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ABSTRACT

DATA-FITTED GENERIC SECOND ORDER MACROSCOPIC TRAFFIC

FLOW MODELS

Shimao Fan

DOCTOR OF PHILOSOPHY

August, 2013

Professor Benjamin Seibold, Chair

The Aw-Rascle-Zhang (ARZ) model has become a favorable “second or-

der” macroscopic traffic model, which corrects several shortcomings of the

Payne-Whitham (PW) model. The ARZ model possesses a family of flow rate

versus density (FD) curves, rather than a single one as in the “first order”

Lighthill-Whitham-Richards (LWR) model. This is more realistic especially

during congested traffic state, where the historic fundamental diagram data

points are observed to be set-valued. However, the ARZ model also possesses

some obvious shortcomings, e.g., it assumes multiple maximum traffic densities

which should be a “property” of road. Instead, we propose a Generalized ARZ

(GARZ) model under the generic framework of “second order” macroscopic

models to overcome the drawbacks of the ARZ model. A systematic approach

is presented to design generic “second order” models from historic data, e.g.,

we construct a family of flow rate curves by fitting with data. Based on the

GARZ model, we then propose a phase-transition-like model that allows the

flow rate curves to coincide in the free flow regime. The resulting model is

called Collapsed GARZ (CGARZ) model. The CGARZ model keeps the fla-

vor of phase transition models in the sense that it assume a single FD function

in the free-flow phase. However, one should note that there is no real phase

transition in the CGARZ model.

To investigate to which extent the new generic “second order” models
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(GARZ, CGARZ) improve the prediction accuracy of macroscopic models, we

perform a comparison of the proposed models with two types of LWR mod-

els and their “second order” generalizations, given by the ARZ model, via a

three-detector problem test. In this test framework, the initial and boundary

conditions are derived from real traffic data.

In terms of using historic traffic data, a statistical technique, the so-called

kernel density estimation, is applied to obtain density and velocity distribu-

tions from trajectory data, and a cubic interpolation is employed to formulate

boundary condition from single-loop sensor data. Moreover, a relaxation term

is added to the momentum equation of selected “second order” models to

address further unrealistic aspects of homogeneous models. Using these inho-

mogeneous “second order” models, we study which choices of the relaxation

term τ are realistic.
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CHAPTER 1

Introduction

The investigation of traffic flow dynamics has attracted the interest of

physicists, engineers, and mathematicians. Traffic engineers have applied an

empirical approach to study traffic flow that is based on the observation of

historic data. On the one hand, the traffic data provides useful information

to understand several important phenomena such as the phase transition from

free traffic state to congested state [58, 61]. On the other hand, the empirical

approach is inappropriate to describe many complicated traffic dynamics, e.g.,

the formation of “phantom traffic jam” [28], which describes a class of self-

sustaining traveling waves. Therefore, the study of traffic flow has become a

challenging mathematical modeling problem.

The examination of traffic flow using mathematical modeling traces back

to 1950s when Lighthill and Whitham [71] presented a model based on the

analogy of vehicles to particles in a fluid flow. Since then, researchers have

developed a wide variety of models of vehicular traffic with emphasis in dif-

ferent aspect of traffic flow operations. These models can be classified into

microscopic models (particle-based e.g., [82, 95, 31, 42, 46]), mesoscopic mod-

els (gas-kinetic, e.g., [43, 47, 62, 93]), and macroscopic models (fluid dynamics,

e.g., [71, 107, 97, 89, 2, 96, 11, 12, 13], etc.), which differ in the level of detail

in which they describe the traffic flow. Microscopic models are in high de-

tail; they consider the behavior of individual drivers. In contrast, macroscopic
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models are at a high level of aggregation, and ignore many details about the

individual vehicles. The detail level of mesoscopic models is between micro-

scopic and macroscopic models. These models do not track individual vehicles

as in microscopic models, but describe vehicle dynamics in terms of a probabil-

ity distribution of the traffic density and velocity. However, these aggregated

quantities are governed by the rules at an individual level, such as considering

interaction between vehicles in the gas-dynamics models [43]. It has been a

long debate about which modeling approach is most suitable to describe the

dynamics of traffic flow accurately. In the review paper [46], a wide variety of

modeling approaches are discussed and compared. It turns out that each ap-

proach has its advantages and disadvantages. Let us consider the microscopic

approach as an example.

The microscopic description of traffic flow is focused on investigating the in-

teractions between individual vehicles, such as the car-following model (e.g.,[31,

82]), which results in a large system of ordinary second-order differential equa-

tions of the form

x′′j (t) = aj(t, x1, .., xN , x
′
1, ..., x

′
N), j = 1, ..., N. (1.1)

Here xj(t) is the trajectory of the j-th vehicle, aj is the corresponding acceler-

ation, and N is the number of vehicles. In reality, the single vehicle dynamics

is mainly affected by its leading traffic (the vehicles in front). Thus, in the

follow-the-leader models [31], the general form (1.1) can be simplified as:

x′′j (t) = aj(t, xj, xj+1, x
′
j, x
′
j+1), j = 1, ..., N. (1.2)

Microscopic models are appropriate to represent the trajectory of each vehicle.

However, since the size of the system (1.1) increases with the number of vehicles

(N) that are considered, this results in unacceptable computational cost for

large road network. Moreover, it is also difficult to reveal the global traffic

dynamics sometimes, e.g., as in the follow-the-leader model, the acceleration

is positive even though the traffic is congested, as long as the leading vehicle is
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accelerating. As a result, it is hard to to predict the global traffic state based

on observing the behaviors of individual drivers.

A later development of microscopic car-following models are cellular au-

tomaton models [79, 77, 78]. Cellular models describe vehicular traffic in dis-

crete cells with the same size (typically 7.5 meters). Vehicles travel from one

cell to the adjacent downstream cell in one time step and the vehicle velocities

are selected from a set of discrete values. Then, each individual vehicle accel-

erates or decelerates with rules similar to those in car-following models. The

advantage of cellular models is their computational efficiency, and therefore

they can be applied to large road networks. However, they also possess obvi-

ous shortcomings. As pointed out in [46], it is difficult to infer the mechanisms

of a cellular model from real-life driving behavior.

As a result of these problems, the selection of a modeling approach depends

on the objective of the investigation. In recent years, the study of congested

traffic flow has become the main challenge because of the increasing number of

vehicles, in particular in developing countries. Researchers aim to understand

the complicated dynamics in the congested traffic state, such as the propaga-

tion of traffic waves. The empirical observation [56, 57] of self-organization

traffic jams without bottlenecks in congestion indicates that the macroscopic

approach is the most appropriate to describe the phenomena that are hap-

pening in congested traffic [46]. The objective of this thesis is to address the

challenges in the modeling of congested traffic, and thus the focus of this re-

search is on the macroscopic fluid-dynamics models. In addition, macroscopic

models are related to mesoscopic models [47, 81] and cellular models [18, 19].

Macroscopic models study the aggregated quantities, such as traffic density

ρ(x, t), traffic flux or traffic flow rate Q(x, t), and average velocity u(x, t) =

Q/ρ, without looking at the behavior of individual vehicles. As a consequence

of the averaging process, individual vehicle behaviors, such as lane changes,

are commonly not represented explicitly. The evolution in time and space of

macroscopic variables results in nonlinear partial differential equations (hy-

perbolic conservation laws) that have been shown to be able to describe many
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important phenomena of traffic flow, such as the formation and propagation

of traffic jams.

The continuity equation is introduced to describe the conservation of the

number of vehicles

∂

∂t
ρ(x, t) +

∂

∂x
(ρ(x, t)u(x, t)) = 0. (1.3)

Macroscopic traffic models that are solely based on the continuity equation

(1.3) are called “first order” model, such as the Lighthill Whitham and Richard

(LWR) model [71, 107, 97]. These models turn out to be inadequate to de-

scribe more complicated dynamics of traffic flow, such as the set-valued regime

of traffic data in flow rate vs. density (Q-ρ) plane. Therefore, it is desirable to

consider systems of conservation laws by adding another evolution equation for

vehicle velocity. Examples are the Payne-Whitham (PW) model [89], Aw &

Rascle’s [2, 96] and Zhang’ model [110] (ARZ), and Colombo’s phase transition

model [11, 12]. These kinds of models that are 2×2 systems are called “second

order” models in traffic flow modeling. The review paper [94] compares the

major macroscopic traffic models available in the literature. Macroscopic mod-

els lose accuracy because their reliance on the continuum hypothesis, which is

the approximation of physically discrete particles by a continuous flow. There-

fore, the number of vehicles musts be large enough to justify the traffic density

ρ as a continuous function (meaning: defined everywhere) in space and time.

Note that, this does not necessarily mean that macroscopic models give bad

predictions at low traffic density. A comparison of several “first order” models

and their “second order” generalizations has been carried out in the paper

[25]. By validating with real data, it turns out that all the selected classi-

cal macroscopic models, such as the LWR and the ARZ models, can provide

quality forecasting in the free flow regime. This in particular justifies that the

criterion to determine realistic macroscopic models are mainly related to their

performance in the traffic flow with sufficient congestion level.

A very important concept in macroscopic traffic flow modeling is the Fun-

damental Diagram. First introduced by Greenshields [38], the fundamental
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diagram defines the relationship between traffic flow rate Q and density ρ in

an equilibrium state. Since then, the fundamental diagram has been widely

used in traffic control and management. In 2000, a development of modern

traffic modeling, the so-called Three-Phase traffic theory [61], is based on the

observation of traffic data in the Q-ρ plane. By observing measured funda-

mental diagram data, the fundamental diagram is usually accepted to have a

reverse “λ” shape with two branches. The left branch corresponds to the ho-

mogeneous flow (free-flow) and the right branch describes the congested traffic

state. The challenge in designing a realistic fundamental diagram model lies in

the congested branch where the data points are set-valued [64] (see Fig. 2.1).

The investigation of flow rate versus density relationship (FD function or

flow rate curve) plays an important role in macroscopic models. In fact, the

“first order” LWR model is based on the investigation of FD in an equilibrium

state. Most of “second order” models also make use of the FD, e.g., the

PW [89] and ARZ models [110] have applied an equilibrium velocity curve

which is deduced from a FD. However, the investigation of “second order”

models with concentration on FD curves has not attracted sufficient attention.

In this thesis, we describe “second order” models with the FD curves they

possess. Because of the availability of historical FD data, it is convenient to

employ an empirical approach to develop more realistic FDs by fitting with

data [26, 25]. It is desirable that macroscopic models with FDs that fit better

with historic data are more realistic. As a result, the approach that combines

mathematical modeling with analysis of historic data provides the possibility

of designing more accurate tools in real traffic forecasting. Traffic researchers

have applied this approach in performing real-time traffic state estimation,

such as the Kalman filters [52] and extended Kalman filters [106, 6]. The

process includes first predicting the traffic state in the near future by applying

some traffic model (predictor), e.g., the LWR model, and then to follow with

an adjustment with traffic data. Our examination aims at developing more

accurate predictors by studying historic data.

The ultimate goal of our research is to design macroscopic models that can
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capture the set-valued regime better. In studying the existing macroscopic

traffic models, e.g., the ARZ and phase transition models, we realize several

modeling shortcomings. Therefore, one objective of this dissertation is to

develop generalized “second order” models that can address these drawbacks.

In [68], a generic framework for ARZ-like “second order” models is proposed.

By introducing a suitable quantity I as a “property” of the drivers (generic

invariance), a generic “second order” model is constructed based on a general

function of velocity u = V (ρ, I). Consequently, we have a family of flow rate

curves Q(ρ, I) = ρV (ρ, I) parameterized by I. We are interested in designing

new models based on this generic framework. Another objective of this thesis

is to design more realistic traffic models using available historic data. We aim

at developing new models that can provide accurate predictions in high traffic

density. This is done by applying the idea of integrating an empirical approach

with mathematical modeling techniques. Hence, this research work includes

the analysis of historical data. However, the goal is not only to calibrate

the model parameters from data, but also to propose a systematic approach

to generate generic “second order” models from data. Finally, we determine

good candidates of predictors in real-time traffic forecasting, by comparing the

accuracy of different models on real traffic data.

In Chapter 2, we first present the main macroscopic traffic models avail-

able in the literature. These models include both “first order” models and

“second order” models. Chapter 3 introduces the idea of employing an em-

pirical approach for the design of macroscopic models. It also addresses the

main shortcomings of existing “second order” models like the ARZ and phase

transition models, and discusses ideas towards constructing generalized mod-

els. Chapter 4 presents the detailed procedures design data-fitted generalized

“second order” models. The underlying mathematical models are scalar hy-

perbolic conservation laws (“first order” models) and systems of hyperbolic

conservation laws (“second order” models). An investigation of solutions to

Riemann problem is presented in Chapter 5. These solutions are essential in

solving hyperbolic problems. We then turn to designing suitable numerical
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schemes to find a good approximation of the models’ exact solution. These

numerical schemes presented in Chapter 6 generate approximate solutions that

converge to the physical weak entropy solution. Next, we validate models with

real data. To that end, in Chapter 7, we describe the procedure to reconstruct

the raw traffic data sets. In this chapter, two different kinds of data sets are

studied: one is sensor data [76] (RTMC) and [92] (PeMS); the other kind is a

trajectory data set [27] (NGSIM). Then, in Chapter 8, the validation results

of selected macroscopic models and generalized models are presented and dis-

cussed. Chapter 9 shows an extension of “second order” models by adding

a relaxation term to the momentum equation in the hyperbolic system. This

modification has the possibility of generating self-sustaining traveling waves in

congested traffic flow if the desired equilibrium velocity curve in the relaxation

term is not a member of the velocity curves u = V (ρ, I) in the generic mod-

els [28]. In this study, we select a relaxation term [2] such that a hyperbolic

system relaxes to an equilibrium curve that belongs to the family of velocity

curves, i.e., u = V (ρ, I). A study about the selection of the value of relaxation

time is executed, and a realistic range of the relaxation time is obtained.
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CHAPTER 2

Macroscopic Traffic Models

Recall that in the macroscopic modeling of traffic flow, the variables of

interests are the vehicle density ρ(t, x), traffic flow rate Q(x, t), and average

velocity u(t, x). These three quantities have the following relationship:

Q(x, t) = ρ(x, t)u(x, t). (2.1)

In reality, traffic density and traffic flow rate data can be measured by single-

loop or double-loop sensors. One can interpret the traffic density ρ as the

number of vehicles that are contained in an unit length of road, and the traffic

flow rate Q as the number of vehicles that pass through a given location x

per unit time. Indeed, most of existing sensor data has provided precise flux

measurements that are converted from the traffic volume N , which is the

actual number of vehicles to arrive at a position during a sampling period ∆t

(e.g., 30 seconds), i.e., Q = N /∆t. When it comes to the traffic density ρ,

sensors cannot measure it directly. Therefore, traffic engineers collect another

quantity, the so-called occupancy O, which counts the fraction of a given total

time that the sensor is “occupied” by a vehicle. The density can then be

calculated as ρ = O/`, where ` is the average vehicle length. These measured

data are crucial to construct and validate macroscopic traffic models.

In macroscopic traffic models, the traffic flow is described as “continuous”.

The basic evolution equation encodes the conservation of the number of vehi-
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cles (1.3). If we integrate equation (1.3) over the interval [x1, x2], we obtain

d

dt

∫ x2

x1

ρ(x, t)dx = Q(t, x1)−Q(t, x2), (2.2)

where the integral on the left-hand side defines the number of vehicles on a

road segment [x1, x2] at time t. Thus, the conservation equation (2.2) expresses

the fact that the change of the number of vehicles within the road segment

[x1, x2] is equal to the incoming flux at x1 minus the outgoing flux at x2.

Even through the continuity equation (1.3) successfully describes the con-

servation of “mass”, one cannot solve this equation alone because it possesses

two variables ρ and u. One way to resolve this problem is to identify some de-

pendence between the quantities ρ, u, and Q, e.g., by finding a function Q(ρ).

In that case, equation (1.3) becomes an evolution equation for the density ρ

only:
∂ρ

∂t
+

∂

∂x
Q(ρ) = 0. (2.3)

Macroscopic models given by equation (2.3) are called “first order” models.

2.1 The Lighthill-Whitham-Richards Model

“First order” models assume that the traffic flow rate depends only on

traffic density, which gives a flow-density relationship, i.e., a function-valued

fundamental diagram (FD). Let ρmax be the maximum traffic density allowed

along the road, ρ ∈ [0, ρmax], and umax be the maximum velocity (e.g., the

speed limit). The FD data in Fig. 2.1 suggests that a good FD function Q(ρ)

should be concave with a unique maximum achieved at some critical density

ρc ∈ (0, ρmax). These assumptions are also related to mathematical reasoning,

which allows for the qualitative properties of the conservation law (2.3), such

as the concavity property is related to the hyperbolicity of a conservation law.

The prototype of a “first order” model was proposed by Lighthill and Whitham

[71, 107] and Richards [97]; the so-called LWR model is obtained by employing

the Greenshield FD function [38]:
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Figure 2.1: Flow rate vs. density data measured by double-loop sensors in the

project of Freeway Performance Measurement System (PeMS) [92]. The data

is collected in a segment of Interstate 80 located in Emeryville, California.

Q(ρ) = umaxρ

(
1− ρ

ρmax

)
. (2.4)

The corresponding velocity diagram has a linear form

U(ρ) = umax

(
1− ρ

ρmax

)
. (2.5)

Note that equation (2.4) is strictly concave down with ρc = ρmax/2, and it

assumes zero flow rate when ρ = 0 or ρ = ρmax. This makes sense since there

is no flow as the road is empty or the vehicles become bumper-to-bumper.

Moreover, the velocity is a linear decreasing function of density. As more and

more vehicles are entering the road, we expect the average traffic velocity to

drop monotonically.

The basis of “first order” models is to design the FD function Q(ρ). There-

fore, many different FDs are proposed in literature. The Greenshield model
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generalizes the LWR model by proposing a FD as

Q(ρ) = umaxρ

[
1−

(
ρ

ρmax

)n]
, U(ρ) = umax

[
1−

(
ρ

ρmax

)n]
. (2.6)

Other examples exist, such as Greenberg’s model [35], which has a logarith-

mic form, Bonzani and Mussone’s [8] exponential form FD, and the Daganzo-

Newell model [18, 83], which possesses a triangular shape.

2.2 The Payne-Whitham Model

“First order” models presume the existence of a fixed equilibrium state,

i.e., FD. In contrast, the historical data show a clear set-valued (multi-valued)

behavior in congested traffic state (see Fig. 2.1). One explanation to this

dynamics relates to the stability of dynamical systems. As the traffic density

increases above a critical threshold, the traffic state becomes unstable, in which

case even small perturbation may become amplified [103]. There are other

possible causes for the spread of data, e.g., different vehicle classes. As a

result, a single FD as in “first order” models cannot represent the spread of

the observed data. Thus, models with higher order are necessary. This is done

by introducing another evolution equation for the traffic velocity u. These

macroscopic traffic models are called “second order” traffic models.

The prototype “second order” model is Payne’s [89] and Whitham’s [107]

model, in which the acceleration a is constructed as the sum of two terms:

a(ρ, u, ∂xρ, ∂xu) =
1

τ
(Ve(ρ)− u) +

(
−1

ρ

∂

∂x
p(ρ)

)
. (2.7)

Here, the first term is a relaxation term that models the behavior of drivers

relax their velocity to a given equilibrium speed. Here, u is the actual velocity

and Ve(ρ) is the desired velocity, while τ > 0 is a parameter representing the

time needed for drivers to adjust their speed to the desired one. The second

term on the right hand side of the equation (2.7) is used to account for the

reaction of the drivers to the traffic density ρ and the change of traffic density

∂xρ ahead. The function p(ρ) is the analog of the “pressure” in fluid dynamics,
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which is assumed to be an increasing function of density ρ, i.e., p′(ρ) > 0. The

second term can be rewritten as:

−1

ρ

∂

∂x
p(ρ) = −p

′(ρ)

ρ

∂ρ

∂x
. (2.8)

Therefore, the Payne-Whitham model is as follows:{
ρt + (ρu)x = 0,

ut + uux = 1
τ
(Ve(ρ)− u)− p′(ρ)

ρ
∂ρ
∂x
.

(2.9)

The second equation in system (2.9) is the momentum equation.

The underlying system of the Payne-Whitham (PW) model is a nonlinear

system of conservation laws with two characteristic speeds

λ(1) = u+
√
p′(ρ), λ(2) = u−

√
p′(ρ). (2.10)

Note that λ(1) and λ(2) are distinct because p′(ρ) > 0. Hence, system (2.9) is

strictly hyperbolic. Moreover, both eigenvalues are genuinely nonlinear [66],

i.e., they are associated with either shock or rarefaction waves.

2.3 The Aw-Rascle-Zhang Model

As pointed out by Daganzo [17], the Payne-Whitham model has two main

drawbacks:

(i) The model has the possibility to introduce negative velocities. This is

unrealistic in traffic flow.

(ii) The information generated by the vehicle dynamics can travel faster

than vehicle velocity, i.e., drivers are affected by what happens behind them

(λ(1) ≥ u in (2.10)). In reality, drivers are only influenced by the traffic state

ahead of them.

Aw and Rascle [2] address these shortcomings of the Payne-Whitham model

by applying the Lagrangian derivative Dt := ∂t + u∂x to the pressure function

p(ρ). Then, the acceleration term in (2.7) becomes

a(ρ, u, ∂tρ, ∂xρ) =
1

τ
(Ve(ρ)− u) +

(
− ∂

∂t
p(ρ)− u ∂

∂x
p(ρ)

)
. (2.11)
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To illustrate the difference included by this modification, we can consider the

following example [94]. For a given position x along the road, an external

observer sees an increasing traffic density, and an internal observer sees that

vehicle velocity ahead is increasing. The Payne-Whitham predicts a deceler-

ation. However, a reasonable driver would speed up since the traffic ahead

travels faster. The definition (2.11) in the Aw-Rascle model provides the cor-

rect prediction. By replacing (2.7) with (2.11) in the Payne-Whitham model,

we have the Aw-Rascle’s (AR) model with relaxation term:{
ρt + (ρu)x = 0,

(u+ p(ρ))t + u(u+ p(ρ))x = 1
τ
(Ve(ρ)− u).

