 139–147.
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APPENDIX

Proof of (3.10)

For a non-aggregate variable which follows a STAR or GSTAR model of temporal

order p where the aggregate variable is fit with a the same model type and order,

ηt =
∑p

k=1 CkZt−k + et, resulting in

H = E

[( p∑
i=1

CiZt−i + et

)( p∑
j=1

CjZt−j + et

)′]

= E

[( p∑
i=1

CiZt−i

)( p∑
j=1

CjZt−j

)′]
+ E[ete

′

t]

=

p∑
i=1

p∑
j=1

CiE[Zt−iZ
′

t−j]C
′

j + AE[εtε
′

t]A
′

=

p∑
i=1

p∑
j=1

CiΓz(i− j)C
′

j + AΣA
′
. �

Proof of (3.11)

For a non-aggregate variable which follows a STMA or GSTMA model of temporal

order q where the aggregate variable is fit with a model of the same type and order,

ηt = vt+et, where vt = −
∑q

k=1 Qkεt−k+
∑q

k=1 Pkvt−k. Here, H = E[vtv
′
t]+E[ete

′
t],

where the need is to determine E[vtv
′
t].
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Using (3.9), we see that

vt = −
q∑

k=1

Qkεt−k −
q∑

k=1

Pk

[ q∑
j=1

Qjεt−k−j

]
−

q∑
k=1

q∑
j=1

PkPj

[ q∑
i=1

Qiεt−k−j−i

]

−
q∑

k=1

q∑
j=1

q∑
i=1

PkPjPi

[ q∑
h=1

Qhεt−k−j−i−h

]
+ . . . .

Since E[εsε
′
t] = 0 for s 6= t, only the cross-products of terms in the sum above

which have the same temporal index will have non-zero terms in E[vtv
′
t]. This in-

volves Q1ΣQ
′
1 for t − 1, where the only terms with that temporal subscript are

−Q1εt−1. Then, the index t− 2 includes the all four cross-product terms of −Q2εt−2

and −P1Q1εt−2. There are 16 cross-product terms between −Q3εt−3, −P1Q2εt−3,

−P2Q3εt−3, and −P1P1Q1εt−3 with the temporal subscript t−3. The pattern contin-

ues, for each t−k where the subscripts of any cross-product of Qj and any combination

of P1, . . . ,Pk−1 sums to k. This resulting in

E[vtv
′

t] =
∞∑
k=1

[ ∑
∑k
g=1 ig=k

∑
∑k
h=1 jh=k

(
(Pi1

1 . . .P
ik−1
q Qik)Σ(Pj1

1 . . .P
jk−1
q Qjk)

′
)]
,

where the notation is defined after (3.11), and the above term is added to AΣA
′

to

give the expression for H. �

Proof of (3.12)

For a non-aggregate variable which follows a STARMA or GSTARMA model of tem-

poral order p = 1 and q = 1 where the aggregate variable is fit with a model of the

same type and order, ηt = vt + et, where vt = C1Zt−1 − Q1εt−1 + P1vt−1. Again,
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H = E[vtv
′
t] + E[ete

′
t], and we will solve for E[vtv

′
t].

vt = [C1Zt−1 −Q1εt−1] + P1[C1Zt−2 −Q1εt−2]

+ P1P1[C1Zt−3 −Q1εt−3] + P1P1P1[C1Zt−4 −Q1εt−4] + . . . .

Continuing this pattern, we can express the following

E[vtv
′

t] =
∞∑
i=1

∞∑
j=1

(
Pi−1

1 E

[
(C1Zt−i −Q1εt−i)(C1Zt−j −Q1εt−j)

′
]
(Pj−1

1 )
′
)
.

The above term is added to AΣA
′

to give the expression for H. �

Proof of (3.13)

For a non-aggregate variable which follows a STARMA or GSTARMA model of tem-

poral order p and q, we consider three cases of E[εt−hZ
′
t−i]. First, when h < i,

E[εt−hZ
′
t−i] = E[εtZ

′

t+h−i] = 0 since εt is independent of any term at time s < t.