(2.12)

Many other relaxation terms are proposed by researchers. In particular, Green-

berg’s relaxation term [36] takes the form: 1
τ
(umax − (u+ p(ρ))).

The homogeneous AR model is obtained by assuming a vanishing relaxation

term {
ρt + (ρu)x = 0,

(u+ p(ρ))t + u(u+ p(ρ))x = 0,
(2.13)

for a smooth and increasing function p(ρ) and p(0) = 0, e.g.

p(ρ) = ργ, γ > 0. (2.14)

The second equation in (2.13) can be regarded as the conservation equation

for the generalized flux ρw, with w := u+p(ρ). Therefore, the second equation

can be written in the conserved form:

∂

∂t
(ρw) +

∂

∂x
(ρwu) = 0.

Moreover, by assuming p(0) = 0 like in the classical AR model (2.14), we

have w = u(0), which is the traffic velocity on an empty road. Then the

characteristic speeds of the conservation laws system (2.13) can be calculated

as

λ(1) = u− ρp′(ρ), λ(2) = u, (2.15)
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which indicates that no information can propagate faster than vehicle veloc-

ity since λ(1) ≤ λ(2) = u. Furthermore, the system is strictly hyperbolic for

non-vacuum traffic density ρ 6= 0, where λ(1) is genuinely nonlinear and λ(2) is

linearly degenerate [66]. Therefore, the first eigenvalue corresponds to shocks

or rarefaction waves and the second eigenvalue is associated with contact dis-

continuities.

Zhang’s model [110] picks a particular pressure function that reads

p(ρ) = umax − Ve (ρ) ,

where umax = Ve (0). One sees that p(0) = 0 as the classical AR model. We

can define w as

w := u+ umax − Ve (ρ) . (2.16)

Thus, the homogeneous Aw-Rascle Zhang’s (ARZ) model can be written

{
ρt + (ρu)x = 0,

(u− Ve (ρ))t + u(u− Ve (ρ))x = 0.
(2.17)

The corresponding characteristic speeds then become

λ(1) = u+ ρV ′e (ρ), λ(2) = u. (2.18)

Again, there is no information that travels faster than vehicle velocity u by

noticing that V ′e (ρ) ≤ 0.

2.4 Phase Transition Models

By observing historic FD data in Fig. 2.1, one can notice that the traffic

dynamics are quite different for traffic states with different traffic densities.

Based on empirical observations, Kerner [58, 59, 60] proposed a Three-Phase

traffic theory that divides the FD into: free flow phase and congested flow

phase. The congested phase is further classified into synchronized flow and

wide moving jams. In the free flow regime, empirical FD data is homogeneous
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Figure 2.2: The flow rate (Q) vs. density (ρ) curve of the Colombo’s phase

transition model, where the Q-ρ plane is separated into two regions: the free

flow region Ωf and congested flow region Ωc.

where the flow rate Q depends almost linearly on the density ρ, while in con-

gested traffic, the data has reveal a weaker relationship between Q and ρ, and

the (Q, ρ) data points are scattered in a two-dimensional domain. This kind

of phenomenon is called a phase transition. Based on Kerner’s observation,

Colombo [11, 12] proposed a model in which the Q-ρ plane is decomposed into

two regions Ωf and Ωc, which correspond to the regions of free and congested

flow respectively (see Fig. 2.2). The Colombo phase transition model selects

a “first order” model in Ωf, and a “second order” model in Ωc, which has the

following form:

Free flow : (ρ,Q) ∈ Ωf

ρt +Q (ρ)x = 0,
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Congested flow: (ρ,Q) ∈ Ωc{
ρt + (ρu)x = 0,

qt + ((q − q∗)u)x = 0,
(2.19)

where the conserved quantity q is the variable originally introduced in [2],

which is motivated by the linear momentum in gas dynamics. Here, the veloc-

ity is specified as a function of both ρ and q. Thus the FD of the LWR model

can be generalized as:

u(ρ, q) =
q

ρ

(
1− ρ

ρmax

)
. (2.20)

To assure the domain to be invariant [104], the Colombo model imposes the

condition that if the initial data satisfies (ρ0, Q0) ∈ Ωf (Ωc), then the solution

remains in Ωf (Ωc) [12]. If we let Ω = [0, ρmax] × [0,+∞) denote the state

space, the free flow and congested flow regions are defined as:

Ωf = {(ρ, q) ∈ Ω | u(ρ) ≥ Vf, q = umaxρ} ,

Ωc =

{
(ρ, q) ∈ Ω | u(ρ) ≤ Vc,

Q1 − q∗
ρmax

≤ q − q∗
ρ
≤ Q2 − q∗

ρmax

}
,

where Vf, Vc are two fixed thresholds of velocity such that it is free flow if

u > Vf and the flow is in the congested region if u < Vc. Furthermore, the

model requires the inequality

Vc < Vf ≤ umax

to avoid overlaps between the two phases. The parameters Q1 ∈ (0, q∗) and

Q2 ∈ (q∗,+∞) are tuning parameters that depend on the particular problem.

Colombo’s model displays a phase gap, i.e., q∗ > 0, which increases the

complexity in analyzing the Riemann problem. A general phase transition

model is presented in [7] that fills the phase gap, and provides a method to

model the set-valued regime. The new model is as follows

Free flow: (ρ,Q) ∈ Ωf

ρt + (Q(ρ))x = 0,

Q(ρ) = ρV.
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Congested flow: (ρ,Q) ∈ Ωc
ρt + (ρu)x = 0,

qt + (qu)x = 0,

u(ρ, q) = us(ρ)(1 + q).

(2.21)

Here V is a constant free flow speed, us(ρ) is a standard state, which can be

chosen as an equilibrium state in the LWR model, and the conserved variable

q acts as a perturbation to the the standard velocity in congested flow. We

can view the evolution equation of q in the new system (2.21) as a change of

variable q = qcolombo − q∗ in the Colombo phase transition model (2.19). One

sees that the general phase transition model gives freedom in selecting us(ρ)

depending on observations.

2.5 Discussion

We realize that the flow rate curve plays a critical role in modeling both

“first order” models and “second order” models. A more realistic FD function

Q(ρ) yields a better predictor for traffic state estimation. In the next chapter,

we introduce an approach to design more realistic macroscopic models by

constructing data-fitted flow rate curves. Moreover, we also discuss ideas to

improve “second order” models such as the ARZ and phase transition models.
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CHAPTER 3

Data-Fitted Traffic Models

Following the discussion in the previous chapter, one can now generate

more realistic traffic flow models by constructing a FD function that fits bet-

ter with historical data. Hence, we first work on determining a realistic FD

function by performing data fitting. Before the fitting process, we need to

design a class of suitable FD functions. In macroscopic traffic flow models,

the criteria for a good FD function are: (i) By observing Fig. 2.1, the FD

data points display a reverse “λ” shape. Accordingly, a realistic FD function

should be able to represent the appearance of FD data. (ii) It possesses the

features that render the underlying continuum model to be hyperbolic. Hence,

it is suitable to define a flow rate curve that is strictly concave down. (iii) It

provides sufficient freedom that allows for a good fit with data.

Let us take the classical Greenshields flow rate curve (2.4) as an example.

The Greenshields FD has a quadratic form, which is determined by choosing

ρmax and umax. This makes it difficult to fit well with real data. For example,

the critical density in the Greenshields model is located at ρc = ρmax/2. In

turn, the measured data reveals that the critical density is at a value of about

ρmax/4 (see Fig. 2.1). Hence, the quadratic flow rate curve fails to give a good

agreement with data because of the lack of freedom (see Fig. 3.1).

Traffic researchers have addressed the shortcoming of a quadratic FD and

proposed many other types of FD functions (see e.g., [18, 35, 71, 83, 106]). In
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Figure 3.1: The Greenshields flow rate vs. density curve Q(ρ) (2.4), fitted to

historic fundamental diagram data. The maximum velocity umax = Q′(0) is

obtained from data.

particular, there is a piecewise linear Daganzo-Newell model [18, 83]

Q(ρ) =

{
Qmax

ρ
ρc
, for 0 ≤ ρ ≤ ρc,

Qmax
ρmax−ρ
ρmax−ρc , for ρc ≤ ρ ≤ ρmax.

(3.1)

Here, ρc is the critical density at which the unique maximum flow rate Qmax

is reached. The Daganzo-Newell FD possesses an extra degree of freedom,

which is the free parameter ρc. Therefore, this triangular form FD function

can capture the features of measured FD data better. However, it is not

appropriate for the “second order” models because for ρ ≤ ρc the linear branch

would result in a loss of hyperbolicity; see [26].

We introduce the term of data-fitted models as the models whose model

parameters are constructed by inquiring real data. The basis of “first order”

models is the FD function. Thus, “first order” traffic modeling mainly relies on

determining Q(ρ) by fitting data. In contrast, “second order” models possess

a family of flow rate curves. Thus, modeling “second order” models depends
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on the choice of a family of FD functions. We first introduce data-fitted “first

order” models.

3.1 Data-Fitted “First Order” Models

To determine a realistic FD, an important parameter is the jam traffic

density ρmax. This parameter represents the situation when the traffic is com-

pletely congested, i.e., u = 0. However, the value of ρmax is difficult to extract

from measured FD data. By observing Fig. 2.1, one sees that the data cloud

ends before the traffic becomes completely congested. We therefore treat ρmax

as a property of the highway, which is determined by the road conditions and

drivers’ behavior. We choose

ρmax =
number of lanes

vehicle length× safety distance factor
=

#lanes

7.5m
. (3.2)

Based on the NGSIM trajectory data [27], the average vehicle length is ap-

proximated as 5 meters. The value of 7.5 meters is obtained by adding a 50%

safety distance to the average vehicle length. In practice, we notice that the

model accuracy can be affected by the choice of ρmax. Hence, an investigation

of the sensitivity of data-fitted macroscopic models with respect to different

choices of ρmax is carried out in Appendix A.

Next, we construct a FD function that is smooth, strictly concave down

(Q′′(ρ) < 0), satisfies the assumption Q(0) = Q(ρmax) = 0, and has three free

parameters. The strictly concave down property yields a strictly decreasing

velocity function, we have

U ′(ρ) =

(
Q(ρ)

ρ

)′
=
Q′ρ−Q

ρ2
.

Note that ∂(Q′ρ−Q)
∂ρ

= ρQ′′(ρ) < 0, and (Q′ρ−Q)ρ=0 = 0, therefore Q′ρ−Q < 0

for ρ > 0. Thus, we see that U ′(ρ) < 0, for ρ > 0. This property reflects the

fact that drivers tend to slow down as more and more vehicles are entering the

road segment.
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Figure 3.2: The flow rate vs. density curve of the smooth three-parameter

model (3.3), fitted with historic fundamental diagram data.

Recall that the strictly concave down property is not only to represent

the formation of FD data, but also guarantee the strictly hyperbolicity of the

underlying system of conservation laws for ρ 6= 0. Moreover, the three free

parameters can provide sufficient degree of freedom for the data fitting process,

which generates a FD curve that lies in the middle of measured FD data (see

Fig. 3.2).

Let α, λ and p denote the free parameters, such that α, λ > 0 and p ∈ [0, 1],

the explicit form of the smooth three-parameter FD function is

Q (ρ) = α

(
a+ (b− a)

(
ρ

ρmax

)
−
√

1 + y2

)
, (3.3)

where

a =

√
1 + (λp)2, b =

√
1 + (λ(1− p))2, y = λ

(
ρ

ρmax

− p
)
.

We first check that Q(0) = 0 and Q(ρmax) = 0. It can be further verified that

the formulation in (3.3) is strictly concave down, i.e., Q′′(ρ) < 0. The three



22

free parameters allow for controlling three important features of a FD: the

maximum traffic flow rate Qmax (mainly determined by α), the critical density

(mainly controlled by p), and the roundness of the curve (mainly determined

by λ).

To determine the free parameters α, λ and p, we perform a least square

fitting with historical traffic data. Let us represent this three-parameter FD

as Qα,λ,p(ρ), and we are given FD data (ρdata, Qdata) = {(ρj, Qj), j = 1, ..., n},
the least square fitting process results in the following minimization problem:

min
α,λ,p

{
n∑
j=1

|Qα,λ,p(ρj)−Qj|2
}
. (3.4)

If we let α̂, λ̂, p̂ be the solution to the minimization problem (3.4), then

a single FD that fits well with data especially along the free flow state (as

shown in Fig. 3.2) is created. Finally, we can modify the LWR model by

letting Qe(ρ) = Qα̂,λ̂,p̂(ρ)

∂ρ

∂t
+

∂

∂x
Qe(ρ) = 0, (3.5)

which is a data-fitted “first order” model. Moreover, the velocity diagram is:

Ve(ρ) =


Qα̂,λ̂,p̂(ρ)

ρ
, for ρ > 0,

Q′
α̂,λ̂,p̂

(0), for ρ = 0.
(3.6)

Based on the data-fitted curve, the maximum velocity umax is defined as the

empty-road velocity, i.e.,

umax = Q′
α̂,λ̂,p̂

(0).

We use the same umax and ρmax in the Greenshields FD function (see Fig. 3.1).

3.2 Data-Fitted “Second Order” Models

In addition to the evolution of the traffic density, the “second order” mod-

els, such as the PW and the ARZ model, introduce another evolution equation
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for the traffic velocity. This is more realistic because the real velocity does not

necessarily follow the equilibrium velocity curve u = Ve(ρ). If we compare the

“first order” and “second order” models by examining their flow rate curves,

one sees that the “second order” models possess a family of flow rate curves

(see Fig. 3.4), which can represent the spread of data (set-valued) in congested

traffic state better.

In the ARZ model, equation (2.16) can be rewritten as

u(ρ, w) = w − umax + Ve (ρ) , (3.7)

where the maximum traffic velocity umax is a constant given by umax = Ve(0).

Equation (3.7) states that the real vehicle velocity is actually a shifted version

of the equilibrium curve u = Ve(ρ), by choosing different w values. Conse-

quently, we have a family of flow rate curves parameterized by w:

Q(ρ, w) = ρ (w − umax + Ve (ρ)) = ρ(w − umax) +Qe(ρ). (3.8)

If we substitute ρ = 0 into equation (3.7), we obtain

u(w, 0) = w − umax + Ve(0) = w, (3.9)

since umax = Ve(0). Hence, the variable w has the physical meaning of an

empty-road velocity. We use this fact to construct new models. In this sense,

the ARZ model can be interpreted as a generalization of the LWR model that

allows vehicles to follow different flow rate or velocity curves, characterized by

different empty-road velocities w. It is equivalent to say that the LWR model

is a special case of ARZ model by fixing the value of w.

Here, the choice of the equilibrium velocity function is critical, because

it determines how well the curve family can represent the dynamics of mea-

sured data in the congested region. Let us first choose Ve(ρ) as the linear

Greenshields form (2.5). We can observe that these FD curves assume unreal-

istic road capacity Qmax (see Fig. 3.3). Moreover, the model predicts free flow

states for data points that lie in the congested phase. However, this model does

not necessarily give unrealistic result in the free flow region since the curves
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Figure 3.3: The flow rate vs. density curves of the ARZ model, obtained by

choosing the equilibrium velocity u = Ve(ρ) as the Greenshields model (2.5).

have represent the free-flow data well. We expect that the ARZ model with

the Greenshields FD becomes worse as the traffic density increases. We shall

verify this hypothesis by the numerical simulation results shown in Chapter 9.

This example shows us the importance of selecting a realistic equilibrium

velocity. Therefore, it is favorable to determine the Ve(ρ) by fitting with data.

For example, we can set the equilibrium velocity curve as the data-fitted three-

parameter curve (3.6): Ve(ρ) = Uα̂,λ̂,p̂(ρ). Then, the corresponding flow rate

curves are shown in Fig. 3.4. By comparing with the FD of the data-fitted

first order models (e.g., Fig. 3.2), it is clear that the family of flow rate curves

have the potential to capture the set-valued regime.

The ARZ model with data-fitted equilibrium velocity function is an exam-

ple of data-fitted“second order” models. Similarly, we can apply the same idea

to other “second order” models. We see that the data-fitted models possess

FD curves that are better fitted with traffic data. It can therefore be expected

that these models are more reliable in forecasting the real traffic. One issue
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Figure 3.4: The flow rate vs. density curves of the ARZ model by selecting the

equilibrium velocity curve u = Ve(ρ) as the smooth three-parameter formula-

tion (3.6).

that we notice is that the flow rate curves of the ARZ model (3.8) is obtained

by choosing an equilibrium velocity curve u = Ve(ρ), and these curves do not

necessarily capture the dynamics of the set-valued FD data. Clearly, the free-

dom of designing a family of FD functions is reduced. In the next section, we

explain in more detail about the motivations to generalize the ARZ model.

3.3 Motivation to Generalize “Second Order”

Models

3.3.1 Generalization of the ARZ Model

In studying the flow rate curves of the ARZ model, we see several modeling

shortcomings, e.g., one can observe from the Figs. 3.3 and 3.4 that the family

of curves have different maximum densities at which ρ = 0. This is clearly
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unrealistic since ρmax should be a property of the road. One can also under-

stand this problem as that the ARZ model assumes zero velocity even when

the road is not completely congested. Again, this is not realistic in practice.

This issue has been addressed by Colombo in his phase transition model [12]

and many other following works such as a Aw-Rascle phase transition model

[33], and a general phase transition model [7]. However, further effort is still

necessary to overcome this drawback under the framework of the ARZ model.

Next, the family of velocity curves is just a shift up and down of the

equilibrium curve u = Ve(ρ) (see equation (3.7)). Accordingly, a flow rate

curve Q(ρ, w) is to rotate the equilibrium curve Qe(ρ) with a angle θ in the

following sense. By equation (3.8), we obtain

tan θ =
Q(ρ, w)−Qe(ρ)

ρ
= w − umax.

As a result, we can observe that the congested branches of the flow rate curves

spread wider and wider as the w value increases, which generates a great

deviation from FD data. This drawback is caused by the assumption of a linear

relationship between w and u (2.16), which reduces the freedom of modeling.

Moreover, the “pressure” function p(ρ) = umax − Ve(ρ) in the ARZ model

is not necessarily realistic. For modeling reasons, researchers have proposed a

wide variety of “pressure” functions p(ρ). For example, Aw and Rascle [2] use

p(ρ) = ργ, γ > 0. Another choice that was proposed in [1, 3] is

p(ρ) = uref ln
ρ

ρmax

, (3.10)

where uref is a given reference velocity that is not necessarily the same as the

maximum velocity umax. However, there is no general principle to determine

whether a given“pressure” function is realistic or not.

As a result, we propose a generalized ARZ model to address these short-

comings. In the new model, let us fix two properties of the “pressure” function

as in the ARZ model, which are p′(ρ) ≥ 0 and p(0) = 0. The ARZ model can
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be rewritten equivalently as: {
ρt + (ρu)x = 0,

wt + uwx = 0,
(3.11)

where

w := u+ p(ρ), p(0) = 0. (3.12)

Geometrically, the second evolution equation of w in (3.11) describes the fact

that the directional derivative of w in the direction of (1, u) vanishes, i.e.,

(∂t, ∂x)w · (1, u) = 0.

Therefore w is constant along the lines of the form {(t, x); x = x0 + ut},
which are actually the vehicle trajectories for a given initial position x0. In

other words, the quantity w is a characteristic property of drivers, and each

driver possesses a unique empty-road velocity w. Based on this observation,

J. P. Lebacque and his collaborators [68] proposed a generic framework for

ARZ-type models. The variable w in ARZ models is called a generic invariant

in the sense that it is constant along vehicle trajectories. In this generic frame-

work, the generic invariant can be replaced by many other quantities that are

attached to drivers. The conserved generic “second order” model [68] in its

homogeneous form looks like:
ρt + (ρu)x = 0,

(ρI)t + (uρI)x = 0,

u = V (ρ, I),

(3.13)

where I is the generic invariant. The challenges that follow up are to target

suitable invariant quantities I and to construct the general velocity function

u = V (ρ, I). In this thesis, we present two data-fitted generic “second order”

models under the generic framework (3.13).

We design a generalized ARZ (GARZ) model under the generic framework

(3.13). The key is to formulate a general velocity function u = V (ρ, w), where

the generic invariant is selected as the empty-road velocity w. The variable
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Figure 3.5: Flow rate vs. density curves of the GARZ model parameterized by

the empty-road velocity w, i.e., Q(ρ, w).

w describes the tendency of a driver to drive faster or slower on an empty

road, which can distinguish different drivers. The physical interpretation of w

turns out to be very important in designing the general velocity function since

we can have the relationship w = V (0, w). It is actually favorable to develop

curves Q(ρ, w) = ρV (ρ, w) in the flow-density plane (see Fig. 3.5) because of

the immediate availability of FD data. We introduce a way to generate the

curve family Q(ρ, w) by inquiring real traffic data, which is described in the

next chapter. We can represent the homogeneous GARZ model as
ρt + (ρu)x = 0,

(ρw)t + (uρw)x = 0,

u = V (ρ, w).

(3.14)

3.3.2 Generalization of Phase Transition Models

The Colombo type phase transition models [12, 7, 4] define the congested

diagram that possesses an uniform ρmax. This addresses one shortcoming of
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the ARZ model, and allows for a better fit with historical data in the set-valued

regime (see Fig. 2.2). Furthermore, a generalized phase transition model was

presented [7] by addressing the following items:

(a) There exists a phase gap between free flow and congested flow in the

Colombo model. This fact adds to the complexity in defining a solution to the

Riemann problem. The general model [7] removes the phase gap by introducing

the Newell-Daganzo FD for the free flow.

(b) The modified model also defines a general class of set-valued FDs by

introducing a perturbation q to the standard state, e.g., the FD in the LWR

model. One can generate different families of flow rate curves by giving dif-

ferent standard state. Thus, it provides the freedom of modeling by choosing

the standard state based on observations in practice.

However, the solution to the Riemann problem is complicated, especially

in the case including phase transition. Moreover, the general model requires

the standard state [7] to be the triangular Newell-Daganzo FD. As a result,

it reduces to the linear advection equation when initial data points are in free

flow regime Ωf. The solution to the linear advection equation is just a trans-

portation of the initial profile. Given the initial state as a downward jump in

traffic density, the discontinuity propagates with the speed of vehicles (contact

discontinuity). However, the discontinuous initial data should evolve into a

continuous solution (rarefaction wave) in practice, because the front vehicles

are accelerating. It is desirable that a model should be able to produce all pos-

sible solutions in the free flow phase. In this sense, Colombo’s phase transition

model [12] that chooses classical LWR model in Ωf is more realistic. Moreover,

the perturbation term q does not have clear physical meaning. Finally, the

non-convexity of the domain Ωf ∪ Ωc also generates challenges in developing

suitable convergent and efficient numerical schemes.

One possible solution to these problems is to develop a phase-transition-

like model that preserves the features of the GARZ model. In [68], the author

shows that the Colombo phase transition model is able to fit into the generic
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Figure 3.6: Comparison of the collapsed GARZ model with a phase transition

model.

framework (3.13), where the velocity function is defined as

V (ρ, I) =

{
Uf(ρ), if 0 ≤ ρ ≤ ρf(I),

Uc(ρ, I), if ρf(I) ≤ ρ ≤ ρmax.
(3.15)

The velocity function becomes independent of the generic invariant I when the

traffic density falls below a critical threshold ρf(I). Here, ρf(I) is determined

by solving Uf(ρ) = Uc(ρ, I). Therefore, the model in the new form actually

removes the gap between two phases, i.e., q∗ = 0 in (2.19). This makes it

possible to describe phase-transition-like models in a single system (1-phase

model). As argued in [68], all properties that are established in the generic

models family can be applied to the 1-phase model. However, there are several

issues with this formulation:

(1) The phase transition model in the generic framework (3.13) with a

general velocity function defined in (3.15) is actually not equivalent to the

original model. There is no real phase transition in the 1-phase model. In other

words, the system does not switch to “first order” models as ρ ≤ ρf(I). This is

the fundamental difference between the Colombo phase transition model and
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the 1-phase description. This point is not explicitly stressed in [68].

(2) The free flow threshold density depends on the generic invariant I, i.e.,

ρf = ρf(I), it is in fact a cut of the set-valued FD curves (with different I)

by a single free flow diagram (see Fig. 3.6a). Thus, the solution that connects

two initial data in free flow ρ ≤ ρf(I) corresponds to the change in I, which

is the wave of the second family. The solution is the wave of the first family

if moving along the same set-valued curve, i.e, I remains the same. Thus, the

solution in the free flow region can only be waves of the second family in phase

transition models without phase gap, i.e., q∗ = 0. This is the reason why the

general phase transition model [7] uses the piecewise linear Newell-Daganzo

FD function as the standard state. However, it is possible to introduce a

first family wave in Ωf if one applies the analysis under the generic framework

directly into the 1-phase model.

To address these problems, we propose a model as an analog of the GARZ

model, which collapses the intersections between free diagram and set-valued

family to a single point (see Fig. 3.6b). We call this model the collapsed GARZ

(CGARZ) model. We illustrate the difference with the 1-phase model in the

general velocity function:

V (ρ, I) =

{
Uf(ρ), if 0 ≤ ρ ≤ ρf,

Uc(ρ, I), if ρf < ρ < ρmax.
(3.16)

The critical threshold ρf is a parameter of the model which can be obtained

from real data. One sees that ρf no longer depends on I. The collapsed GARZ

model is:
ρt + (ρu)x = 0,

(ρI)t + (ρuI)x = 0,

u = V (ρ, I) =

{
Uf(ρ), if 0 ≤ ρ ≤ ρf,

Uc(ρ, I), if ρf < ρ ≤ ρmax.

(3.17)

Note that the system (3.17) does not reduce to the classical LWR model, but

rather a system that keeps track of I via a linear advection equation. The

collapsed GARZ model preserves the flavor of phase transition, but allows
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the theoretical analysis under the same framework as the GARZ model. This

reduces the complexity of the theoretical analysis significantly.

The challenge is to select an invariant quantity I and formulate the ve-

locity function (3.16). Again, it is equivalent to first determine a family of

flow rate functions Q(ρ, I), and then deduce the general velocity function via

V (ρ, I) = Q(ρ, I)/ρ. We show in Chapter 4 an approach to generate an ap-

propriate family of flow rate curves and to determine the model parameters

from measured FD data.

3.4 “Second Order” Models with Relaxation

One drawback of the homogeneous model (3.14), as pointed out by Rascle

[96], is that it assumes the maximum speed reached by vehicles on an empty

road depends on the initial data, which is unrealistic. Rascle provids an ex-

ample to illustrate this inconsistency, in which the vehicles in front are driving

much faster than the cars behind. In this case, a rarefaction wave forms (see

Chapter 5) that travels with a speed that depends on the initial condition on

the left. In reality, the model introduces a vacuum intermediate state, i.e.,

ρ = 0, whose speed is the maximum velocity umax, independent of the initial

condition.

The example above provides one of the motivations to add a relaxation term

to the momentum equation. For our investigation, we select the relaxation

term proposed in [96], which allows the system to relax to an equilibrium state.

Recall that this term looks like: 1
τ

(Ve(ρ)− u), where Ve(ρ) is an equilibrium

state of traffic velocity.

Thus, the homogeneous GARZ model (3.14) with a relaxation term is
ρt + (ρu)x = 0,

(ρw)t + (uρw)x = ρ
τ

(Ve(ρ)− u) ,

u = V (ρ, w).

(3.18)

In this study, we choose the equilibrium velocity Ve(ρ) as the curve lying in
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the middle of the family of velocity curves u = V (ρ, w).

Moreover, as discussed in [37, 28], inhomogeneous models have the possi-

bility to develop self-sustained nonlinear waves in traffic flow with high traffic

density, which is called “phantom traffic jam”. In addition, one can also ex-

plain the data clouds in the congested region with these inhomogeneous models

as pointed out in [103]. However, this requires that the equilibrium curve Ve(ρ)

not belong to the velocity curves u = V (ρ, w).
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CHAPTER 4

Data-Fitted Generic “Second

Order” Models

4.1 The GARZ Model

In this section, we present the process to develop the GARZ model (3.14),

and introduce a systematic approach to construct model parameters of generic

“second order” model from historical data. Recall that the key is to design a

general velocity function of the form

u = V (ρ, w), s.t. w = V (0, w),

where w has the physical meaning of an empty-road velocity. We first introduce

the process to generate a family of flow rate curves Q(ρ, w) and then deduce

the velocity function via V (ρ, w) = Q(ρ, w)/ρ.

4.1.1 Construction of a Family of Flow Rate Curves

In order to generate flow rate curves from data, we need to first select

a family of FD functions. Here, we use the smooth three-parameter model

defined in (3.3). In Appendix C, we present another three-parameter FD

function. To construct a family of flow rate curves, we employ a weighted
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Figure 4.1: The flow rate (a) and velocity (b) curves generated from the

weighted least squares fitting (WLSQ) algorithm in constructing the general

velocity function u = V (ρ, w) in the GARZ model.
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least squares (WLSQ) algorithm by introducing a weight parameter β ∈ [0, 1].

Let (ρdata, Qdata) = {(ρj, Qj), j = 1, ..., n} be the observed FD data. Then

the WLSQ algorithm results in the following minimization problem:

min
α,λ,p

{
β
∥∥Qα,λ,p(ρ

data)−Qdata
∥∥2

+
+ (1− β)

∥∥Qα,λ,p(ρ
data)−Qdata

∥∥2

−

}
, (4.1)

where ∥∥Qα,λ,p(ρ
data)−Qdata

∥∥2

+
=

n∑
j=1

((Qα,λ,p(ρj)−Qj)+)2, (4.2)

∥∥Qα,λ,p(ρ
data)−Qdata

∥∥2

− =
n∑
j=1

((Qα,λ,p(ρj)−Qj)−)2. (4.3)

Here we define

(Qα,λ,p(ρj)−Qj)+ = max {(Qα,λ,p(ρj)−Qj) , 0} ,

(Qα,λ,p(ρj)−Qj)− = max {− (Qα,λ,p(ρj)−Qj) , 0} .

We can see from (4.1) that one could control the features of a curve (3.3) by

applying different weights to the data points that lie below (4.2) and above the

curve (4.3), respectively. We observe from the fitting process in all considered

data sets that a small β that penalizes the data below a flow rate curve would

drive the curve up. Therefore, this fitting process gives a family of flow rate

curves parameterized by the weight parameter β, i.e., Qβ(ρ) (See Fig. 4.1a).

This induces a family of velocity curves (Fig. 4.1b). We further observe that a

smaller β always produces a curve that is completely above the curve that has

a larger β, i.e., Qβ1(ρ) > Qβ2(ρ), ρ ∈ (0, ρmax), if β1 < β2. This means there is

no crossing between two curves with different β values. This fact is critical to

the monotonicity property of the general velocity function, i.e., ∂
∂w
V (ρ, w) > 0.

If we focus on the family of velocity curves (see. Fig. 4.1b), one sees that

a smaller β always introduces a larger w, i.e., w is a monotonically decreasing

function of β. This fact is not only very important in the model construction

process as explained in the next section, but it also makes physical sense: a

larger w characterizes more aggressive drivers, who tend to drive faster for all

traffic states.
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There is one issue with this curves family: what are good upper and lower

boundary curves? This problem arises if one is interested in finding a realistic

boundary to traffic data since the data cloud is clearly bounded. A flow rate

curve becomes higher (lower) if we are allowed to choose a β that is arbitrary

close to zero (one). The WLSQ algorithm indicates that:

(1) A few abnormal data outliers generated from measurement errors can

drive curves away from the realistic region.

(2) It is possible that there is no data points above the curve when β

drops bellows a critical value. Thus, in (4.1), the part with weight (1 − β)

vanishes. The other part is also zero if β is allowed to go to zero. Under this

circumstance, the WLSQ approach does not work. The case as β approaches

1.0 is an analog of above argument.

Therefore, the cases with β = 0 and β = 1, which are supposed to be the

natural upper and lower bounds of a given data cloud respectively, actually do

not work in practice. Moreover, for extremely small (close to zero) and large

(close to one) β values, the minimization problem (4.1) can result in curves

that depend on a few irregular data outliers. Therefore, we set a criterion

to determine an upper bound such that 99.9% of data points are below it

and a lower bound such that 99.9% of data points are lying above it. In the

minimization problem, these bounds correspond to βmin = 10−4 (upper bound)

and βmax = 1.0− βmin (lower bound).

In practice, the initial and boundary data obtained from data has the

possibility of lying outside of the bounds determined from historical data. It

is desirable to make the model more general to handle this kind of situation.

There are two approaches to overcome this problem. One is to extend the

domain. This means to further allow the upper bound curve to go higher and

the lower bound to move down further. The other one is to project data outliers

into the bounded region determined from the historic data (βmin and βmax). A

simple projection is to project the data outside of the domain vertically onto

the boundary, i.e, Qβmin
(ρ) and Qβmax(ρ). These two approaches are equivalent

in the sense that a projection effectively defines extension of the function to
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outside of the domain.

Next, we need to work on replacing β with the quantity w that possesses

a physical meaning.

4.1.2 Formulation of the General Velocity Function

The relation

w = V (0, w), (4.4)

makes it possible to substitute β with the variable w. Based on the flow rate

curves Qβ(ρ), the velocity curves can be calculated as

Ṽ (ρ, β) =

{
Qβ(ρ)

ρ
, if ρ > 0,

Q
′

β(0), if ρ = 0.
(4.5)

Therefore, equation (4.4) implies that the quantity w can be calculated as

w := W̃ (β) = Ṽ (0, β) = Q′β(0) =
α

ρmax

(
b− a+

λ2p

a

)
. (4.6)

Based on the observation in the data-fitting process, the function w =

W̃ (β) is monotonically decreasing in the domain of β ∈ [βmin, βmax]. This is

sufficient to justify the existence of an inverse function i.e., β = W̃−1(w), where

w is restricted to [wmin, wmax]. Here wmin = W̃ (βmax) and wmax = W̃ (βmin).

The domain D is the realistic estimation obtained from the FD data. Thus, we

can treat β as a rescaling of the quantity w ∈ [wmin, wmax]. Then the desired

velocity function is

Q(ρ, w) = QW̃−1(w)(ρ), (4.7)

V (ρ, w) =

{
Q(ρ,w)
ρ

, if ρ > 0,

Q
′
(ρ, w), if ρ = 0.

(4.8)

The domain of the function u = V (ρ, w) is

Ω = {(ρ, w) | 0 ≤ ρ < ρmax, wmin ≤ w ≤ wmax} . (4.9)

The velocity function (4.8) possesses the following properties in Ω.
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(a) The domain H (4.10) determined

from historic data.

Extention to the domain of ρ = R(u,w)
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w

← w = u
H

00

w
min
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max

(b) The extended domain H (4.15).

(i) Strictly decreasing in density, i.e., ∂V (ρ,w)
∂ρ

< 0.

(ii) Strictly increasing in w, i.e., ∂V (ρ,w)
∂w

> 0.

(iii) It satisfies the relation (4.4), i.e., w = V (0, w).

(iv) It has a uniform maximum traffic density, i.e., V (ρmax, w) = 0.

Among these features, (i) and (iv) follow from the definition of the FD

function (3.3). Property (iii) is an assumption in the model construction pro-

cess (4.6). Property (ii) implies that an aggressive driver (with large w) tends

to driver faster, which is crucial for the further analysis of the GARZ model.

We can see from property (iv) that the new model corrects one important

drawback in the ARZ model.

By properties (i) and (iii), the range of the general velocity function u =

V (ρ, w) given domain (4.9) is u ∈ (0, w]. Thus, an inverse function ρ = R(u,w)

is uniquely determined by giving the domain with a trapezoidal shape (see

Fig. 4.2a).

H = {(u,w) | 0 < u ≤ w, wmin ≤ w ≤ wmax} . (4.10)

Moreover, based on the strictly monotonic property (ii), another inverse func-

tion w = W (ρ, u) is defined uniquely if (ρ, u) ∈ D. The domain D is

D = {(ρ, u) | 0 ≤ ρ < ρmax, Umin(ρ) ≤ u ≤ Umax(ρ))} , (4.11)



40

0
200

400
600

800 40

50

60

70
0

10

20

30

40

50

60

70

w (km/h)

GARZ u = V(ρ,w)

density ρ (veh/km)

v
e

lo
c
it
y
 (

k
m

/h
)

Figure 4.2: Three-dimensional plot of the general velocity function u =

V (ρ, w), defined on the domain Ω (4.9) that is determined by historic data.

where Umin(ρ) = V (ρ, wmin) and Umax(ρ) = V (ρ, wmax) represent the lower and

upper bounds respectively in the u-ρ plane (see Fig. 4.3).

In summary, the general velocity function and its inverse functions for the

GARZ model are 
u = V (ρ, w), if (ρ, w) ∈ Ω,

w = W (ρ, u), if (ρ, u) ∈ D,
ρ = R(u,w), if (u,w) ∈ H.

(4.12)

The 3-dimensional plot of the general velocity function u = V (ρ, w) is

shown in Fig. 4.2.

4.1.3 Extension of the General Velocity Function in the

GARZ Model

Let us go back to the problem discussed at the end of the previous chapter.

We need to extend the domain of the function u = V (ρ, w) that is obtained



41

from data. By observing Fig. 4.1a, the w value is actually the tangent of a flow

rate curve at the origin, i.e., w = Q′(0), which can range from zero (w → 0,

an arbitrary low curve above the x-axis) to infinity (w → ∞, an arbitrary

high curve). To make the velocity function more general, we should be able to

allow w ∈ R+. Let us discuss two approaches to achieve this goal. Note that

the properties (i)-(iv) in the previous section should hold for either approach.

Extension of the Domain in the Data-fitting Process

The WLSQ algorithm enables a curve to approach the ρ-axis if there exists

some data point that is arbitrary close to the ρ-axis. Therefore, we can attain

a lower bound curve such that wmin → 0 by adding a data point on the ρ-

axis and redo the WLSQ fitting process. By applying the same idea, we can

create an arbitrary high upper bound curve. This idea is easy to implement,

because it just requires to reproduce the curve family, and we observe that all

the properties of the general velocity function still hold. Thus, the domains

defined in (4.9), (4.11), and (4.10) are extended to

Ω = {(ρ, w) | 0 ≤ ρ < ρmax, w > 0} , (4.13)

D = {(ρ, u) | 0 ≤ ρ < ρmax, u > 0} , (4.14)

H = {(u,w) | 0 < u ≤ w, w > 0} . (4.15)

We can see the from Fig. 4.2b that H extends to an unbounded upper trian-

gular regime.

Projection of Data Outliers

The idea here is to keep the realistic domain of w derived from data-fitting

process, i.e., w = [wmin, wmax], and project data onto the boundary curve

whenever a data point is outside of the domain. The traffic density data is

preserved during this process. Given any (ρ, u) pair, u > 0 and 0 ≤ ρ < ρmax,

the projection algorithm is shown in equation (4.16) (see Fig. 4.3).

Ũ = min {max {u, Umin(ρ)} , Umax(ρ)} . (4.16)
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Figure 4.3: The idea of projection in the GARZ model. The data outliers are

projected onto the boundary of domain determined from historic data (4.11).

Here Umin(ρ) and Umax(ρ) are lower and upper bounds of the velocity curves,

respectively.

Thus, the domain of the inverse function w = W (ρ, u) is extended to

the values of u that are outside of the range of the general velocity function

u = V (ρ, w). We denote this extended function as

w = W̃ (ρ, u) = W (ρ, Ũ), (4.17)

whose domain becomes

D̃ = {(ρ, u) | 0 ≤ ρ < ρmax, u > 0} . (4.18)

However, the extension (4.17) does not extend its range. Thus we still have

w ∈ [wmin, wmax].

Moreover, we note that

∂

∂u
W̃ (ρ, u) = 0, if u > Umax(ρ), or u < Umin(ρ).
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This means that the w = W̃ is constant outside of the domain of the general

velocity function u = V (ρ, u). Thus, (4.17) is no longer the exact inverse

function of the general velocity function in the sense that

V (ρ, W̃ (ρ, u)) = Ũ 6= u.

Similarly, we can define an extension to the inverse function ρ = R(u,w):

ρ = R̃(u,w) = R(Ũ , w). (4.19)

Accordingly, the original domain H is extended to

H̃ = {(u,w) | u > 0, wmin ≤ w ≤ wmax} .

The projection outlined in this section cannot extend the domain of the

general velocity function u = V (ρ, w), and thus, its domain remains the same.

In the end, we summarize the extended functions as
u = V (ρ, w), if (ρ, w) ∈ Ω,

w = W̃ (ρ, u), if (ρ, u) ∈ D̃,
ρ = R̃(u,w), if (u,w) ∈ H̃.

(4.20)

4.1.4 Analysis of the GARZ Model

In this section, we perform a theoretical analysis to the GARZ model. We

use the characteristic speeds of a conservation laws system as the basic tool in

analyzing the propagation of waves, which has been employed in the analysis

of the classical AR model [2, 96] and ARZ model [110]. This process was also

carried out in [68] under the generic “second order” models framework. To

overcome the difficulties in calculating in more general setting, the set of non-

conserved variables ρ (traffic density) and u (traffic velocity) are considered

in [68]. To keep consistent with the analysis in the ARZ model, we repeat

the process in the conserved variable ρ and y = ρw. Thus, the homogeneous
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conservation laws system (3.14) can be written as
ρt + (ρu(ρ, y))x = 0,

yt + (u(ρ, y)y)x = 0,

u(ρ, y) := V (ρ, y/ρ) .

(4.21)

Alternatively, we can rewrite the system (4.21) in a compact form

∂U

∂t
+
∂F(U)

∂x
= 0, (4.22)

where

U =

(
ρ

y

)
, and F(U) =

(
ρu

yu

)
.

Here U is the vector of unknowns and F(U) represents the flux function. If

we introduce A(U) as the Jacobian matrix, that is,

A(U) := ∇F(U) =

(
u+ ρ∂u

∂ρ
ρ∂u
∂y

y ∂u
∂ρ

u+ y ∂u
∂y

)
, (4.23)

one can rewrite (4.22) equivalently in its quasilinear form

∂U

∂t
+ A(U)

∂U

∂x
= 0. (4.24)

Similarly, the inhomogeneous conservation laws system (3.18) can be rewritten

as

∂U

∂t
+ A(U)

∂U

∂x
=

(
0

1
τ

(Qe(ρ)−Q(ρ, y/ρ))

)
, (4.25)

where Qe(ρ) = ρVe(ρ) and Q(ρ, w) = ρV (ρ, w).

Furthermore, the 2 × 2 matrix (4.23) has two eigenvalues, which are the

characteristic speeds of the GARZ model.

λ(1)(U) = u+ ρ∂u
∂ρ

+ y ∂u
∂y
,

λ(2)(U) = u.
(4.26)

The second characteristic speed λ(2) is actually the vehicle velocity. The eigen-

vectors γ(1) and γ(2) associated to each eigenvalue are calculated as

γ(1)(U) =

(
−ρ
−y

)
, and γ(2) =

(
∂u
∂y

−∂u
∂ρ

)
. (4.27)
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The conservation law system (4.21) has the property that is described in the

following Lemma.

Lemma 4.1. The eigenvalues (4.26) and eigenvectors (4.27) possess the prop-

erty that ∇λ(1) · γ(1) > 0 ∀ ρ 6= 0, and ∇λ(2) · γ(2) = 0.

Proof. By applying the multivariable chain rule, one can calculate that ∇λ(1) ·
γ(1) = −ρ ∂2

∂ρ2
Q(ρ, w) > 0 for ρ > 0, since Q(ρ, w) is a strictly concave function

in ρ for all w values in the GARZ model. Similarly, we can check the second

part of the Lemma.

Actually, the Lemma can be generalized to all models of the form (4.21)

whose flow rate curves are strictly concave down for non-vacuum traffic den-

sities. Based on the definition by Lax [66], we have the following Lemma.