Second, when h = i, we have

E[εt−hZ
′

t−i] = E[εtZ
′

t] = E

[
εt

( p∑
k=1

BkZt−k −
q∑

k=1

Mkεt−k + εt

)′]

= E

[
εt

( p∑
k=1

BkZt−k

)′]
− E

[
εt

( q∑
k=1

Mkεt−k

)′]
+ E

[
εtε

′

t

]
= 0− 0 + Σ.
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Finally, for h > i, we have

E[εt−hZ
′

t−i] = E[εtZ
′

t+h−i] = E

[
εt

( p∑
k=1

BkZt+h−i−k −
q∑

k=1

Mkεt+h−i−k + εt+h−i

)′]

= E

[
εt

( p∑
k=1

BkZt+h−i−k

)′]
− E

[
εt

( q∑
k=1

Mkεt+h−i−k

)′]
+ E

[
εtε

′

t+h−i

]

=

p∑
k=1

E[εtZ
′

t+h−i−k]B
′

k −
q∑

k=1

E[εtε
′

t+h−i−k]M
′

k + 0

=
h−i∑
k=1

E[εtZ
′

t+h−i−k]B
′

k −ΣM
′

h−i. �

Proof of (3.19)

For a non-aggregate variable which follows a STAR or GSTAR model of temporal

order p where the aggregate variable is fit with a model of the same type but with

temporal orders P = p+1 and Q = 1, we have ηt = vt+et, where vt =
∑p+1

k=2 CkZt−k−
Q1εt−1 + P1vt−1. Using the same method as the Proof of (3.12), we have

E[ηtη
′

t] =

∞∑
i=1

∞∑
j=1

{
Pi−1

1 E

[( p+1∑
k=2

CkZt−i−k −Q1εt−i

)( p+1∑
k=2

CkZt−j−k −Q1εt−j

)′]
(Pj−1

1 )
′
}
.

The above term is added to AΣA
′

to give the expression for H. �

Proof of (3.20)

For a non-aggregate variable which follows a STAR or GSTAR model of temporal

order p = 1 where the aggregate variable is fit with a model of the same type but

with temporal orders P = 2 and Q = 1, we have ηt = vt + et, where vt = C2Zt−2 −

Q1εt−1 + P1vt−1. Using the same method as the Proof of (3.12) or as a special case

of the Proof of (3.19), we have

E[ηtη
′

t] =
∞∑
i=1

∞∑
j=1

(
Pi−1

1 E

[
(C2Zt−i−2 −Q1εt−i)(C2Zt−j−2 −Q1εt−j)

′
]
(Pj−1

1 )
′
)
.
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The above term is added to AΣA
′

to give the expression for H. �

Proof of (3.21)

For a non-aggregate variable which follows a STAR or GSTARA model of temporal

order p where the aggregate is fit with a model of the same type and order, we have

ηt =
∑p+1

k=2 CkZt−k + et. Similar to the Proof of (3.10), we have

H = E

[( p+1∑
i=2

CiZt−i + et

)( p+1∑
j=2

CjZt−j + et

)′]

= E

[( p+1∑
i=2

CiZt−i

)( p+1∑
j=2

CjZt−j

)′]
+ E[ete

′

t]

=

p+1∑
i=2

p+1∑
j=2

CiE[Zt−iZ
′

t−j]C
′

j + AE[εtε
′

t]A
′

=

p+1∑
i=2

p+1∑
j=2

CiΓz(i− j)C
′

j + AΣA
′
. �
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Proof of Theorem 7

The sum of squared elements of Ck is

SSCk =

s∑
i=1

r∑
j=1

[Ck]
2
[i,j]

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − [DkA]l,g,h)
2

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − φy,k,lwy,l,g)2

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]
2
l,g,h − 2φy,k,l[ABk]l,g,hwy,l,g + φ2y,k,lw

2
y,l,g)

=

λk∑
l=0

( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h − 2

ql∑
g=1

nl,g∑
h=1

φy,k,l[ABk]l,g,hwy,l,g +

ql∑
g=1

nl,g∑
h=1

φ2y,k,lw
2
y,l,g

)

=

λk∑
l=0

( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h − 2φy,k,l

ql∑
g=1

wy,l,g

nl,g∑
h=1

[ABk]l,g,h + φ2y,k,l

ql∑
g=1

nl,gw
2
y,l,g

)
,

For each l, the derivative of the above function with respect to φy,k,l is

∂SSCk
∂φy,k,l

= −2
ql∑
g=1

wy,l,g

nl,g∑
h=1

[ABk]l,g,h + 2φy,k,l

ql∑
g=1

nl,gw
2
y,l,g

which equals 0 when φy,k,l = φ∗y,k,l as defined in (5.3). In addition,

∂SSC2
k

∂φy,k,l∂φy,k,l
= 2

ql∑
g=1

nl,gw
2
y,l,g > 0

and

∂SSC2
k

∂φy,k,l∂φy,k,l∗
=

∂SSC2
k

∂φy,k,l∗∂φy,k,l
= 0

for all l∗ 6= l.
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Proof of Theorem 8