Lemma 4.2. In the GARZ model, the eigenvalue λ(1) is genuinely nonlinear

which corresponds to shock and rarefaction waves, and λ(2) is linearly degen-

erate that is respect to contact discontinuities.

The Lemma below further implies that the conservation laws system (4.21)

is strictly hyperbolic for ρ > 0.

Lemma 4.3. If ρ > 0, the two eigenvalues (4.26) are distinct for any strictly

concave traffic flux function, i.e., ∂2

∂ρ2
(Q) < 0, where Q = ρV .

Proof. It is sufficient to show that

ρ
∂u

∂ρ
+ y

∂u

∂y
< 0 if ρ > 0.

By applying the multivariable chain rule, we have

ρ
∂u

∂ρ
+ y

∂u

∂y
= −∂V

∂w

y

ρ
+ ρ

∂V

∂ρ
+
∂V

∂w

y

ρ
= ρ

∂V

∂ρ
.

Next, it is equivalent show that ∂V
∂ρ

< 0 for ρ > 0. Now, we can calculate the

partial derivative of the general velocity function u = V (ρ, w) in ρ

∂V

∂ρ
=
Q′ρ−Q

ρ2
.
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Since ∂
∂ρ

(Q′ρ−Q) = ρ ∂2

∂ρ2
Q < 0 and Q′ρ−Q = 0 if ρ = 0, we have Q′ρ−Q < 0

as long as ρ > 0. Hence, we have shown that ∂V
∂ρ
< 0, for ρ > 0. In particular,

we can check this property with the smooth three-parameter model defined in

(3.3)

∂V

∂ρ
=
Q′ρ−Q

ρ2
=

α

ρ2

(
− λρy

ρmax

√
1 + y2

− a+
√

1 + y2

)

=
α

ρ2
√

1 + y2

(
1 + λ2p2 − λ2pρ

ρmax

− a
√

1 + y2

)

if we let r :=
(

1 + λ2p2 − λ2pρ
ρmax

)
, then

∂V

∂ρ
=

α

ρ2
√

1 + y2

r −
√
r2 +

(
λρ

ρmax

)2
 ,

= − αλ2

ρ2
max

√
1 + y2

(
r +

√
r2 +

(
λρ
ρmax

)2
) < 0,

for ∀ ρ > 0.

As a result, we have shown that these two eigenvalues (4.26) are distinct

for ρ > 0, i.e., the system (4.21) is strictly hyperbolic. Furthermore, we see

another desirable feature of the GARZ model: the greatest characteristic speed

is equal to the traffic velocity u, which indicates that the information generated

by the vehicle dynamics cannot travel faster than vehicle velocity.

4.2 The Collapsed GARZ Model

First, we want to point out one critical difference between the GARZ and

phase transition models, such that the Colombo model. The GARZ model
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has a family of flow rate and velocity curves (Fig. 4.1a, 4.1b) that allow for

different driving behaviors that is characterized by some property of drivers

even in the free flow regime. In the GARZ model, this property is chosen

as the empty-road velocity. On the other hand, the phase transition models

have employed the “first order” LWR model in the free flow regime, which

forces drivers to follow a uniform equilibrium diagram, i.e., the property is

assumed to be fixed. Hence, phase transition models imply that drivers will

lose their properties when entering the free traffic state. One can criticize that

the properties of drivers should be consistent despite of different traffic states.

Drivers actually do not change their behaviors of driving, but the deviations

between drivers become less obvious as they can drive freely.

Based on this philosophy, we pursue the idea to construct a phase-transition-

like GARZ model by collapsing the flow rate curves in the GARZ model into a

single curve when the traffic density drops below a given critical threshold, i.e.,

ρ < ρf. We call this model a collapsed GARZ model. This means that each

driver carries a characteristic I that becomes invisible in the (Q, ρ) or (u, ρ)

plane when traffic flow is in the free flow phase. However, drivers still keep

track of their property along vehicle trajectories. In other words, the definition

of the FD function would not be affected by I, i.e., Qf(ρ) becomes independent

of I if ρ < ρf. Another advantage of the Collapsed GARZ (CGARZ) model

is that the theoretical analysis of the GARZ model can be transferred to the

new model. The challenge now is to create a family of flow rate curves whose

free flow curve coincide, which preserve the features of the flow rate curves in

the GARZ model. We want to construct a FD function, which possesses the

following properties

(i) Continuously differentiable with Q(0) = Q(ρmax) = 0, i.e., Q ∈ C1.

(ii) Strictly concave down, which has a unique maximum in the domain

(0, ρmax), i.e., Q′′(ρ) < 0, and there exist ρc ∈ (0, ρmax) s.t., Q′(ρc) = 0.

(iii) These flow rate curves coincide in free flow regime, i.e., Q(ρ) = Qf(ρ)

if ρ ≤ ρf.
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4.2.1 Definition of a FD Function

To satisfy the features described above, we construct Q(ρ) as a piecewise

C1 function

Q(ρ) =

{
Qf(ρ) if 0 ≤ ρ ≤ ρf

Qc(ρ) if ρf < ρ ≤ ρmax

We define free flow as the Greenshields flux and the congested branch as a

function with two free parameters:

Q(ρ) =

 ρuref

(
1− ρ

ρref

)
, if 0 ≤ ρ ≤ ρf,

−σk
((ρ−µ

σ

)
tan−1

(ρ−µ
σ

)
− 1

2 ln
(

1 +
(ρ−µ

σ

)2))
+ bρ+ C, if ρf < ρ ≤ ρmax.

(4.28)

Here σ and µ are free parameters, where σ controls the curvature and µ affects

the position of ρc, which is the critical density such that the maximum traffic

flow rate is attained. The remaining quantities ρref, uref k, b, I and C are fixed

model parameters. Note that the parameters ρref and uref are some reference

maximum traffic density and maximum velocity, which are not necessarily the

same as ρmax and umax.

The intuition to construct Qc(ρ) in (4.28) and the detailed definition of the

model parameters can be found in Appendix B. It is also justified from the

construction process that the Q(ρ) in (4.28) satisfies all the required properties

of the collapsed GARZ model.

Similarly as in the construction of the GARZ model, we want to determine

the model parameters by fitting with data. This fitting process is decomposed

into two steps because of the piecewise form of FD function (4.28): we first

determine the free flow branch Qf(ρ), and then apply the WLSQ algorithm to

determine the free parameters in the congested branch Qc(ρ).

4.2.2 Determination of the Free Diagram and Thresh-

old Density

The objective is to find the parameters uref and ρref in the free branch Qf

from measured data. We determine the free branch by solving a modified ver-
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sion of WLSQ problem employed in Section 4.1.1: Let qdata and ρdata represent

the vector of measured FD data, then we consider the minimization problem

min
uref,ρref

{
(1− β)

∥∥Q−1
f (qdata)− ρdata

∥∥2

+
+ β

∥∥Q−1
f (qdata)− ρdata

∥∥2

−

}
, (4.29)

where the norm || · ||+ and || · ||− is defined as in (4.1). Here, the inverse

function is defined as:

Q−1
f (q) =


ρref
2

(
1−

√
1− 4q

urefρref

)
, if ρdata ≤ ρref

2
,

ρref
2

(
1 +

√
1− 4q

urefρref

)
, if ρdata > ρref

2
.

The solution to the minimization problem (4.29) determines a free param-

eters vector that depends on the weight parameter β ∈ [0, 1], i.e., uref(β) and

ρref(β). Therefore, the fitting process generates a family of free flow curves

that depend on β, i.e., Qf(ρ, β). A reasonable free flow diagram should pe-

nalize the traffic data points that lie on the right side of the FD curve. This

corresponds to a β value that is close to zero. In this study, we select the free

branch curve as β = 10−4, a choice that is consistent with the value of βmin in

determining bounds in the GARZ model (see Section 4.1.1). This choice fixes

the Qf(ρ).

Another crucial parameter that we need to determine before proceeding to

generate Qc(ρ) is the threshold density ρf, which is the critical point to separate

free flow from congest flow in the collapsed model. The idea to inquire ρf from

data is depicted in Fig. 4.4.

We first fix the free branch Qf(ρ), and shift a linear digram that con-

nects the candidate points (ρf, Qf(ρf)) along Qf(ρ) to the point of completely

congestion (ρmax, 0). We focus on the traffic data in congestion during the

data-fitting process since we want to find a ρf such that only a small portion

of the congested data lies below the linear branch (red curves in Fig. 4.4). In

this investigation, we define the ρf such that 99.9% of the congested data lies

above the linear branch connecting (ρf, Qf(ρf)) and (ρmax, 0).
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ρf is selected such that 99.9% of the congested data points lie above the red

linear curve.

4.2.3 Construction of Set-Valued Flow Rate Curves

Given the free branch and the threshold density, the piecewise differentiable

FD function (4.28) possesses only two free parameters σ and µ, i.e., Qσ,µ(ρ).

Therefore, the remaining process is exactly the same as the data fitting process

in the GARZ model (4.1)

min
σ,µ

{
β
∥∥Qσ,µ(ρdata)− qdata

∥∥2

+
+ (1− β)

∥∥Qσ,µ(ρdata)− qdata
∥∥2

−

}
. (4.30)

Since we are interested in constructing set-valued curves, therefore, the data

points selected as (ρdata, qdata) for ρdata > ρf. Similarly, the result of this process

gives a curve family Qβ(ρ) = Qσ(β),µ(β)(ρ) (see Fig. 4.5a and Fig. 4.5b). To

remain consistent with the GARZ model, we determine the upper bound of

the curve when βmin = 10−4, and the lower bound as βmax = 1− βmin.

Next, we need to identify an invariant quantity I, and replace the weight
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Figure 4.5: The flow rate (a) and velocity (b) curves generated from the

weighted least squares fitting (WLSQ) algorithm used to construct the general

velocity function u = V (ρ, q) in the collapsed GARZ model.
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β by the selected quantity. We can follow the same process as in the GARZ

model to formulate the general velocity function.

4.2.4 Model Formulation

We need to identify a property that is attached to each driver to rescale

the parameter β, e.g., the empty-road velocity w is the property in the GARZ

model. However, if we kept the same w as a quantity in the collapsed model,

we would have

w :=
Qf(ρ)

ρ
|ρ=0 = uref,

which is a constant number. Thus, it is no longer valid to take w as an identifier

of different flow rate curves.

By examining the classical GARZ model, one notes that the maximum

traffic flow rate q is a monotonically increasing function of w, i.e., there exist a

monotonic function q = q(w). As a result, the GARZ model (3.14) is equivalent

to 
ρt + (ρu)x = 0,

(ρq)t + (ρuq)x = 0,

u = Ṽ (ρ, q).

Alternatively, we can observe in both GARZ and collapsed GARZ models that

each flow rate curve possesses a unique maximum traffic flow rate q. Therefore,

it makes sense to let q distinguish different flow rate curves.

In the framework of the collapsed model (4.28), q can be calculated as

q = Qc(ρc),

where

ρc = σ tan

(
b

k

)
+ µ.

The maximum flow rate q depends on the free parameters σ and µ, and there-

fore it also a function of β, i.e., q(β) = q(σ(β), µ(β)).

Based on the observation of all considered data sets, the WLSQ algorithm

always assures that a smaller β agrees with a higher curve, i.e., a larger q.
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Therefore, q is a monotonically increasing function of β, β ∈ [βmin, βmax].

This fact guarantees that the weight β can be replaced by q via an inverse

function β = W̃−1(q), q ∈ [qmin, qmax]. Here we define qmin = q(βmax) and

qmax = q(βmin).

Thus, the flow rate curves become

Q(ρ, q) =

{
Qf(ρ), if 0 ≤ ρ ≤ ρf,

Qc(ρ, q), if ρf < ρ ≤ ρmax.

We can deduce a velocity function

V (ρ, q) =

{
Uf(ρ), if 0 ≤ ρ ≤ ρf,

Uc(ρ, q), if ρf < ρ ≤ ρmax,
(4.31)

where Uf(ρ) = uref (1− ρ/ρref) and Uc(ρ, q) = Qc(ρ, q)/ρ.

By defining a bounded domain from inquiring data

Ω = {(ρ, q) | 0 ≤ ρ < ρmax, qmin ≤ q ≤ qmax} , (4.32)

one can check that the velocity function (4.31) has the following properties

(i) Strictly decreasing in density, i.e., ∂V (ρ,q)
∂ρ

< 0.

(ii) Strictly increasing in q, i.e., ∂V (ρ,q)
∂q

> 0.

(iii) If ρ ≤ ρf, the velocity function becomes independent of q, i.e., V (ρ, q) =

Uf(ρ), ρ ≤ ρf.

(iv) There is a uniform maximum density, i.e., V (ρmax, q) = 0.

We can observe these properties on the three dimensional plot of the gen-

eral velocity function u = V (ρ, q) (see Fig. 4.6). All these properties coincide

with the properties of the general velocity function in the GARZ model ex-

cept property (iii), which is designed for the collapsed feature of the collapsed

GARZ model. Based on these features, we can define the corresponding inverse

functions of (4.31) in the domain Ω

ρ = R(u, q) =

{
U−1

f (u), (u, q) ∈ Hf,

U−1
c (u, q), (u, q) ∈ Hc,
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Figure 4.6: Three-dimensional plot of the general velocity function u = V (ρ, q)

in the collapsed GARZ model, where the domain is derived by measuring

historic data (4.32).

where Hf and Hc are defined as

Hf = {(u, q) | uf ≤ u ≤ uref, qmin ≤ q ≤ qmax} , (4.33)

Hc = {(u, q) | 0 < u < uf, qmin ≤ q ≤ qmax} . (4.34)

Here uf is free flow speed with uf = Uf(ρf). The monotonic properties (i) and

(ii) ensure that inverse functions exist and unique in both free and congested

regimes. Moreover, we can define another inverse function as

q = W (ρ, u) =

{
qeq, (ρ, u) ∈ Df,

V −1(ρ, u), (ρ, u) ∈ Dc,

where

Df = {(ρ, u) | 0 ≤ ρ ≤ ρf, u = Uf(ρ)} , (4.35)

Dc = {(ρ, u) | ρf < ρ < ρmax, Umin(ρ) ≤ u ≤ Umax(ρ)} . (4.36)



55

Here Umin(ρ) and Umax(ρ) are the upper and lower bounds of velocity curves

determined from data, i.e., Umin(ρ) = V (ρ, qmin) and Umax(ρ) = V (ρ, qmax).

The quantity qeq is the maximum flow rate of the equilibrium flow rate curve,

i.e., β = 0.5 in the WLSQ process (4.30). Note that the inverse function does

not exist in the domain Df because the velocity function becomes independent

of q, i.e., each (ρ, Uf(ρ)) pair corresponds to infinite many q values. To define

a unique inverse function, we select q as the value in the equilibrium curve:

q = qeq.

Thus, we can define the collapsed GARZ model as an analog of the GARZ

model (3.14) by replacing w by q. The homogeneous model in conservation

form reads as
ρt + (ρu)x = 0,

(ρq)t + (ρuq)x = 0,

u = V (ρ, q) =

{
Uf(ρ), if 0 ≤ ρ ≤ ρf,

Uc(ρ, q), if ρf < ρ ≤ ρmax.

(4.37)

4.2.5 Extension of the General Velocity Function in the

Collapsed GARZ Model

In a way similar as in the GARZ model, an extension of the domain of

the general velocity function u = V (ρ, q) is also necessary. For example, the

domain Df (4.35) restricts the (ρ, u) data to a single curve u = Uf(ρ). In

reality, the majority of data points in the free flow regime do not lie exactly on

the free flow curve. This causes problems when we need to input online data

in a numerical simulation. Again, we can follow two approaches to make the

extension. One is to extend qmin and qmax via WLSQ by adding some artificial

data points. The other is to project data outliers into the domain bounded by

Umin(ρ) and Umax(ρ) in the (u, ρ) plane. Here, we note that the first approach

alone cannot obtain desired extension. This is because that the free branch

Qf(ρ) is fixed, and there is no way to extend the definition in the free regime

based on the definition of the FD function (4.28). We need always to perform



56

a projection in the collapsed GARZ model.

We see from the definition of the FD function (4.28) that the theoretical

minimum and maximum of the variable q are

qlow = Qf(ρf), and

qup = Qf(ρf) +Q′f(ρf) (ρmax − ρf) .

In practice, qmin approaches qlow when β → 1.0 in WLSQ. These two values

are almost identical when we choose β = βmax, which is the lower bound

determined from data. However, the value of qup is about five times that of

qmax. To generate an upper bound curve with qmax goes to qup as β → 0, we

add the point (ρmax, qup) in the WLSQ fitting process.

Alternatively, we define a projection as (see Fig. 4.7):

(1) project data points to u = Uf(ρ), q = qeq, for ρ ≤ ρf.

(2) project congested data outliers to boundary Umin(ρ) and Umax(ρ), which

is the same as in (4.16).

Therefore, the original domains can be extended to

Ω = {(ρ, q) | 0 ≤ ρ < ρmax, qlow ≤ q ≤ qup} , (4.38)

D = Df ∪ Dc = {(ρ, u) | 0 ≤ ρ < ρmax, u > 0} , (4.39)

Hf = {(u, q) | uf ≤ u ≤ uref, qlow ≤ q ≤ qup} , (4.40)

Hc = {(u, q) | 0 < u < uf, qlow ≤ q ≤ qup} . (4.41)

We can then define velocity function and its inverse functions as
u = V (ρ, q), (ρ, q) ∈ Ω,

q = W (ρ, u), (ρ, u) ∈ D,
ρ = R(u, q), (u, q) ∈ Hf ∪Hc.

(4.42)

4.2.6 Analysis of the Collapsed GARZ Model

The collapsed model is a special case of the GARZ model, and all properties

established for the GARZ model can be applies to the collapsed model. We can
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Figure 4.7: The projection strategy in the collapsed GARZ model (flow rate

vs. density plane). The congested data outliers, i.e., ρ > ρf, are projected onto

the boundary of domain Ω determined from historic data (4.32), and the free

data outliers, i.e., ρ ≤ ρf, are projected onto the equilibrium flow rate curve:

Qe(ρ) = ρVe(ρ).

carry out the same analysis process as in the GARZ model. We do not intend

to show repeated work here, but want to emphasize one fundamental difference

between the collapsed GARZ and phase transition models [12, 13, 33, 7, 4].

Let us consider the following two cases.

Case 1: ρ ≤ ρf.

In this case, we have u = Uf(ρ). The conservation laws system (4.37) can

be written as: {
ρt +Qf(ρ)x = 0,

qt + Uf(ρ)qx = 0.
(4.43)

One sees that this system (4.43) is composed of the LWR model and a linear

advection equation of the maximum flow rate q. The solution to a linear

advection equation is just the transportation of the initial profile with vehicle
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velocity, i.e., q(x, t) = q0 (x− Uf(ρ)t), where q0(x) is an initial condition. As

a result, what the system (4.43) does is to first evolve ρ(x, t) according to

the classical LWR model, and then advect the quantity q(x, t) independently.

Therefore, the system (4.43) is not equivalent to the “first order” LWR model.

As mentioned earlier, the collapsed GARZ model in the framework of the

GARZ model does not exhibit a real phase transition in the sense that a phase

transition model employes a “first order” LWR model in the free flow phase

Ωf. We can further check that this system possesses two characteristic speeds:

λ(1) = Uf(ρ) + ρU ′f (ρ), λ(2) = Uf(ρ), ρ ∈ [0, ρf].

They are distinct since U ′f (ρ) < 0 for ρ > 0. Therefore, the system (4.43) is

strictly hyperbolic.

Case 2: ρ > ρf.

When ρ > ρf, we can prove that the system (4.37) is also strictly hyper-

bolic following the same process as in the GARZ model, e.g., we compute the

Jacobian matrix (4.23), and then figure out the characteristic speeds of the

system that can be written equivalently as

λ(1) = u+ ρ
∂V (ρ, q)

∂ρ
, λ(2) = u, ρ ∈ (ρf, ρmax).

They are distinct because ∂V (ρ,q)
∂ρ

< 0. Thus the conservation laws system

(4.37) is also strictly hyperbolic in congested regime. Based on the analysis

above, we conclude this section with the following Lemma.

Lemma 4.4. The collapsed GARZ model (4.37) is strictly hyperbolic for ρ > 0.

λ(1) is genuinely nonlinear which corresponds to shock and rarefaction waves,

and λ(2) is linearly degenerate, it corresponds to contact discontinuities.

The new model (4.37) successfully includes both free and congested phases

in a single system, and allows for a transition between these two phases au-

tomatically, based on the velocity function (4.31). In the next chapter, we

devote to defining Riemann solutions to the newly developed generic models.
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We can see that the Riemann solutions in the collapsed GARZ model can be

constructed under the same framework as in the GARZ mode which simplifies

the analysis considerably.
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CHAPTER 5

Riemann Problems for the

Considered Macroscopic Traffic

Models

Let us denote homogeneous traffic flow models in conservation form gen-

erally as

Ut + F(U)x = 0, (5.1)

for both “first order” (scalar conservation laws) and “second order” (hyperbolic

system) models. Since the Cauchy problem of nonlinear hyperbolic conserva-

tion laws introduces discontinuous solutions, we actually aim to find a solution

to their weak formulation.

Definition 5.1. weak solution. Let F: Rn → Rn be a smooth function.

A measurable function U(x, t) defined on Ω ⊆ R2 is a weak solution to the

hyperbolic system (5.1) if for every C1 function φ : Ω → R with compact

support, one has ∫ ∞
0

∫ ∞
−∞

[φUt + φF(U)x]dx dt = 0, (5.2)

In the situations of discontinuous solution, the Rankine-Hugoniot condition

must be satisfied at the point of the jump
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(F(UR)− F(UL)) = s (UR −UL) , (5.3)

where UL and UR are the initial conditions at the point of jump, and s is the

propagation speed of the discontinuity.

The weak solution to the Cauchy problem is in general not unique. There

exist solutions that do not make physical sense. To identify a unique admissible

weak solution, we apply the Lax entropy condition [66], which has been widely

used in the analysis of macroscopic traffic flow models (e.g., [2, 110], etc.).

Definition 5.2. Lax entropy condition: A shock of the i-th family that

connects UL and UR satisfies the Lax admissible condition if the traveling

speed of the shock s satisfies the inequality

λ(i)(UL) ≥ s ≥ λ(i)(UR). (5.4)

In the method of characteristics, the Lax entropy condition requires the

lines of characteristics to run into the shock.

To construct solutions to the Cauchy problem of conservation laws, the

Riemann problem that consists in the following piecewise constant initial data

becomes necessary:

U (x, t) =

{
UL, if x < 0,

UR, if x > 0.
(5.5)

The Riemann problem that was first studied by B. Riemann [98] and then

generalized by P. D. Lax [66] and T. P. Liu [72] is the basic building block

towards the Cauchy problem with general initial data.

In this chapter, we focus on introducing how to construct solutions to

Riemann problems in generic “second order” traffic models. Before considering

hyperbolic systems, let us start with a brief overview of Riemann solutions to

“first order” models.
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5.1 Riemann Problem in “First Order” Mod-

els

5.1.1 Rarefaction and Shock Waves

In the “first order” LWR model, the unknown is U = ρ and the flux

function is F = ρu(ρ). The flux function is strictly concave in the LWR models

considered in our investigation, i.e., F′′(ρ) < 0. This scalar conservation laws

can be rewritten as the quasilinear form

ρt + F′(ρ)ρx = 0. (5.6)

Here, F′(ρ) is the characteristic speed, which is a decreasing function of ρ since

the flux function is strictly concave down.

By the method of characteristics, if X(t) is the trajectory, then

X ′(t) = F′ (ρ(X ′(t), t)) , (5.7)

and we have
∂

∂t
ρ (X(t), t) = X ′(t)ρx + ρt = 0,

by equation (5.6) and (5.7). This fact implies that both the density ρ and

X ′(t) are constant along the characteristic curves. Therefore, the characteristic

curves are straight lines.

A property of nonlinear conservation laws is the existence of discontinuous

solutions, which are shock waves. Intuitively, a shock wave occurs as vehicles

drive into a congestion, in which one can observe sharp increase in density

and decrease in velocity. The characteristic velocity decreases with respect to

space. As a result, the characteristics go into the shock (see Fig. 5.1b). The

shock wave speed is determined by the Rankine-Hugoniot condition (5.3) as

s =
F(ρR)− F(ρL)

ρR − ρL

,

where ρL and ρR are the initial density data on both sides, respectively.
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Rarefaction waves happen as drivers escape from traffic congestion. They

accelerate, and the traffic density decreases smoothly, i.e., ρx < 0. Therefore,

the characteristic speed F′(ρ) is increasing with respect to x. Hence, in a

rarefaction wave, characteristics are spreading out and thus never cross (see

Fig. 5.1a).

5.1.2 Riemann Solutions of the LWR Model

The strict concavity property of the flux function F(ρ) guarantees that the

Riemann solutions consist of a single shock or rarefaction wave. Moreover,

the flux has a single maximum at the critical density ρc, at which F′(ρc) = 0.

The LWR model has five possible Riemann solutions, which are shocks or

rarefactions that travel left or right, and a transonic rarefaction (see Fig. 5.2c).

The transonic rarefaction is the only case that the Riemann solution evaluated

at x = 0, picks neither ρL or ρR. This case happens when

ρL > ρc > ρR.

The point ρc is called a stagnation point [70], since it propagates with zero

speed.
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Figure 5.2: Five possible solutions to a scalar Riemann problem. (a) shock

wave going to the left; (b) rarefaction wave going to the left; (c) transonic

rarefaction; (d) rarefaction wave going to the right; (e) shock wave going to

the right.

A wave is a rarefaction wave if the left characteristic speed is less than the

right speed, i.e., F′(ρL) < F′(ρR). This implies equivalently as ρL > ρR since

F′(ρ) is a decreasing function. Conversely, it is a shock wave if ρL < ρR. The

Riemann solution ρ∗, evaluated at x = 0, is defined in the following two cases.

Case 1: rarefaction waves, ρL > ρR.

If ρL < ρc, it is a rarefaction going to the right, thus ρ∗ = ρL,

If ρR > ρc, it is a rarefaction going to the left, thus ρ∗ = ρR,

If ρL > ρc > ρR, it is a transonic rarefaction with ρ∗ = ρc.

Case 2: shock waves, ρL < ρR.

If s > 0, it is a shock that propagates to the right, thus ρ∗ = ρL,

If s < 0, it is a shock that propagates to the left, thus ρ∗ = ρR.

Here s is the shock speed, which is determined by the Rankine-Hugoniot con-

dition (5.3). One can check that it satisfies the Lax entropy condition (5.4)

for scalar conservation laws:

F′(ρL) > s > F′(ρR). (5.8)
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5.2 Riemann Problem in “Second Order” Mod-

els

Let us now focus on the Riemann problem for generic “second order” traffic

models. The underlying systems of conservation laws in the newly proposed

models (GARZ, Collapsed GARZ) fall into the generic framework of “second

order” models [68]. If we let U = (ρ, y), y = ρI be conserved variables, the

system (3.13) can be rewritten as in (4.21), i.e.,
ρt + (ρu(ρ, y))x = 0,

yt + (u(ρ, y)y)x = 0,

u(ρ, y) = V (ρ, y/ρ).

(5.9)

Here I is a generic invariant, where I = w in the GARZ model and I = q

in the collapsed GARZ model. The flux function is F(U) = (ρu, yu). The

system (5.9) possesses the following features.

1. It is strictly hyperbolic except for ρ = 0;

2. It has two eigenvalues λ(1) = u + ρ ∂
∂ρ
V (ρ, I), λ(2) = u, and λ(1) < λ(2)

if ρ > 0. Moreover, λ(1) is genuinely nonlinear, and λ(2) is linearly

degenerate.

3. The general velocity function u = V (ρ, I) is monotonic, i.e., ∂
∂ρ
V < 0,

and ∂
∂I
V ≥ 0.

Since the generic models are generalizations of the ARZ model, we first

discuss the elementary waves under the framework of the ARZ model [2], and

then apply the analysis to the GARZ and collapsed GARZ models.

5.2.1 The Elementary Waves

Suppose a hyperbolic system has two distinct characteristic speeds λ(1)(U) <

λ(2)(U), ρ > 0, and their corresponding eigenvectors are γ(1)(U) and γ(2)(U).
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In order to solve the Riemann problem, we need to compute the Riemann in-

variant [66] associated with each eigenvalue, which are scalar functions z(1)(U)

and z(2)(U) such that

∇z(1) · γ(1) ≡ 0,

∇z(2) · γ(2) ≡ 0.

In the conserved system (5.9), the Riemann invariants have the form

z(1)(U) = y/ρ, z(2)(U) = u. (5.10)

The eigenvalue λ(1)(U) is genuinely nonlinear: ∇λ(1)(U) · γ(1) 6= 0. The

waves associated with λ(1) are rarefaction or shock waves. On the contrary, the

second eigenvalue λ(2)(U) is linearly degenerated: ∇λ(2)(U) · γ(2) = 0, and the

corresponding waves are contact discontinuities. The waves associated with

λ(1)(U) and λ(2)(U) are usually called wave of the first family and wave of the

second family, respectively.

As discussed in [2], one can classify the elementary waves as the following

cases.

The 1-rarefaction waves. In the (x, t) plane, a given state UL on the left

can be connected to a state UR on the right by a 1-rarefaction wave if and

only if

z(1)(UR) = z(1)(UL) and λ(1)(UR) > λ(1)(UL). (5.11)

This means that the Riemann invariant w is conserved along a 1-rarefaction

wave, and the characteristic speed λ(1) is smaller on the left.

Note that the flow rate curves Q = ρV (ρ, I) are strictly concave in ρ. Thus,
∂Q
∂ρ

(ρ) is strictly decreasing. One can check that λ(1)(U) is the tangent to the

flow rate curves Q(ρ, I),

∂Q

∂ρ
= u+ ρ

∂V

∂ρ
= λ(1)(U). (5.12)

Therefore, λ(1)(U) is strictly decreasing with respect to ρ. The condition (5.11)

is equivalent to

z(1)(UR) = z(1)(UL), and ρR < ρL,
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or equivalently as

z(1)(UR) = z(1)(UL), and uR > uL,

since the general velocity function is strictly decreasing in density ρ.

The 2-contact discontinuities. A state UL on the left in the (x, t) plane

can be connected to a state UR on the right by a contact discontinuity if and

only if the second Riemann invariant is conserved:

z(2)(UL) = z(2)(UR),

i.e., uL = uR, where uL and uR are the velocities of the left and right states,

respectively. A 2-wave travels with the same speed as the vehicles, and thus

is faster than the 1-wave

We can verify that these contact discontinuities satisfy both the relation

z(2)(UL) = z(2)(UR) and the Rankine-Hugoniot condition (5.3).

The 1-shock waves. Based on the Rankine-Hugoniot relations (5.3), we can

calculate the speed of a traveling discontinuity, which results in the following

equations in the conserved variables:

(ρRuR − ρLuL) = s(ρR − ρL),

(yRuR − yLuL) = s(yR − yL).

These can be rewritten by replacing y with the Riemann invariant, i.e., y =

ρz(1)(U),

ρR(uR − s) = ρL(uL − s),

ρR(uR − s)z(1)(UR) = ρL(uL − s)z(1)(UL).

The solution to above system involves the following two cases.

Case 1.

ρR(uR − s) = ρL(uL − s) = 0.

Hence, uR = uL. This is the case agrees with a contact discontinuity of the

second family.
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Case 2.

z(1)(UR) = z(1)(UL).

This case coincides with waves of the first family, i.e., a 1-shock.

Finally, 1-shock waves of speed s which connect UL to UR exist if and only

if

z(1)(UR) = z(1)(UL), and ρR > ρL,

or equivalently

z(1)(UR) = z(1)(UL), and uR < uL.

To guarantee that such a solution is admissible, the Lax entropy condition

requires that the shock speed s to satisfies the following inequalities [2]

s < λ(2)(UR) (5.13)

λ(1)(UR) < s < λ(1)(UL).. (5.14)

5.2.2 General Riemann Solutions

Based on the theory of elementary waves, the objective is to define the solu-

tion to a Riemann problem [2]. Such a general Riemann problem is determined

by an intermediate state U0, such that it

• first connects the left state UL to the intermediate state U0 by waves of

the first family, i.e., 1-rarefaction or 1-shock waves, such that z(1)(UL) =

z(1)(U0);

• and then this intermediate state U0 is connected to the right state UR

by a contact discontinuity, i.e., 2-contact discontinuities with u0 = uR.

Therefore, the intermediate state U0 is the solution to the following system in

the generic framework (5.9){
z(1)(U0) = z(1)(UL),

z(2)(U0) = z(2)(UR).
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By substituting the Riemann invariants (5.10), above system is equivalent to{
I0 = IL,

ρ0 = R(uR, IL),
(5.15)

where function ρ = R(u, I) is the inverse function defined in (4.12) and (4.42).

In the GARZ and collapsed GARZ model, the domain of the general ve-

locity functions can be defined to be of the same form

Ω = {(ρ, I) | 0 ≤ ρ < ρmax, Imin ≤ I ≤ Imax} , (5.16)

where Imin and Imax are the bounds of the generic invariant variable I. Given

two initial states in the domain Ω ⊂ R2, we need to check that Ω is an

invariant region [104] for the Riemann problem as it was done for the classical

ARZ model [2] and phase transition models [12, 7]. Having invariant region

means that starting from arbitrary initial data in Ω, the Riemann solutions

remain in Ω. We can check that the invariant property is also true for regions

defined in the GARZ (4.13) and the collapsed GARZ (4.38) models.

Next, we define Riemann solutions for the different “second order” models.

We start by reviewing the work that has been done in the classical ARZ model

[2, 67].

5.2.3 Riemann Solutions in the ARZ Model

We first write the ARZ model in conservation form as the general form

(2.17). Here U = (ρ, y), where y = ρ (u− Ve(ρ)) and Ve(ρ) is the equilibrium

velocity. Its flux function is

F(U) =

(
y + ρVe(ρ)
y2

ρ
+ yVe(ρ)

)
.

The eigenvalues of the Jacobian matrix A(U) = ∇F are

λ(1)(U) = u+ ρV ′e (ρ) and λ(2)(U) = u, with λ(1) ≤ λ(2)
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Figure 5.3: Riemann solutions in the ARZ model. (a) a 1-shock wave connect-

ing UL and U0, and a 2-wave connecting U0 to UR; (b) a solution that has a

1-rarefaction wave connecting UL and U0, and 2-wave connecting U0 to UR.

Their associated eigenvectors are

γ(1) =

(
−ρ
−y

)
, and γ(2) =

(
ρ

y − ρ2V ′e (ρ)

)
.

We can check that λ(1) is genuinely nonlinear and λ(2) is linearly degenerate.

In the ARZ model, the Riemann invariants are

z(1)(U) = u+ umax − Ve(ρ),

z(2)(U) = u.

Here umax is the maximum velocity of the equilibrium velocity curve, i.e.,

umax = Ve(0). Then the 1-waves Riemann solution becomes

z(1)(UL) = z(1)(U0), i.e., uL − Ve(ρL) = u0 − Ve(ρ0).

The 1-wave is a shock if ρL < ρ0 and it is a rarefaction wave if ρL > ρ0 (see

Fig. 5.3).

The 2-wave solution satisfies u0 = uR. Therefore, the intermediate state
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Figure 5.4: The case that corresponds to a vacuum intermediate state U0, i.e.,

ρ0 = 0. Another vacuum intermediate state U∗ is inserted between UL and

U0 in order to define Riemann solutions in a continuous way.

U0 is computed as

u0 = uR,

Ve(ρ0) = −uL + Ve(ρL) + u0.

Thus, the Riemann solutions are the solution to the above system

u0 = uR (5.17)

ρ0 = V −1
e (uR − uL + Ve(ρL)). (5.18)

Note that the existence of a unique solution to the Riemann problem depends

on the solution to the inverse problem (5.18). Recall that Ve(ρ) is a monoton-

ically decreasing function, thus, the solution is unique if (see Fig. 5.5)

0 ≤ uR − uL + Ve(ρL) ≤ umax.

This is equivalent to the following condition

uL − Ve(ρL) ≤ uR ≤ z(1)(UL).
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However, there is no physical solution when uR > z(1)(UL) and uR <

uL−Ve(ρL). The case uR > z(1) (UL) represents the situation that the vehicles

ahead move much faster, in which a vacuum intermediate state U0 can be

observed, i.e., ρ0 = 0 [2]. One drawback of this definition is that there is no

physical velocity when the road is empty. To define the Riemann solutions in

a continuous way, Aw and Rascle studied the vacuum problem analogous to

compressible gas dynamics [73]. The idea is to define another vacuum inter-

mediate state U∗ between UL and U0 with z(1)(U∗) = z(1) (UL). Therefore,

we have

u∗ − Ve(ρ∗) = uL − Ve(ρL), ρ∗ = 0,

which means u∗ = uL + (umax − Ve(ρL)) ≥ uL (1-rarefaction wave between

UL and U∗). Thus, the 1-wave between UL and U0 is decomposed into:

first connecting UL and U∗ with a 1-rarefaction wave (uL ≤ u∗), and then

connecting U∗ and U0 with a vacuum wave (u0 = uR > z(1)(UL) = z(1)(U∗) ≥
u∗) (see Fig. 5.4).

As pointed out in [67], the other case uR < uL−Ve(ρL) was omitted in Aw
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and Rascle’s discussion. It admits with the physical situation where vehicles

with very high velocity move into a traffic jam (uL > uR + Ve(ρL)). Thus,

drivers are forced to break sharply to avoid collision. This generates a shock

waves. As a result, it is also required to define Riemann solutions in this case.

Recall the interpretation of the ARZ model as a generalization of the LWR

model, which allows drivers to follow different velocity curves, i.e.,

u = (w − umax) + Ve(ρ).

The real vehicle velocity is a vertical shift of the equilibrium velocity curve

Ve(ρ). Based on this observation, Lebacque [67] introduced an approach to

extend the equilibrium velocity curve Ve(ρ) such that

V −1
e (u) =

{
0, if u ≥ umax,

ρmax, if u ≤ 0.
(5.19)

This extension causes the Riemann solution to exist and be uniquely deter-

mined (see Fig. 5.5). Next, we focus on the Riemann problem in generic

“second order” models.

5.2.4 Riemann Solutions in the GARZ Model

In the GARZ model, the generic invariance I is the empty-road velocity

w. The unknowns in conservation form are U = (ρ, y), where y = ρw. The

region Ω (5.16) becomes the form in (4.13):

Ω = {(ρ, w) | 0 ≤ ρ < ρmax, w > 0} .

Given initial states UL = (ρL, ρLwL) and UR = (ρR, ρRwR), the velocities

can be calculated from the general velocity function as uL = V (ρL, wL) and

uR = V (ρR, wR), respectively. Based on the general solution to the Riemann

problem (5.15), we can solve for the intermediate state U0 given (ρL, wL),

(ρR, wR) ∈ Ω (4.13), such that
w0 = wL,

u0 = uR,

ρ0 = R(uR, wL).

(5.20)
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Here ρ = R(u,w) is the inverse function of the general velocity function defined

in (4.12). We have a unique solution, given that (u,w) ∈ H (4.15). However,

as in the classical ARZ model, it also introduces vacuum intermediate state if

uR > wL. This situation corresponds to the case when (uR, wL) 6∈ H. As a

result, to solve the Riemann problem explicitly, we discuss the following three

cases.

Case 1. 0 < uR ≤ wL.

In this case, the solution, defined in (5.20) is unique. This case can be

separated into three sub-cases.

(a) uR ≥ uL. The Riemann solutions are

• a 1-rarefaction wave connecting UL → U0; and

• a 2-contact discontinuity connecting U0 → UR (see Fig. 5.6a).

The speed of the characteristic that carries U0 is given by λ(1)(U0).

(b) uR ≤ uL. The Riemann solutions are:

• a 1-shock wave connecting UL → U0; and

• a 2-contact discontinuity connecting U0 → UR (see Fig. 5.6b).

The propagation speed of a shock wave can be evaluated using the Rankine-

Hogoniot condition: s[U] = [F(U)], i.e.,

s1 =
u0ρ0 − uLρL

ρ0 − ρL

,

s2 =
u0ρ0w0 − uLρLwL

ρ0w0 − ρLwL

,

where s = s1 = s2 because we have w0 = wL in the wave of the first family.

Next, we can show the following result.

Lemma 5.1. A shock wave of the first family in the GARZ model satisfies the

Lax entropy condition (5.13) and (5.14).
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Proof. Because of the fact w0 = wL, the two states actually belong to the same

flow rate or velocity curve. Hence, it reduces to the problem as in the LWR

model where the first inequality λ(1)(UL) > s > λ(1)(U0) hold. Moreover, we

can calculate that

s =
u0ρ0 − uLρL

ρ0 − ρL

<
u0ρ0 − u0ρL

ρ0 − ρL

= u0 = λ(2)(U0).

(c). ρL = 0 or ρR = 0.

This is the cases with vacuum initial states. The Riemann solutions in

the GARZ model exhibit no difference from cases (a) and (b). In particular,

if UL is vacuum, then the 1-wave solution is a shock wave (see Fig. 5.6c);

and if UR is vacuum, then the 1-wave solution becomes a rarefaction wave

(see Fig. 5.6d). Again, they follow with a 2-contact discontinuity between the

intermediate state U0 and the right state UR.

Case 2. uR > wL.

In this case, the solution is unique, however the intermediate state U0 is

vacuum

w0 = wL, u0 = uR, ρ0 = 0.

In this case, the velocity is not physically defined. However, to solve the

Riemann problem in a what that it is continuous with respect to the initial

data, we make a distinction between two vacuum states with different “fake”

velocities [2]. Thus, the 1-wave solution is a rarefaction wave connecting UL →
U0, which can be decomposed into two parts by defining another intermediate

vacuum state U∗ between UL and U0. Thus the solution is w∗ = wL, with

ρ∗ = 0 with a “fake” velocity u∗ = V (0, w∗) = w∗ = wL > uL, by the fact (4.4).

Hence, we have that uL < u∗ < u0 = uR. Thus, the vacuum intermediate state

U∗ is

w∗ = wL, uL < u∗ = wL < uR, ρ∗ = 0.

Then the Riemann solutions are composed of
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• a 1-rarefaction wave connecting UL → U∗,

• a vacuum wave connecting U∗ → U0,

• a 2-contact discontinuity that connects U0 to the right state UR (see

Fig. 5.7b).

The term of vacuum wave depicts a physically non-existent wave, in which

traffic density remains zero, the “fake” velocity jumps from a lower velocity

u∗ = wL to uR, and the Riemann invariant w is unchanged. An important

remark presented in [2] is the following.

Remark 5.1. The vacuum wave between U∗ and U0 can be viewed either as

a rarefaction wave or as a shock or contact discontinuity, which satisfies the

Rankine-Hugoniot condition and the Lax entropy condition. In the vacuum

case, these conditions require

λ(1)(U∗) = u∗ < s < λ(2)(U0) = u0.

We can check that both vacuum intermediate solutions U∗ and U0 defined

above belong to Ω (4.13).

A special instance of Case 2 happens when either the left or right initial

state is vacuum, i.e., ρR = 0 or ρL = 0. Under the assumption of uR > wL,

Riemann solutions are totally different from Case 1 (c), in which there is no

vacuum intermediate state. Now, a vacuum intermediate state is introduced.

However, there is only a single vacuum intermediate state. Let us assume

ρR = 0, the intermediate state can be calculated as

w∗ = wL, u∗ = wL, ρ∗ = 0.

We can treat this instance as a special case of Case 2, where the right state UR

coincides with the second vacuum intermediate state U0. Hence, the Riemann

solutions are

• a 1-rarefaction wave that connects UL to vacuum intermediate state U∗;
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Figure 5.6: Classical Riemann solutions in the GARZ model without vacuum

wave.

• a vacuum wave from U∗ to UR (see Fig. 5.7a).