When we substitute φy,k,l in (5.2) with φ∗y,k,l, we get

SSCk =

λk∑
l=0

( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h − 2

(
∑ql
g=1 wy,l,g

∑nl,g
h=1[ABk]l,g,h)

2∑ql
g=1 nl,gw

2
y,l,g

+
(
∑ql
g=1 wy,l,g

∑nl,g
h=1[ABk]l,g,h)

2∑ql
g=1 nl,gw

2
y,l,g

)

=

λk∑
l=0

( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h −

(
∑ql
g=1 wy,l,g

∑nl,g
h=1[ABk]l,g,h)

2∑ql
g=1 nl,gw

2
y,l,g

)

=

λk∑
l=0

[( ql∑
g=1

nl,g∑
h=1

[ABk]
2
l,g,h

)
− dl

]
,

for dl defined in (5.6).

Proof of Theorem 9

For spatial lag l = 0 we simplify d0 as defined in (5.6) as

d0 =
(
∑r
h=1[ABk]l,0,h)

2

r
= r[ABk]

2

l,∗,∗.

Plugging this value into (5.5) for d0, we have

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h =

r∑
h=1

[ABk]
2
0,1,h −

(
∑r
h=1[ABk]l,0,h)

2

r

=

r∑
h=1

[ABk]
2
0,1,h − r[ABk]

2

l,∗,∗

=

r∑
h=1

([ABk]
2
0,1,h − [ABk]

2

l,∗,∗)

=

r∑
h=1

([ABk]0,1,h − [ABk]l,∗,∗)
2.
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Proof of Theorem 10

The sum of squared elements of Ck is

SSCk =

s∑
i=1

r∑
j=1

[Ck]
2
[i,j]

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

([ABk]l,g,h − [DkA]l,g,h)
2

=

λk∑
l=0

s∑
g=1

nl,g∑
h=1

([ABk]l,g,h − φy,k,l,gwy,l,g)2

=

λk∑
l=0

s∑
g=1

nl,g∑
h=1

([ABk]
2
l,g,h − 2φy,k,l,gwy,l,g[ABk]l,g,h + φ2y,k,l,gw

2
y,l,g)

=

λk∑
l=0

s∑
g=1

( nl,g∑
h=1

[ABk]
2
l,g,h − 2

nl,g∑
h=1

φy,k,l,gwy,l,g[ABk]l,g,h +

nl,g∑
h=1

φ2y,k,l,gw
2
y,l,g

)

=

λk∑
l=0

s∑
g=1

( nl,g∑
h=1

[ABk]
2
l,g,h − 2φy,k,l,gwy,l,g

nl,g∑
h=1

[ABk]l,g,h + nl,gφ
2
y,k,l,gw

2
y,l,g

)
,

For each l and g, the derivative of the above function with respect to φy,k,l,g is

∂SSCk
∂φy,k,l,g

= −2wy,l,g
nl,g∑
h=1

[ABk]l,g,h + 2nl,gφy,k,l,gw
2
y,l,g

which equals 0 when φy,k,l,g = φ∗y,k,l,g as defined in (5.13). In addition,

∂SSC2
k

∂φy,k,l,g∂φy,k,l,g
= 2nl,gw

2
y,l,g > 0

and

∂SSC2
k

∂φy,k,l,g∂φy,k,l,g
=

∂SSC2
k

∂φy,k,l∗,g∗∂φy,k,l∗,g∗
= 0

for all l∗ 6= l and g∗ 6= g.
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Proof of Theorem 11

The sum of squared elements of Ck under equal weighting is

SSCk =

s∑
i=1

r∑
j=1

[Ck]
2
[i,j]

=

λk∑
l=0

ql∑
g=1

nl,g∑
h=1

[Ck]
2
l,g,h

=

λk∑
l=0

nl∑
h=1

([ABk]l,h − [DkA]l,h)
2

=

λk∑
l=0

nl∑
h=1

([ABk]l,h − φy,k,lwy,l)2

=

λk∑
l=0

nl∑
h=1

([ABk]
2
l,h − 2φy,k,l[ABk]l,hwy,l + φ2y,k,lw

2
y,l)