In summary, we can define the solution to the general Riemann problem
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GARZ model.

in the GARZ model as
w0 = wL, u0 = uR, ρ0 = R(uR, wL), if (uR, wL) ∈ H,{

w∗ = wL, u∗ = wL, ρ∗ = 0,

w0 = wL, u0 = uR, ρ0 = 0,
if wL < uR.

(5.21)

It is clear based on (5.21) that the intermediate state U0 is in the domain Ω.

Finally, we need to show that the region Ω (4.13) is invariant [104]. It is

necessary to check that for two arbitrary points UL, UR ∈ Ω, the Riemann

solution remains in the domain Ω. We have already shown that all possible

intermediate states satisfy U0 ∈ Ω. We need to further insure that the Rie-

mann solutions do not overshoot is the process of connecting two states in the

Riemann problem. To the end, we first prove the following Lemma.

Lemma 5.2. Given a function u = V (ρ, w) ∈ C1 (continuously differentiable)

that is a monotonic function, i.e., ∂
∂ρ
V and ∂

∂w
V remain nonnegative or non-

positive, then the connecting contour of two given states UL = (ρL, ρLwL) and
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extended domain of the GARZ model.

UR = (ρR, ρRwR) with the same level of u is inside the box

[min {ρL, ρR} ,max {ρL, ρR}]× [min {wL, wR} ,max {wL, wR}].

Proof. The lemma is straightforward in one dimension. It is well known that

a monotonically continuous function assumes its minimum and maximum at

the endpoints of a given interval [a, b] ∈ R. The Intermediate Value Theorem

implies that any function value between the minimum and maximum admits

a c ∈ [a, b]. The result can be generalized to R2. Then, it is no longer a single

point, but a contour for a given function value in its range.

Lemma 5.2 can be applied to the velocity function in the GARZ model

because u = V (ρ, w) is in C1 and monotonic, i.e., ∂
∂ρ
V < 0 and ∂

∂w
V ≥ 0.

Therefore, we can further prove the following Lemma.

Lemma 5.3. The region defined in (4.13) is invariant.

Proof. Let UL = (ρL, ρLwL) and UR = (ρR, ρRwR) be two arbitrary states in

Ω, i.e., 0 ≤ ρL, ρR < ρmax and wL, wR > 0. Based on (5.21), one already sees
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that the intermediate state U0 = (ρ0, ρ0w0) remains in Ω. First, for a 1-wave

solution, we have w0 = wL, i.e., the left state is connected to the intermediate

state with constant w. This process clearly does not generate w values beyond

wL and wR. At the same time, the solution in traffic density ρ either is a shock

(density jumps from ρL to ρ0) propagating with speed s or a rarefaction wave,

in which ρL decreases to ρ0 smoothly. Neither case can generate densities

outside of [min {ρL, ρ0} ,max {ρL, ρ0}].
Next, U0 is connected to UR with a jump in w from wL to wR, during

which the velocity remains the same. The Riemann solution in the contact

discontinuity connects point (ρ0, w0) to (ρR, wR) along the velocity contour

with u = uR. The Lemma 5.2 makes sure that this process does not generate

overshoots in both ρ and w.

This result is confirmed by observing the contours of the general velocity

function u = V (ρ, w) in Fig. 5.8.

5.2.5 Riemann Solutions in the Collapsed GARZ Model

The collapsed model is deduced from the GARZ model. As discussed

under the same generic framework, they share the same properties. Thus, the

analysis of the Riemann problem to the GARZ model can be transferred to

the collapsed model. The difference of these two models is that the general

velocity function u = V (ρ, q) in the collapsed model becomes independent of

the invariant q when the traffic density falls below a critical threshold ρf, i.e.,

∂V
∂q

= 0 for ρ ≤ ρf. This causes a few differences in the Riemann solution in

the collapsed GARZ model.

As introduced previously, we represent the conserved unknown vector as

U = [ρ, y], where y = ρq. Here q has the physical meaning of a maximum

traffic flow rate. The Riemann invariants according to this model are

z(1)(U) = y/ρ = q, z(2)(U) = u.

The Riemann solutions turn out to be obtained by solving the same inverse
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problem as in the GARZ model. Given the initial data UL = (ρL, ρLqL)

and UR = (ρR, ρRqR), the vehicle velocities of these two initial states are

uL = V (ρL, qL) and uR = V (ρR, qR), where 0 < uL, uR < uref. Assume (ρL, qL),

(ρR, qR) ∈ Ω defined in (4.38), the intermediate state U0 can be represented

generally as 
q0 = qL,

u0 = uR,

ρ0 = R(uR, qL),

(5.22)

where ρ = R(u, q) is the inverse function of the general velocity function

defined in (4.42). One can note that the inverse problem (5.22) is exactly the

same as in the GARZ model if 0 < uL, uR < uf. We can discuss the Riemann

solutions for the collapsed GARZ model in the following cases. First, we look

into the case that includes at least one state with velocity above uf. Recall,

uf = Uf(ρf), which is the critical velocity distinguish regimes of free flow and

congested flow.

Case 1. uR ≥ uf.

In this case, the initial data satisfy (uR, qL) ∈ Hf, where

Hf = {(u, q) | uf < u ≤ uref, qlow ≤ q ≤ qup} .

The relation (5.22) becomes
q0 = qL,

u0 = uR,

ρ0 = U−1
f (uR).

(5.23)

One sees that U0 and UR merge together if we only consider the traffic

density and velocity, i.e., (ρ0, u0) = (ρR, uR). The 1-wave solution connecting

UL to U0 is either a shock or a rarefaction wave. The prime difference happens

when connecting intermediate state U0 = (ρR, uRqL) to UR = (ρR, uRqR). This

is a contact discontinuity that possesses the speed of vehicle on both sides

of an interface, and q jumps from qL to qR. Here, this 2-wave can become



82

density ρ

q

Riemann problem of Collapsed GARZ

U
L

U
R

U
0

ρ
max

ρ
f

 

 

1−rarefaction wave

2−contact discontinuity

velocity contours

(a) 1-rarefaction & 2-contact disconti-

nuity.

density ρ

q

Riemann problem of Collapsed GARZ

U
L

U
R

U
0

ρ
max

ρ
f

 

 

1−shock wave

2−contact discontinuity

velocity contours

(b) 1-shock & 2-contact discontinuity.

density ρ

q

Riemann problem of Collapsed GARZ

U
L

U
R

U
0

ρ
max

ρ
f

 

 

1−rarefaction wave

2−contact discontinuity

velocity contours

(c) Example of a solution connecting

a congested state on the left to a free

state on the right.

density ρ

q

Riemann problem of Collapsed GARZ

U
L

U
R

U
0

ρ
max

ρ
f

 

 

1−shock wave

2−contact discontinuity

velocity contours

(d) Example of a solution connecting

a free state on the left to a congested

state on the right.

Figure 5.9: Classical Riemann solutions in the collapsed GARZ model without

vacuum initial state.

invisible because the observable quantities such as the traffic density, velocity,

and traffic flow rate are the same in the initial data. The argument above

shows that this special case also fits into the framework of general Riemann
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Figure 5.10: Riemann solutions in the collapsed GARZ model that possess a

vacuum initial state.

solutions.

The Riemann solution in the example with uR ≥ uf and uL < uf is depicted

in Fig. 5.9c. The solution is composed of a 1-rarefaction wave connecting left

state to intermediate state and a 2-contact discontinuity connecting interme-

diate state to the right state. Another example with both states in free flow

phase, i.e., uL, uR ≥ uf is shown in Fig. 5.10a. We see that this is a special

incidence of Case 1. The Riemann solution involves a 1-shock wave from UL

to the intermediate state U0, and a 2-contact discontinuity that connects U0

to UR with a path that is parallel to the velocity contours in free region.

The later example with both initial states in free flow regime is suitable

to explain the difference between phase transition models and the collapsed

GARZ model. In phase transition models, the wave solution is based on

the “first order” LWR model. In contrast, a traffic state is not completely

determined by density and velocity in the collapsed GARZ model, but also

keeps track of the quantity q. If we go back to the wave solution displayed in

Fig. 5.10a, one sees that phase transition models can exhibit either 1-wave or
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2-wave solution. However, the collapsed GARZ model possesses both kinds of

wave solutions.

Case 2. 0 < uR < uf.

In the case (uR, qL) ∈ Hc, the general velocity function u = V (ρ, qL) is

a monotonically decreasing function in ρ. Thus, the solution to the inverse

problem is uniquely determined given 0 < u ≤ uf (see Fig. 5.11). We can

obtain the intermediate state by the following relations:
q0 = qL,

u0 = uR,

ρ0 = U−1
c (uR, qL),

(5.24)

Furthermore, the 1-wave solution is a shock wave if uL > uR (see Fig. 5.9b),

and a rarefaction wave if uL < uR (see Fig. 5.9a).

Case 3. uR = uref.
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Figure 5.12: Contours of the general velocity function u = V (ρ, q) in the

extended domain of the collapsed GARZ model.

By observing the contours of the general velocity function u = V (ρ, q) (see

Fig. 5.12), one sees that it is not possible to generate a vacuum intermediate

state given two non-vacuum initial states, i.e., ρL, ρR 6= 0. It always intersects

with the parallel velocity contours in the free phase (ρ < ρf) whenever Riemann

solutions attempt to connect to a vacuum state on the left. As a result, the

only possibility to introduce a vacuum solution is when the initial states are

vacuum. We have already discussed the case with vacuum UL (see Fig. 5.10a),

which turns out to be a special example of Case 1. There is no way to generate

vacuum intermediate state by only providing a vacuum left state.

Next, we examine what happens when the right state is vacuum, i.e., ρR =

0. First, we can derive the velocity as uR = Uf(0) = uref, which is the maximum

velocity (see Fig. 5.11). The Riemann solution coincide with the Case 3 of the

GARZ model, and a vacuum intermediate state shows up (see Fig 5.10b):

q0 = qL, u0 = uR = uref, ρ0 = 0.

In this solution, UL is connected to the vacuum intermediate state with a
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1-rarefaction wave, and qL advects to qR with constant velocity uref.

This property of the collapsed model avoids defining two vacuum interme-

diate states as in the GARZ model, which reduces the complexity in analyzing

vacuum solutions. Moreover, even through a vacuum solution exists in the

collapsed GARZ model, it can be considered as a 2-contact discontinuity with

zero traffic density (velocity persist in being uref). The Lax entropy condition

is satisfied accordingly. In contrast, the vacuum solution in the GARZ model

has presented a jump in the traffic velocities of initial states, e.g., one can

observe the vacuum problem of the GARZ in Fig. 5.7a.

In summary, the Riemann solutions of the collapsed GARZ model can be

defined generally by the relation (5.22).

It follows that all possible intermediates states are in the domain Ω defined

in (4.38).

Moreover, Lemma 5.2 can also apply to the general velocity function u =

V (ρ, q) in the collapsed GARZ model because u = V (ρ, q) is monotonic.

Hence, we can prove the domain Ω is invariant by the same process as in

the GARZ model.
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CHAPTER 6

Numerical Schemes

6.1 The Godunov Method

To numerically approximate the hyperbolic conservation laws , we choose

the finite volume method. Finite volume methods have shown their advan-

tages in solving nonlinear conservation laws because of the fact that we are

actually interested in finding a numerical approximation to the weak solution

(Definition 5.1). After performing integration by parts, the weak formulation

(5.2) becomes∫ ∞
0

∫ ∞
−∞

[φtU + φxF(U)]dxdt = −
∫ ∞
−∞

φ(x, 0)U(x, 0)dx.

Here φ(x, 0) and U(x, 0) are the initial conditions.

In particular, we can define φ(x, t) on each rectangle [x1, x2]× [t1, t2] as

φ(x, t) =

{
1, for (x, t) ∈ [x1, x2]× [t1, t2],

0, for (x, t) 6∈ [x1 − ε, x2 + ε]× [t1 − ε, t2 + ε].

Then the weak formulation becomes the integral form of the conservation law∫ x2

x1

[U(x, t1)−U(x, t2)]dx+

∫ t2

t1

[F(U(x1, t))− F(U(x2, t))]dt = 0. (6.1)

The finite volume Godunov method [34] is designed based on (6.1). We
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first consider the homogeneous problem where there is no relaxation term. Let

Un
i ≈

1

∆x

∫ x
i+1

2

x
i− 1

2

U(x, tn)dx

represent an approximation to the cell average of U over cell Ii = [xi −
∆x/2, xi + ∆x/2] where xi = i∆x and tn = n∆t. The idea is to apply this

piecewise constant function Ũn(x, tn) defined by these cell average values as

initial data for the conservation law. Then solve for the approximation of the

next time step Ũn(x, tn+1), which is averaged over each cell to obtain

Un+1
i ≈ 1

∆x

∫ x
i+1

2

x
i− 1

2

Ũn(x, tn+1)x. (6.2)

In practice, we don’t need to perform the integration in (6.2). The cell average

is updated to the next time step tn+1 explicitly by the formula

Un+1
i = Un

i −
∆t

∆x

(
Fn
i+ 1

2
− Fn

i− 1
2

)
, (6.3)

where

Fn
i+ 1

2
= F

(
U∗
(
Un
i ,U

n
i+1

))
and Fn

i− 1
2

= F
(
U∗
(
Un
i−1,U

n
i

)
(6.4)

are the numerical flux. Here, U∗ (UL,UR) denotes the solution to the Riemann

problem between initial states UL and UR, evaluated at the cell interface. We

need to determine the Riemann solution along each cell interface in order to

implement Godunov’s method. The definition of the exact Riemann solution

was given in the previous chapter. Later in this section, we introduce the

techniques to find the intermediate state U∗ approximately.

To avoid interactions of waves from neighboring Riemann problems, the

time step should be small enough, which gives the CFL condition

smax
∆t

∆x
≤ 1, (6.5)

where smax represents the greatest wave speed. Note that, for a 2 × 2 hy-

perbolic conservation laws system, smax = maxi=1,2

{
|λ(i)|

}
, where λ(i) is the

characteristic speed of a hyperbolic system.
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6.2 Convergence of the Godunov Method

The convergence of a conservative numerical scheme first requires the scheme

to be consistent, which means an approximate solution Ũ(x, t) is consistent

with the integral form of the conservation law (6.1). The Godunov scheme

is consistent if the numerical flux F(UL,UR) is consistent [70], i.e., if UL =

UR = Ū, we require

F(Ū, Ū) = F(Ū). (6.6)

The Lax-Wendroff theorem [65] shows that if the numerical approximation

given by the Godunov scheme (6.3) converges as the grid is refined, it must

converge to a weak solution of the conservation law. This theorem can apply to

conservative methods for both nonlinear systems of conservation laws and to

scalar conservation laws. However, when the solution consists of propagating

discontinuities (shock waves), the weak solution to the conservation law is not

necessarily unique. To ensure that the hyperbolic problem has a unique weak

solution that is physically correct, we need to impose an additional condition,

which is the so-called entropy condition. In this investigation, we use the Lax

entropy condition (Definition 5.2).

One problem with the Lax-Wendroff theorem is that it does not guaran-

tee that the weak solutions obtained using conservative methods satisfy the

entropy condition. Fortunately, as proved in [70], the Godunov method al-

ways satisfies the entropy condition provided that the Riemann solution used

to define the numerical flux at each cell boundary satisfies the entropy condi-

tion, which is valid for both scalar conservation laws and hyperbolic systems.

Therefore, the key is to define a entropy numerical flux, as introduced in the

next section.
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6.3 Numerical Flux

6.3.1 Godunov Flux for Scalar Conservation Laws

Following the discussion in the Riemann solver for scalar conservation laws,

the Godunov’s method requires a entropy numerical flux between two states

ρL and ρR. Recall that there are five possible cases in the Riemann solution.

Hence, the Godunov flux function for a scalar conservation laws is

F(ρL, ρR) =


F(ρL), if ρL < ρc or s > 0,

F(ρR), if ρR > ρc or s < 0,

F(ρc), if ρL > ρc > ρR.

(6.7)

Furthermore, the numerical flux (6.7) can be reformulated in a compact form

F(ρL, ρR) =

{
minρL≤ρ≤ρR F(ρ) if ρL ≤ ρR,

maxρR≤ρ≤ρL F(ρ) if ρR ≤ ρL.
(6.8)

6.3.2 Approximate Riemann Solver for Hyperbolic Sys-

tems

To find the numerical flux for conservation laws system, we need only to

determine the Riemann solution at each cell boundary. Recalling the discus-

sion of exact Riemann solutions in Chapter 5, we know that U∗ is one of the

intermediate states that are obtained in the process of connecting UL and

UR. In a numerical simulation, it is quite expensive to solve Riemann prob-

lems explicitly for each time step. And in fact, it is not necessary to compute

the exact Riemann solution to get good numerical results [41]. Thus, we can

replace the exact Riemann solution by a simpler approximate Riemann solu-

tion. The review paper by Harten, Lax, and van Leer [41] outlines a number

of successful approximate solvers. As discussed in Section 6.2, to ensure that

the Godunov scheme converges to the weak entropy solution, the challenge is

to use a Riemann solver that guarantees that the numerical flux satisfy the

entropy condition. Harten and Lax [40] derive sufficient conditions to this
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problem, which is very useful in designing a convergent Godunov scheme with

approximate Riemann solver. In this section, we introduce a few of them.

Linearized Riemann Solver

The idea of a linearized Riemann solver [70] is to translate the nonlinear

problem into an approximate linear problem. This means that the linearized

approach aims to define a Riemann solution to some linearized problem that

is defined locally at each cell, instead of the original nonlinear system:

Ût + Âj− 1
2
Ûx = 0.

Here Âj− 1
2

is a constant matrix in each cell, namely the Jacobian matrix

evaluated at a reference state estimated from Uj−1 and Uj. In this sense,

the linearized Riemann solver does not seek an approximate solution to the

exact Riemann problem, but the exact solution of an approximated Riemann

problem.

Generally, we use UL and UR to denote the left and right states. There

are different approaches to define the reference state Uref. For example, one

can define Uref simply as the arithmetic average of the given two states:

Uref =
UL + UR

2
,

or we can apply the Roe average [99, 100]. Then we obtain a linear system

locally by evaluating the Jacobian matrix at the reference state, i.e.,

Aref =
∂F

∂U
(Uref).

The remaining steps are to solve the Riemann problem in the linear hyperbolic

system. The matrix Aref can be decomposed into

Aref = RΛR−1,

where Λ is a diagonal matrix whose diagonal elements are the characteristic

speeds, and R is the eigenvector matrix. Then we can define the flux function
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based on the linear Riemann solution:

F(UL,UR) =
FL + FR

2
− LT|Λ|RUR −UL

2
,

where FL = F(UL) and FR = F(UR).

Roe’s Riemann Solver

In Roe’s Riemann solver [99, 100], the Aref is defined as

Aref =

∫ 1

0

F′ (U(ξ)) dξ.

Let ∆U(i) and ∆F(i), i = 1, 2 denote the jump in the unknown and the flux

across the ith contact discontinuity, respectively. We can relate ∆U(i) and

∆F(i) by introducing the characteristic speeds λ(i):

∆F(i) = λ(i)∆U(i), i = 1, 2.

The intermediate state U∗ can be expressed in terms of jumps either start

from the left state

U∗ = UL +
∑
λ(i)≤0

∆U(i),

or the right state

U∗ = UR −
∑
λ(i)≥0

∆U(i).

Similarly, we can denote the corresponding flux as

F∗ = FL +
∑
λ(i)≤0

∆F(i) = FL +
∑
λ(i)≤0

λ(i)∆U(i), (6.9)

and

F∗ = FR −
∑
λ(i)≥0

∆F(i) = FR +
∑
λ(i)≤0

λ(i)∆U(i). (6.10)

By combining equation (6.9) and (6.10), we have

F∗ =
FL + FR

2
− 1

2

2∑
i=1

|λ(i)|∆U(i). (6.11)
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Thus, what remains is to determine ∆U , which can be expressed as

∆U = UL −UR =
2∑
i=1

∆α(i)γ(i),

where γ(i) is the ith eigenvector of Aref and ∆α(i) us the jump in the ith wave

strength. Finally, we can define Roe’s Riemann solver by rewriting (6.11) as

F∗ =
FL + FR

2
− 1

2

2∑
i=1

|λ(i)|∆α(i)γ(i). (6.12)

HLL Riemann Solver

Another approximate entropy Riemann solver is the HLL (Harten, Lax and

Van Leer) [41] approximate Riemann solver. The HLL method approximates

the solution of a Riemann problem as a single constant intermediate region

(see Fig. 6.1). Let SL and SR be the estimates of the wave speeds of the left

and right states, respectively. Then, the approximate solution is given as

U∗ (UL,UR) =


UL, if SL ≥ 0,

Uhll, if SL < 0 ≤ SR,

UR, if SR ≤ 0,

(6.13)

by assuming that SR > SL. Here Uhll is defined based on the consistency with

the entropy condition and the integral form [22]

Uhll (UL,UR) =
SRUR − SLUL − (FR − FL)

SR − SL

, (6.14)

where FR = F (UR), FL = F (UL), and Fhll = F(Uhll). One can calculate

that:

Fhll =
SRFL − SLFR + SLSR (UR −UL)

SR − SL

.

Thus, we can define the numerical flux as

F (UL,UR) =


FL, if SL ≥ 0,

Fhll, if SL < 0 ≤ SR,

FR, if SR ≤ 0,

(6.15)
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Figure 6.1: Approximate HLL Riemann solver. The solution consists a single

constant state U∗ separated from the initial states by two waves of speeds SL

and SR.

The remaining problem is to approximate the wave speeds SL and SR.

Many options have been proposed in the literatures [105]. One simple choice

[22] which works for 2× 2 hyperbolic systems is

SL = min
{
λ(1) (UL) , λ(1) (UR)

}
,

SR = max
{
λ(2) (UL) , λ(2) (UR)

}
,

where λ(1) and λ(2) are the characteristic speeds of a hyperbolic system. One

sees from the definition above that the wave speeds are estimated by the upper

and lower bounds of the propagation speeds on both sides of an initial state.

There are many other approximations of the wave speeds, e.g., Einfeldt [24]

suggested to make use of the eigenvalues in Roe’s average [99]. This study is

out of the focus of this thesis. In this work, we use the estimation proposed

in [22].

One major shortcoming of the HLL solver arises for a hyperbolic system

with more than two equations, e.g., the Euler equations of compressible gases.

The HLL Riemann solver yields a single intermediate state that averages over

the actual wave structure, regardless of the spatial variations of the solution to
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the Riemann problem. As a result, the HLLC scheme is proposed [105] which

modifies the HLL solver by adding the missing waves back into the structure of

the approximate Riemann solver. Note that all “second order” traffic models

considered in this investigation are 2×2 hyperbolic systems. Thus, we use the

HLL scheme because it can provide quality results for 2 × 2 systems. More

importantly, the Godunov method by employing the HLL approximate solver

converges to the weak entropy solution, as proved in [41]. In the next section,

we carry out several test cases to justify the quality of the HLL Riemann

solver.

Test Cases for the HLL Riemann Solver

We test the HLL approximate Riemann solver with the wave speed estima-

tion suggested by Davis [22], and apply the hyperbolic system of the classical

Aw-Rascle model (2.13) with the pressure function defined in (3.10):
ρt + (ρu)x = 0,

(u+ p(ρ))t + u(u+ p(ρ))x = 0,

p(ρ) = uref ln ρ
ρmax

.

The parameters are chosen as

ρmax = 1.0, uref = 1.4427.

The study area is x ∈ [−0.25, 0.75] and the computational results are presented

on a mesh of 2000 points. The CFL condition is selected as 0.9. Given two

initial states UL = (ρL, uL) and UR = (ρR, uR), the exact intermediate state

U0 in the Riemann solution can be computed based on the structure of the

general Riemann solution ρ0 = ρLexp
(
uL−uR
uref

)
,

u0 = uR.

The test cases are based on the initial states presented in Table 6.1.
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Table 6.1: Initial states of Riemann problems for three test cases

Test 1 Test 2 Test 3

UL : ρL = 0.9 uL = 1 ρL = 0.1 uL = 1.5 ρL = 0.5 uL = 0.5

UR : ρR = 0.1 uR = 1 ρR = 0.2 uR = 0.8 ρR = 0.1 uR = 1.5

Test 1 corresponds to a 2-contact wave that moves to the right. Test 2 gener-

ates a 2-contact wave and a 1-shock wave that moving to the left. Test 3 has

a 2-contact wave and a 1-rarefaction wave that propagate to the left.

The numerical results based on the exact Riemann solver and the HLL

approximate solver at time t = 0.2 are shown in Figs. 6.2, 6.3, and 6.4. We

can observe from the results that the HLL solver is able to capture 1-waves

and 2-waves in the “second order” traffic model. Thus, for sufficiently fine

grids, the HLL approximation can produce satisfactory results from these test

cases.
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Figure 6.2: Test 1 with initial states UL = [0.9, 1.0] and UR = [0.1, 1.0].
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Figure 6.3: Test 2 with initial states UL = [0.1, 1.5] and UR = [0.2, 0.8].
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Figure 6.4: Test 3 with initial states UL = [0.5, 0.5] and UR = [0.1, 1.5].

However, one can also observe one drawback of the HLL solver. By observ-

ing test cases 1 and 3 (see Fig. 6.2 and Fig. 6.4), we see that this approximate

solver can generate overshoots. Fortunately, it has been proved that the Go-

dunov scheme with HLL Riemann solver converges to weak entropy solutions
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[41]. Therefore, the effect of the overshooting shrinks when the mesh is fur-

ther refined. We need to choose a mesh that is fine enough to guarantee a

satisfactory quality of the numerical approximation.

6.4 Semi-Implicit Godunov Scheme

We now discuss the numerical scheme for “second order” models with a

relaxation term. Note that the hyperbolic system (4.25) is stiff when the

relaxation time τ becomes small. This means that an explicit Godunov scheme

requires tiny time steps to render the numerical solver stable [70]. A lot of

numerical schemes are proposed in order to solve hyperbolic systems with stiff

relaxation terms, such as the shock-capturing finite difference scheme proposed

in [?, 90], or Runge-Kutta-type methods introduced in [85, 48].

For the inhomogeneous hyperbolic systems considered in this study, e.g.,

(4.25), we observe that the relaxation is only added to the second equation,

while the conservation equation for mass is homogeneous. Therefore, this fea-

ture makes it possible to generate a simple semi-implicit Godunov scheme,

which makes the scheme more efficient compared with a fully implicit ap-

proach. Semi-implicit scheme have been designed for solving problems with

reacting flow [80, 63, 84].

We introduce our semi-implicit scheme in the generic framework of “sec-

ond order” models. By adding the relaxation term suggested in [96] to the

homogeneous framework (5.9), we obtain
ρt + (ρu(ρ, y))x = 0,

yt + (u(ρ, y)y)x = 1
τ
ρ(Ve(ρ)− u),

u(ρ, y) = V (ρ, y/ρ).

(6.16)

Let Un
i be the approximate solution in the cell Ii = [xi−∆x/2, xi−∆x/2]

at time n∆t, and Fn
i− 1

2

and Fn
i+ 1

2

be the corresponding numerical fluxes along
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the interface of the cell Ii. More precisely, we denote

Un
i =

(
ρni

yni

)
, Fn

i− 1
2

=

 (Fρ)
n
i− 1

2

(Fy)
n
i− 1

2

 , Fn
i+ 1

2
=

 (Fρ)
n
i+ 1

2

(Fy)
n
i+ 1

2
,

 (6.17)

where Fρ and Fy are the numerical fluxes of the conserved variables ρ and y,

respectively. Then the numerical scheme reads

(
ρn+1
i

yn+1
i

)
=

(
ρni

yni

)
− ∆t

∆x

 (Fρ)
n
i+ 1

2

(Fy)
n
i+ 1

2

−
 (Fρ)

n
i− 1

2

(Fy)
n
i− 1

2


+

(
0

1
τ

(
ρn+1
i Ve

(
ρn+1
i

)
− ρn+1

i u
(
ρn+1
i , yn+1

i

)) ) .
(6.18)

Then, the numerical scheme proceeds as

Step 1 : we update the first component ρ explicitly since the first equation is

homogeneous,

ρn+1
i = ρni +

∆t

∆x

(
(Fρ)

n
i− 1

2
− (Fρ)

n
i+ 1

2

)
. (6.19)

Step 2 : we keep the same numerical flux and update the second component y

by a semi-implicit scheme, where ρn+1 has already known from Step 1,

yn+1
i = yni −

∆t

∆x

(
(Fy)

n
i+ 1

2
− (Fy)

n
i− 1

2

)
+

1

τ

(
ρn+1
i Ve

(
ρn+1
i

)
− ρn+1

i u
(
ρn+1
i , yn+1

i

))
.

(6.20)

To solve (6.20), we note that the only unknown is yn+1. Thus, the update rule

for y can be reformulated by putting all unknown terms on the left side

yn+1
i +

∆t

τ
ρn+1
i u

(
ρn+1
i , yn+1

i

)
= rhs, (6.21)

where

rhs = yni +
∆t

∆x

(
(Fy)

n
i− 1

2
− (Fy)

n
i+ 1

2

)
+

∆t

τ
ρn+1
i Ve

(
ρn+1
i

)
. (6.22)

To find the root of the scalar nonlinear equation (6.21), we employ Newton’s

Iteration method. We define a function f(y) as

f (y) := y +
∆t

τ
ρn+1
i u

(
ρn+1
i , y

)
− rhs. (6.23)
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Given an initial guess y(0) = yni , a Newton Iteration step is given by

y(k+1) = y(k) −
f
(
y(k)
)

f ′ (y(k))
,

where

f ′ (y) = 1 +
∆t

τ
ρn+1
i

∂u

∂y

(
ρn+1
i , y

)
.

The limit of this Newton Iteration is the approximate solution for y in the

next time step, i.e., yn+1. Finally, we obtain:

Un+1
i =

(
ρn+1
i

yn+1
i

)
.

This semi-implicit can be applied to the ARZ, the GARZ, and the collapsed

GARZ models. In particular, the complexity of this scheme can be reduced

when implementing in the ARZ model.

We consider the following ARZ model with the relaxation term in [96]{
ρt + (ρu)x = 0,

(ρ(u− Ve(ρ)))t + (uρ(u− Ve(ρ)))x = 1
τ
ρ(U(ρ)− u).

(6.24)

By introducing the conserved variable y = ρ (u− Ve(ρ)), the system (6.24) can

be rewritten as {
ρt + (ρu)x = 0,

yt + (uy)x = 1
τ

(ρ(U(ρ)− Ve(ρ))− y) .

We proceed to update ρ component explicitly as in Step 1 (6.19). When it

comes to the y component, (6.20) becomes

yn+1
i = yni −

∆t

∆x

(
(Fy)

n
i+ 1

2
− (Fy)

n
i− 1

2

)
+

1

τ

(
ρn+1
i (U(ρn+1

i )− Ve(ρ
n+1
i ))− yn+1

)
.

This equation can be reformulated as a form that can be solved exactly:

(1 + ∆t/τ) yn+1
i = rhs,

where

rhs = yni +
∆t

∆x

(
(Fy)

n
i− 1

2
− (Fy)

n
i+ 1

2

)
+

∆t

τ
ρn+1
i

(
U(ρn+1

i )− Ve

(
ρn+1
i

))
.
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Hence, we can compute the numerical approximation to the conserved variable

y as

yn+1 =
rhs

(1 + ∆t/τ)
.

We see that, in the ARZ model, the framework of the semi-implicit scheme

avoids the Newton Iteration steps. Thus, it is more efficient.
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CHAPTER 7

Reconstruction of Traffic Data

7.1 Description of Data Sets

For the model validation process in this research, we use data sets that

were collected at two distinct locations. Moreover, these data sets have been

generated with different techniques. Below, we first introduce each of them,

and then explain how to transform the raw data to the form that can be fitted

into the numerical validation of macroscopic traffic models.

7.1.1 NGSIM Trajectory Data

This data set contains vehicle trajectory data, which is developed dur-

ing the Next Generation Simulation (NGSIM) project [27]. The data were

obtained on April 13, 2005. The study area is a segment of Interstate 80 lo-

cated in Emeryville, California. It is about 500 meters long with an on-ramp

located around 1/3 of the study area. The highway segment has 6 lanes in-

cluding a high-occupancy vehicle lane (HOV). This data set contains a total of

45 minutes of data during rush hour, which is separated into three 15-minute

time intervals: (i) 4:00pm – 4:15pm, (ii) 5:00pm – 5:15pm, and (iii) 5:15pm –

5:30pm. The data set provides vehicle velocity, acceleration, vehicle position,

vehicle class, length, and other information for every 0.1 seconds.
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In this investigation, we omit the on-ramp involved in the study area. A

justification for this choice is that the effect of the ramp on the main flow is

observed to be limited. Specifically, the flow rate on the ramp is less than 8%

of the flow on 6 highway lanes. Moreover, the deviations of average velocity

of different lanes caused by the merging flow is within ±8%. Moreover, the

focus of this study is not on highway networks. Therefore, we simply treat the

highway segment as if there were no ramp. The NGSIM data set is in great

detail and accuracy, and thus provides many possibilities in traffic modeling

and validation. We discuss in the Section 7.2 about how to process these data

to comply with the macroscopic traffic models.

There is another detector data set available located in the same region but

that has a wider study area. These data were collected through the Freeway

Performance Measurement System (PeMS) project [92]. The available data is

from six detector stations (Stations 1, 3, 4, 5, 6, and 7), where the station 7 is

located adjacent to the study area of the NGSIM project. This study applied

double-loop sensors to record both upstream and downstream data such as

volume N , occupancy O, and vehicle speed u averaged over ∆t = 30 seconds.

This data set complements the vehicle trajectory data by providing macro-

scopic FD data. We apply the PeMS data collected from sensor 7 as historical

data during model construction process.

7.1.2 RTMC Sensor Data

The RTMC data set [76] was collected by the Minnesota Department of

Transportation. We use part of the data of the year 2003. The sensor stations

here are single-loop sensors. For our investigations, we consider data from the

first three sensor stations located on the southbound direction of I-35W. The

study area is around 1214 meters long with 4 lanes. This data set provides

the volume N , occupancy O, for each lane averaged every 30 seconds. In this

research, we use data of 74 week days from 01/01/2003 to 04/14/2003.

At each of these days, we select a one-hour (between 4:00pm and 5:00 pm)
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time interval to perform model validations and comparisons. We choose this

particular time interval because this is the time one can observe strong traffic

density variations, e.g., it frequently happens that the traffic state evolves

from free to congested. We consider a three-detector test problem, where the

boundary data are from sensor 1 and sensor 3, and the validation is done at

sensor 2. In this test, the FD curves are fitted from data collected from sensor

2.

7.2 Treatment of the NGSIM Trajectory Data

The NGSIM data is of high quality. However, we need extra effort to

convert it into the type that can be used to validate of macroscopic models.

Since macroscopic traffic models describe the evaluation of averaged quantities

such as density, average velocity, and traffic flow rate, we need to construct

these analogous field from the vehicle trajectory data.

7.2.1 Smooth Density and Velocity Distributions

We first suppose that the study area is unbounded, i.e., x ∈ R. Let xi(t)

represent vehicle trajectories. We denote by {x1(t), ..., xN(t)} the vehicle po-

sitions, and by {u1(t), ..., uN(t)} the corresponding vehicle velocities. The

objective is to formulate smooth density ρ(x, t) and velocity u(x, t) functions

based on these discrete trajectories. Here, statistical techniques are necessary.

We apply a non-parametric approach, which is called “kernel density estima-

tion (KDE)”, to define a smooth, spatially dependent, traffic density for every

0.1 seconds. One class of KDE methods that we apply in this investigation

is the Parzan-Rosenblatt window method [101, 88]. The general idea of this

process is to treat each data point as a density distribution, e.g., the normal

distribution, and the global density is then the summation of these individual

kernel distributions. This idea is illustrated in Fig. 7.1

To derive the methodology, let traffic density first be a discrete function,
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Figure 7.1: The idea of kernel density estimation. Each vehicle is represented

as a normal distribution. A smooth density distribution is obtained by super-

imposing these overlapping normal distributions.

where each vehicle is represented as a pulse:

ρ̂(x, t) =
N∑
i=1

δ(x− xi), (7.1)

where δ(x) is the Dirac delta function which has the property
∫
Rδ(x) dx = 1,

and N is the number of vehicles on the study area. If we integrate the density

function ρ̂ with respect to space, we obtain the mass, which is the number of

vehicles: ∫
R
ρ̂(x, t) dx =

N∑
i=1

∫
R
δ(x− xi) dx = N. (7.2)

Next, we obtain a smooth density function by convolving (7.2) with a kernel.

Specifically, we choose Gaussian kernel

K(x, h) =
1√
2πh

e−x
2/2h2 , x ∈ R, (7.3)

where h acts as a smoothing parameter. We need to determine an appropriate

h such that it is small enough to represent data properties and large enough to
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give a smooth estimation [86, 87, 10, 51]. In this study, we set h = 25 meters.

Thus, the smooth density function is defined as

ρ(x, t) = K(x, h) ∗ ρ̂(x, t) =
N∑
i=1

K(x− xi, h). (7.4)

Therefore, we have a smooth traffic density function at any time t.

Similarly, we apply the same idea to generate a smooth velocity function.

To that end, we first define a discrete traffic flux function

q̂(x, t) = u(x, t)ρ̂(x, t) =
N∑
i=1

u (x, t) δ(x− xi) =
N∑
i=1

uiδ(x− xi),

and then obtain a smooth function by performing a convolution with the Gaus-

sian kernel (7.3)

q(x, t) = K(x, h) ∗ q̂(x, t) =
N∑
i=1

uiK(x− xi, h). (7.5)

Using (7.4) and (7.5), Thus, the smooth velocity function is defined as

u (x, t) =
q (x, t)

ρ (x, t)
=

∑N
i=1 uiK(x− xi, h)∑N
i=1K(x− xi, h)

,

using (2.1).

7.2.2 Boundary Correction

So far, we have assumed that the study area is unbounded. However, the

study region is a bounded segment, i.e., x ∈ (a, b). The approach above would

cause an underestimation near boundaries because the density function ρ(x)

does not recognize the boundary, and therefore penalizes for the lack of data

beyond the study region. This is called the “boundary effect”. There are

many approaches in the literature that address this issue and propose various

methods to reduce boundary effect (see [49, 50, 53, 55]). Generally, there

are two main approaches to correct the boundary effects: one is to convert

the bounded region to an unbounded region by applying a transformation;
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(a) Left boundary data.
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Figure 7.2: The boundary data obtained via kernel density estimation: (a)

ρ(a, t), u(a, t), and (b) ρ(b, t), u(b, t) (NGSIM data 4:00pm–4:15pm).

the other one is to generate ghost data using reflection. Here, we employ

a modified reflection method [54], which is more accurate than the classical

algorithm.

The basic idea of the classical reflection method is to add data symmetri-

cally with respect to the endpoints a and b, i.e, adding data:

{2a− xi, i = 1, ..., N} , {2b− xi, i = N, ..., 1} .

The new density distribution is denoted by

ρ (x, t) =
1

h

N∑
i=1

K̃ (x, xi),

where

K̃ (x, xi) = φ

(
x− xi
h

)
+ φ

(
x− (2a− xi)

h

)
+ φ

(
x− (2b− xi)

h

)
.

Here φ(·) is the standard normal distribution.

This method is convenient to implement, and it provides decent results if

there are sufficient data points available close to the boundary. However, it

gives poor result in either of these two circumstances

‖x1 − a‖ � d`, ‖b− xN‖ � dr; (7.6)
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or

‖x1 − a‖ � d`, ‖b− xN‖ � dr, (7.7)

where d` and dr are the average distances of two adjacent interior sample

points near the left and right boundaries, and x1 and xN are the initial and

end interior data points after rearranging the position data in an ascending

order. These two cases depict the situations either having insufficient data

near the boundary, or of having a vehicle very close to the boundary. The

first case tends to underestimates the traffic density and the later one tends

to overestimates the traffic density close to the boundary.

We can reduce this effect by reflecting data respect to the modified bounds

a∗ = x1− d`
2

and b∗ = xN + dr
2

. We adjust the original bounds as an estimated

boundary of data cloud. Thus, we can avoid unrealistic approximation from

data outliers.

Therefore, the kernel becomes

K̃ (x, xi) = φ

(
x− xi
h

)
+ φ

(
x− (2a∗ − xi)

h

)
+ φ

(
x− (2b∗ − xi)

h

)
. (7.8)

This modification provides a more accurate approximation to the traffic density

and velocity along boundary. The density and velocity data on boundaries by

applying the modified reflection method are shown on Fig. 7.2.

7.3 Treatment of the RTMC Data

The RTMC data is averaged over an interval of length 30 seconds. Thus,

the traffic density data and velocity data is piecewise constant, i.e., ρ = ρn

over the time interval [tn, tn+∆t], where ∆t = 30 seconds. In our simulations,

the time step is much smaller. It is desirable to have the boundary density ρ

and velocity u depend continuously on time, i.e., ρ(t), u(t). In order to solve

this problem, we assign the data points ρn as the density in the midpoint of

each time interval, i.e., tn+ ∆t
2

, n = 1, ...,m , and perform a cubic interpolation

with respect to these midpoints.
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Moreover, the sensor stations are located at a relative large spacing (∆x ≈
0.5 miles). Hence, it is difficult to estimate the traffic density and velocity

between sensors accurately, and therefore, it is challenging to construct an

initial state from the sensor data. Obviously, we need an initial profile in

performing numerical simulations. To overcome this lack of information, we

prescribe a uniform initial condition, and then delay the model validation

process until a reasonable initialization time has passed (the length of the

waiting time depends on the length of the road segment; it is the average time

that allows waves generated at the boundary to propagate to the position of

the targeted sensor). By inputing the correct boundary data, the traffic state

at the end of the initialization phase is fully determined by the inflow and

outflow from boundary, and is independent of the initial condition.

One should be careful that there could be circumstances that the boundary

information never reaches the interior sensors, namely, the case of the transonic

rarefaction in the LWR model, which is stationary, i.e, the wave speed is

F ′(ρc) = 0. Even though the chance of a stationary wave is rare in reality,

there are situations where the waves generated from the boundary propagate

with very low speed. The waiting time could be significantly longer than

expected. As a consequence, one has to give an estimation of the waiting time

in the sense of expectation. In the simulations conducted here, we choose the

waiting time as 5 minutes, which is generally more than enough.
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CHAPTER 8

Validation of Models with Real

Data

To apply a traffic model successfully, a testing process must be performed to

ensure the quality of the model. In this study, we are interested in comparing

the simulation results with observations of reality [5, 25, 26]. Furthermore, to

show the advantages of the data-fitted generic “second order” models, we also

need to compare them with existing successful traffic models. In the following

sections, we validate the new models and selected classical models using both

the RTMC sensor data and the NGSIM data sets.

8.1 Error Measurement

Before conducting the experiments, we need to define an appropriate error

measurement to quantify the difference between the numerical predictions and

the observed traffic data. In our investigation, we are interested in good pre-

dictions of the complete traffic state, which means that the error measurement

should account for the deviations from predicting both traffic density and ve-

locity. Given numerical results predicted by a traffic model ρmodel(x, t) and

umodel(x, t), and real data ρdata(x, t) and udata(x, t), we define an error measure
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that depends on both time and space, (x, t) ∈ (0, L)× (0, T ):

E(x, t) =

∣∣ρdata(x, t)− ρmodel(x, t)
∣∣

Rρ

+

∣∣udata(x, t)− umodel(x, t)
∣∣

Ru

, (8.1)

where Rρ and Ru are normalization parameters. These two parameters are

crucial in the error measurement, since the traffic density ρ and velocity u

possess different physical units. We need to define suitable normalization

weights to make these two components of the error contribute fairly to the

total error metric.