=

λk∑
l=0

( nl∑
h=1

[ABk]
2
l,h − 2

nl∑
h=1

φy,k,l[ABk]l,hwy,l +

nl∑
h=1

φ2y,k,lw
2
y,l

)

=

λk∑
l=0

( nl∑
h=1

[ABk]
2
l,h − 2φy,k,lwy,l

nl∑
h=1

[ABk]l,h + φ2y,k,lnlw
2
y,l

)
,

For each l, the derivative of the above function with respect to φy,k,l is

∂SSCk
∂φy,k,l

= −2wy,l
nl∑
h=1

[ABk]l,h + 2φy,k,lnlw
2
y,l

which equals 0 when φy,k,l = φ∗y,k,l as defined in (5.16). In addition,

∂SSC2
k

∂φy,k,l∂φy,k,l
= 2nlw

2
y,l > 0

and

∂SSC2
k

∂φy,k,l∂φy,k,l∗
=

∂SSC2
k

∂φy,k,l∗∂φy,k,l
= 0

for all l∗ 6= l.
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Proof of Theorem 12

Using the parameter solutions (5.16) for all l under equal weighting, we have

SSCk =

λk∑
l=0

nl∑
h=1

([ABk]l,h −
[ABk]l,∗
wy,l

wy,l)
2 =

λk∑
l=0

nl∑
h=1

([ABk]l,h − [ABk]l,∗)
2.

Proof of (7.8)

A model of the form

(Ir −B1B −B2B)(Ir −B12B −B24B)Zt = εt,

can be written as

Zt = B1Zt−1 + B2Zt−1 + B12Zt−12 + B24Zt−24

−B1B12Zt−13 −B2B12Zt−14 −B1B24Zt−25 −B2B24Zt−26 + εt.

When the non-aggregate variable is aggregated, this results in

Yt = AB1Zt−1 + AB2Zt−1 + AB12Zt−12 + AB24Zt−24

−AB1B12Zt−13 −AB2B12Zt−14 −AB1B24Zt−25 −AB2B24Zt−26 + et.

The aggregate variable fit with the same model form as above is shown by

(Is −D1B −D2B)(Is −D12B −D24B)Yt = ηt,
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can be written as

Yt = D1Yt−1 + D2Yt−1 + D12Yt−12 + D24Yt−24

−D1D12Yt−13 −D2D12Yt−14 −D1D24Yt−25 −D2D24Yt−26 + ηt.

Thus, using the same methods as shown earlier for non-seasonal models,

ηt = (AB1 −D1A)Zt−1 + (AB2 −D2A)Zt−2

+ (AB12 −D12A)Zt−12 + (AB24 −D24A)Zt−24

− (AB1B12 −D1D12A)Zt−13 − (AB2B12 −D2D12A)Zt−14

− (AB1B24 −D1D24A)Zt−25 − (AB2B24 −D2D24A)Zt−26 + et

= C1Zt−1 + C2Zt−2 + C12Zt−12 + C24Zt−24

−C13Zt−13 −C14Zt−14 −C25Zt−25 −C26Zt−26 + et.
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Figure A.1: Simulation Results: Aggregate Variable Sample ST-ACFs and ST-PACFs
for STAR(11) Model with (φz,1,0, φz,1,1) = (0.7, 0.2)
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Figure A.2: Simulation Results: Aggregate Variable Sample ST-ACFs and ST-PACFs
for STAR(11) Model with (φz,1,0, φz,1,1) = (0.2, 0.7)
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Figure A.3: Simulation Results: Aggregate Variable Sample ST-ACFs and ST-PACFs
for GSTAR(11) Model with Larger Purely Autoregressive Parameters
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Figure A.4: Simulation Results: Aggregate Variable Sample ST-ACFs and ST-PACFs
for GSTAR(11) Model with Larger Spatial Parameters
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Figure A.5: Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.7, 0.2)
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Figure A.6: Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for STAR(11) Model with (φz,1,0, φz,1,1) = (0.2, 0.7)
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Figure A.7: Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for GSTAR(11) Model with Larger Purely Autoregressive Parameters
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Figure A.8: Simulation Results: Aggregate Model Residual Sample ST-ACFs and
ST-PACFs for GSTAR(11) Model with Larger Spatial Parameters
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