The papers [7, 4] suggest to do normalize with the real traffic data, i.e.,

E(x, t) =

∣∣ρdata(x, t)− ρmodel(x, t)
∣∣

||ρdata(x, t)||L1

+

∣∣udata(x, t)− umodel(x, t)
∣∣

||udata(x, t)||L1

, (8.2)

where the || · ||L1 norm is with respect to both space (x) and time (t). This

error definition (8.2) exhibits a weakness when the traffic data possesses a

great amount of outliers. Furthermore, one can explain another shortcoming

of error (8.2) by considering the following extreme example. Consider a case

when ρdata is close to the origin (ρ ≈ 0), and therefore the traffic velocity

data are gathered around maximum velocity (u ≈ umax) accordingly. More

precisely, let ρε and uε be small positive numbers and we assume

ρdata(x, t) ≤ ρε, and
∣∣udata(x, t)− umax

∣∣ ≤ uε, ∀(x, t) ∈ (0, L)× (0, T ).

If we focus on the velocity component, the deviation between udata and realistic

model predictions should be bounded by the strip of width 2nuε, which is a

small number. Here n is the number of data points. However, ||udata(x, t)||L1 ≈
numax is a much larger number. As a result, the error measurement (8.2)

penalize too much the error that comes from the traffic velocity.

Another error measurement that is defined in [5] proposed a rescaling pa-

rameter as an estimation of the maximum traffic flow rate, which is defined as

the minimal traffic flow rate such that 90% of measured flow rate data points

are below it. We can apply the same idea to exclude outliers of traffic data.

However, the issue discussed above still remains if we are interested in an error

metric that quantifies deviations from both ρ and u.
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Figure 8.1: Determination of estimated range of measured data in the u-ρ

plane.

To resolve this problems, we define the normalization parameters to be the

range of the measured data, i.e., Rρ = ∆ρdata, Ru = ∆udata. The definition

of ∆ρdata and ∆udata can depend on the boundary of a given data cloud. A

natural left bound of density is zero. We define the right bound of density

ρdata
max by first excluding the irregular outliers and the numerous data points

accumulated around the origin ρ ≈ 0. We remove the data points where

ρ < 5 veh/km/lane. The rational is that there is no interaction between

vehicles as the average distance of these vehicles becomes larger than 200

meters. As a result, these data points contain limited information for fluid

dynamical models, which are based on the continuous hypothesis. By removing

these data points, we can define more realistic bounds for the data cloud in

the u-ρ plane by applying the strategy introduced in [5] (see Fig. 8.1):

Definition 8.1. ρdatamax is the minimum of the traffic density data such that

99.9% of the measured data lie below it. Similarly, we define udatamax and udatamin as

the velocity thresholds such that 99.9% of the velocity data lie below udatamax and
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99.9% of the data points above udatamin . This all excludes the data points where

ρ < 5 veh/km/lane.

Using the bounds, we define the normalization parameters as:

∆ρdata = ρdata
max

∆udata = udata
max − udata

min .

Therefore, our error metric becomes

E(x, t) =

∣∣ρdata(x, t)− ρmodel(x, t)
∣∣

∆ρdata
+

∣∣udata(x, t)− umodel(x, t)
∣∣

∆udata
. (8.3)

Moreover, since numerical simulations cannot guarantee good agreements

with observations at all times and at all positions, measuring the error at

one fixed time or position is insufficient to justify whether an approximation

is good or not. Therefore, we quantify the prediction of traffic models by

averaged error measurements. We take averages with respect to either space

Ex(t) =
1

L

∫ L

0

E(x, t) dx, (8.4)

or time

Et(x) =
1

T

∫ T

0

E(x, t) dt.

Furthermore, a space-time fully averaged error is defined as

E =
1

TL

∫ T

0

∫ L

0

E(x, t) dx dt. (8.5)

For the RTMC data set, the spacial mean is taken only over the positions of

interior sensors. Let x1, ..., xs be the positions of the sensors, then the mean

error for a specific day is

Eday =
1

s

s∑
i=1

Et
day(xi). (8.6)

Finally, we use the error averaged over all days to quantify the deviation

between model prediction error in the RTMC data set as

E =
1

#days

#days∑
day=1

Eday. (8.7)
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8.2 Implementing Boundary Conditions

In the previous section, we generate boundary conditions from data that

depend continuously on time, i.e., ρ(t), u(t). Let us denote the boundary

condition as four pieces of information ρin(t), uin(t), ρout(t), uout(t), which

are the density and velocity information corresponding to inflow and outflow,

respectively. “First order” traffic models have single evolution equation, which

can prescribe two pieces of information, either ρin(t) and ρout(t), or uin(t) and

uout(t). “Second order” models have the advantage to install all four pieces of

boundary data. Note that boundary conditions are used only when the waves

are moving into the computational domain from the boundaries. In fact, “first

order” models usually take only one boundary condition, and “second order”

models normally use two pieces of boundary information. To implement the

boundary conditions, the inflow and outflow data are provided in ghost cells in

the Godunov scheme. A ghost cell is to include a few additional boundary cells

on the edges of the computational domain. Whenever needed, the boundary

data are picked automatically by the Riemann solver that is defined on the

interface of the boundary cells in the Godunov scheme.

In the data-fitted generic models, such as GARZ and collapsed GARZ,

the generic invariants, e.g., the empty-road velocity w in the GARZ model,

are not provided directly by measured data. However, it is also required to

provide boundary data of the generic invariants, e.g., w(t), in order to solve

the hyperbolic system approximately. We employ the inverse function of the

general velocity function u = V (ρ, w) in the generic models, which is defined

as w = W (ρ, u) (see (4.20)) in the GARZ model, and q = W (ρ, u) (see (4.42))

in the collapsed GARZ model.

In the numerical simulations, the boundary data may introduce outliers.

This is the case when some (ρ, u) data points do not lie in the domain of

the functions w = W (ρ, u) or q = W (ρ, u). In Section 4.1.3, this problem

was addressed by constructing an extension of the domain during the model

construction, or projecting data outliers onto the domain boundary of the
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inverse function. We apply the projection approach during all the simulations

carried out in this study.

8.3 Generic Models Versus Classical Models

The objective is to test the performance of two data-fitted generic “second

order” models: GARZ and collapsed GARZ (“CGARZ”). The traffic models

selected to compare with GARZ and CGARZ include two “first order” and two

“second order” models, among which the “first order” models are the LWR

type models with different choices of FD function Q(ρ), and the “second order”

models are the ARZ models which are the “second order” generalization of the

LWR models. These models are

1. LWR model with the Greenshields flux (2.4)–“LWRQ”;

2. a data-fitted LWR model, where the FD is the smooth three-parameter

model (3.5)–“LWR”;

3. the ARZ model based on the linear Greenshields velocity function, i.e.,

Ve(ρ) = umax (1− ρ/ρmax)–“ARZQ”;

4. the data-fitted ARZ model based on the smooth three-parameter equi-

librium velocity curve–“ARZ”.

The flow rate curves and their corresponding velocity curves are shown in

Fig. 8.2, and Fig. 8.3, respectively. In addition, to complete the comparison

process, we provide a reference test case, that is defined by applying a linear

interpolation of ρ and u based on the boundary data. Note that there is no

traffic model applied in the test case.

8.4 Numerical Simulations

The numerical simulations are to solve initial boundary value problems

for both data sets. The initial and boundary conditions have already been
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Figure 8.2: Flow rate vs. density curves for LWRQ, LWR, ARZQ (top row),

ARZ, GARZ, and CGARZ (bottom row).

formulated in Chapter 7. We denote ρ(x, t) and u(x, t) be the smooth density

and velocity functions formulated via kernel density estimation in the NGSIM

trajectory data (see Section 7.2). The setup of the test problems has several

different features for the RTMC sensor data and the NGSIM trajectory data:

• In the NGSIM data, the initial conditions are ρ(x, 0) and u(x, 0). In

the RTMC data, we prescribe a uniform initial condition, and begin the

validation after running the computation forward for a few minutes (see

Section 7.3). This ensures that the traffic state along the study area is

completely determined by the boundary data.

• In validating with the RTMC data, we perform a so-called three-sensor

test, in which the data from the boundary sensors provids the boundary
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Figure 8.3: Velocity vs. density curves for LWRQ, LWR, ARZQ (top row),

ARZ, GARZ, and CGARZ (bottom row).

condition, and we validate the models at the position of sensor 2 (see

Fig. 8.4b). In contrast, the validation in the NGSIM data is performed

over the full study area (see Fig. 8.4a).

• The boundary data in the NGSIM is ρ(a, t), u(a, t), ρ(b, t), and u(b, t),

where a and b are the endpoints of the study area. Cubic interpola-

tion in time (see Section 7.3) is applied in order to construct boundary

conditions from the aggregated RTMC sensor data.



118

Initial boundary value problem (NGSIM trajectory data)

← initial condition measured from data

t

t = 0

B.C→

from→

data→

← B.C
← from
← data

←    Comparison of model prediction
       with data everywhere

(a) Initial boudary value problem

(NGSIM trajectory data).

Sensor1 Sensor2 Sensor3

Initial boundary value problem (RTMC sensor data)

t

t = 0

B.C→

from→

data→

← B.C
← from
← data

← Comparison of model prediction
    with data at Sensor station 2

(b) Three-sensor test problem (RTMC

sensor data).

0 420 ft 1650 ft

1

2

3

4

5

6

→

→

→

← left boundary

→

→

→

right boundary→
Study area (NGSIM trajectory data)

(c) Study area (NGSIM trajectory data).

Sensor1 Sensor2 Sensor3

→

→

→

← left boundary

→

→

→

right boundary→

Study area (RTMC sensor data)

(d) Study area (RTMC sensor data).

Figure 8.4: The setup of initial boundary value problems in numerical valida-

tion with both the NGSIM trajectory and the RTMC sensor data sets, together

with the structure of their study areas.

8.4.1 Model Validation with the NGSIM Trajectory Data

The study area is about 500 meters long (see Fig. 8.4c). We discretize

spatially using a grid size of ∆x = 0.5 meters, and ∆t is picked as long as

the CFL condition (6.5) allows. The maximum traffic density and velocity are

chosen as ρmax = 800 veh/km, and umax = Ve(0) = 71.1, km/h, obtained by

studying the PeMS data [92]. The simulation time intervals are 14 minutes

long. In the NGSIM data, the information of vehicles along the study area

is not completely recorded at the beginning of each time interval. To be

able to determine a density distribution ρ(x, t) over the complete study area,

we start the simulations one minute after the data set starts. As a result, we

actually use three 14 minutes data sets: 4:01pm–4:15pm, 5:01pm–5:15pm, and

5:16pm–5:30pm. Other model parameters are available in Table 8.1 (GARZ)
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Table 8.1: Model parameters of the GARZ model in NGSIM data.

Model Model Parameters

α λ p wmin (km/h) wmax (km/h)

GARZ 1484 23.4 0.2 39.5 82

Model parameters of the GARZ model in the NGSIM validation. Here α, λ, and

p are the parameters of the equilibrium flow rate curve Qe(ρ) in the smooth three-

parameter model (3.3).

Table 8.2: Model parameters of the CGARZ model in NGSIM data.

Model Model Prameters

uref ρref ρf qmin qmax qeq

CGARZ 79 1266 67 5106 12304 8400

Model parameters of the CGARZ in the NGSIM validation. The units of model

parameters are: uref (km/h); ρref and ρf (veh/km); qmin, qmax, and qeq (veh/h).

and Table 8.2 (CGARZ). In Chapter 7, we derive spatially smooth density

and velocity functions for every 0.1 seconds. Since the fine computational grid

requires a time step ∆t < 0.1 second, we apply a cubic interpolation in time

to fill the missing information between available data.

In Fig. 8.5, we show sample results of the model prediction (red solid line)

together with measured data (blue dashed line) for the GARZ model. These

results are the time evolution of density and velocity at a fixed position in the

middle of the study area. We can observe from these figures that the GARZ

model provides predictions that agree well with traffic data. However, these

plots alone are insufficient to quantify the accuracy of the model. Moreover, it

is also difficult to compare the prediction accuracy of different models based

on these kinds of plots.
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Figure 8.5: Time-evolution of the model prediction (solid red line) and real

data (dashed blue line) in the middle position of the study area (GARZ model).

Using the error metric defined in (8.3), one can see more clearly the predic-

tive accuracy of the selected traffic models, as shown in Fig. 8.6, Fig. 8.7, and

Fig. 8.8. In each of these figures, the models are split into (i) “first order” mod-

els and their “second order” generalizations (see Fig. 8.6a, 8.7a, 8.8a) (LWR

(solid light-red), LWRQ (solid light-blue), ARZ (dashed dark-red), ARZQ

(dashed dark-blue)), and (ii) different “second order” models (see Fig. 8.6b,

8.7b, 8.8b) (ARZQ, ARZ, GARZ (solid black), CGARZ (dashed light-green)).

A reference test defined via linear interpolation of the density and velocity (see

Section 8.3) is always involved (dashed light-gray). These results show the
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time evolution of the spatially averaged error Ex(t) (8.4) in the left panel, and

the space-time average error E (8.5) on the right panel for the three NGSIM

data sets: 4:01pm–4:15pm, 5:01pm–5:15pm, and 5:16pm–5:30pm. The results

displayed in these plots reveal several interesting observations as follows..
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(b) “Second order” models.

Figure 8.6: Comparison of traffic models for the NGSIM 4:01pm–4:15pm data

set. Panel (a) displays the results of LWRQ, LWR, and their corresponding

“second order” generalizations ARZQ, ARZ; panel (b) shows all considered

“second order” models: ARZQ, ARZ, GARZ, and CGARZ. In each figure, the

time-evolution of spatially averaged errors (left), and fully averaged errors (in

both space and time) (right) are shown in log-scale.
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Figure 8.7: Comparison of traffic models for the NGSIM 5:01pm–5:15pm data

set.

GARZ vs. Other Models

In all the three NGSIM data sets, the GARZ model provides the most

accurate approximation of the real traffic state among all the traffic models

considered. We can observe that the GARZ model has the smallest fully

averaged error E. Moreover, we can observe from the spatially averaged error

Ex(t) that certain models can beat the GARZ model for some short instance

of time, such as the ARZQ model in the third data set (see Fig. 8.8). This is

probably caused by the oscillatory behavior exhibited in real boundary data
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Figure 8.8: Comparison of traffic models for the NGSIM 5:16pm–5:30pm data

set.

during congestion (see Fig. 7.2). This justifies that sufficient averaging is

necessary to obtain conclusive results in predicting congested traffic. Moreover,

this result confirms the success of the GARZ model.

“First Order” Models vs. their “Second Order” Generalizations

We can observe from Figs. 8.6a, 8.7a, and 8.8a that the “second order”

generalizations usually give better prediction results, e.g., the ARZQ model

is always better than the LWRQ model, and the ARZ model is better than

the LWR model on the data set NGSIM 4:01pm–4:15pm. Most likely, this is
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because the “second order” models allow the feeding of more information into

the model through boundary.

If we focus on the data-fitted models, the ARZ model allows 2-waves to

propagate into the computational domain with the speed of the vehicle veloc-

ity. This is advantageous in traffic states away from congestion: consider an

extreme situation where traffic density data is accumulated around the critical

density ρ ≈ ρc such that Q′(ρc) = 0 in the LWR model. The shock and rarefac-

tion waves generated from the boundary transfer into the study area with ex-

tremely low speeds. In fact, rarefactions possess the speed F′(ρ) = Q′(ρ) ≈ 0,

and the shock speed s is bounded by the characteristic speeds of rarefaction

waves, based on the Lax entropy conditions (5.8). We can imagine that the

LWR model produces significant deviation from reality. This is because vehi-

cles are allowed to move into the study area from upstream boundary freely at

the congestion level around ρ = ρc. Thus, the boundary information carried

by these vehicles can reach the computational domain easily. In contrast, the

model predicts that it takes much longer time to accept the boundary data.

The ARZ model addresses this undesirable behavior. This point is visible in

the result from first data set NGSIM 4:01pm–4:15pm, where sufficient data

points around ρc are observed.

In turn, as traffic density further increases, another aspect becomes dom-

inate, which makes the LWR model a better choice compared with the ARZ

model. We can observe that the ARZ model is worse than the LWR model

for the NGSIM data sets 5:01pm–5:15pm and 5:16pm-5:30pm, which have a

high congestion level. As pointed out in the motivation of improving the ARZ

model (see Section 3.3.1), the drawback of the ARZ model that it possesses

multiple maximum traffic densities is magnified as more and more traffic data

in the congested regime. By observing Fig. 8.2d and Fig. 8.3d, one sees that

the spread of the congested diagram becomes wider and wider as the traffic

density increases. This fact can generate significant deviation from the data

cloud. Therefore, in the data-fitted ARZ model, the model prediction under

high congestion level is quite unreliable.
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The above discussion has excluded the LWRQ and ARZQ models. The

key difference is that these two models employ an unrealistic FD function

(the quadratic form FD), which assumes ρc = ρmax/2. In the first place, this is

unrealistic by observing data. Secondly, these models predict that the majority

of data points stay in the non-congested region. We can compare them with

the data-fitted models in the following.

Data-fitted Models vs. Models with Quadratic FD

The data-fitted models are more accurate in most incidences, e.g., the

ARZ is better than the ARZQ, and the LWR is better than the LWRQ. This

observation implies that traffic models with more realistic FD (better-fitted

with traffic data) are more reliable. The only exception happens in the most

congested data set NGSIM 5:16pm–5:30pm, where the ARZQ model exhibits a

better agreement with data than the ARZ model. This effect can be explained

by observing the velocity curves of the ARZQ and ARZ models (see Fig. 8.3c

and 8.3d). It turns out that the ARZ model has the weakness to predict an

unrealistic large traffic density (ρ� ρmax) for a given low traffic velocity data.

One can observe this effect for a velocity curve with large w value, i.e., a curve

lying above in Fig. 8.3d. A low traffic velocity corresponds to unrealistic traffic

density. This fact causes large deviation from traffic data in a highly congested

traffic state. In contrast, the velocity curves in the ARZQ model are linear,

which reduces this weakness of the ARZ model apparently.

This incident does not imply that the ARZQ is more realistic, but further

proves that the ARZ model, even with a realistic equilibrium velocity curve

Ve(ρ), is unfavorable for large traffic densities. We can make this point more

clear by comparing the ARZ with the GARZ model.

GARZ vs. ARZ Models

The GARZ model is a generalized version of the ARZ model, which fixes

several shortcomings of the classical model. As a result, it is necessary to

compare these two models independently. We can observe from Fig. 8.9 that

the GARZ model always provides numerical predictions that are closer to
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Figure 8.9: Comparison of the GARZ and ARZ models in the highly congested

NGSIM data sets: 5:01pm–5:15pm (a) and 5:16pm–5:30pm (b). time-evolution

of the spatially averaged errors of the GARZ and ARZ models (top), and the

time-evolution of the traffic density data (bottom).

the actual traffic data in the sense of space-time average error. Specifically,

Figs. 8.9a and 8.9b depict the time-evolution of the error Ex(t) for the ARZ

and GARZ models (at the top) together with the measured traffic density

data (at the bottom). One sees a clear correspondence between the peeks of

the errors in the ARZ model and the traffic density data. The GARZ model

reduces this effect significantly. We can conclude that the GARZ model is a

better predictor in approximating real traffic compared with the ARZ model.

CGARZ Model vs. GARZ and ARZ Models

Now, let us concentrate on the other generic model, the collapsed GARZ

model. We can see from the fully averaged error E that the CGARZ gen-

erally ranks as the second best one. It is less accurate than the GARZ

model and is superior compare to the other models. However, in the data

set NGSIM 4:01pm–4:15pm, the ARZ model has shown a slight advantage

over the CGARZ.

On one hand, the collapsed model amends one drawback of the ARZ model

in that it assumes a unique ρmax. On the other hand, the CGARZ model
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forces the free flow to stick to a single flow rate diagram, while the GARZ

and ARZ models give the freedom to follow different flow rate curves. Thus,

it is expected that the CGARZ model is advantageous in high congestion,

while ARZ model is more accurate for non-congested and less-congested traffic

flow. This inference is confirmed by the error results in the NGSIM. We can

observe that the CGARZ model is more realistic in the data sets NGSIM

5:01pm–5:15pm and 5:16pm–5:30pm that have a high congestion level, while

the ARZ model matches better with reality in the less congested data set

NGSIM 4:01pm–4:15pm. We can further conjecture that the ARZ model tends

to exhibit more significant error reduction compared with the CGARZ model

if the traffic density keeps dropping. Note that all the NGSIM data sets are

mainly in the congested phase, therefore, we need to compare these two models

with the other data set that exhibits a free flow phase, i.e., the RTMC sensor

data.

Macroscopic Models vs. Linear Interpolation

The linear interpolation gives surprisingly decent prediction results. It

beats LWRQ constantly, and surpasses the ARZQ, except in the third data

set. For some incidences, it can even be better than the data-fitted LWR and

ARZ models. This raises a challenging question: why do we devote such great

efforts in developing macroscopic models if a simple linear interpolation can

provide similarly good result? In defense of macroscopic model, one has to

point out that the causes of this effect most likely come from two sources:

1. The considered road segment is very short, which is only 500 meters.

As a result, the number of 1-shock or 2-contact waves (discontinuous

solutions) that contains in the computational domain are reduced. An

apparent deviation between prediction and real data can happen in the

event of discontinuous solutions. Since the number of shocks that can

fit into the study area is small, the differences between good (can cap-

ture discontinuous solutions well) and bad (misses the tracking of shock

waves) forecasting techniques shrinks. In the test with the RTMC sensor
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data, we select a longer study area. It provides the possibility to check

this point in the next section.

2. The linear interpolation allows more information to be fed into the study

region. Even through “second order” models enable to install all four

pieces of information ρin(t), uin(t), ρout(t), uout(t), they can only affect

the solution when the waves are moving into the area of interest. Thus,

“second order” models usually utilize only two pieces of boundary data.

In turn, the linear interpolation simply connects the boundary data with

straight lines. Consequently, it forces all boundary data to play a role in

predicting the configuration in the computational domain.

The good message is that the prediction accuracy of the data-fitted generic

models are always better than the interpolation (see Tables 8.3, 8.4). Hence,

macroscopic traffic flow modeling possesses the potential to produce more re-

alistic tools in forecasting real traffic than simple predictions that are not built

on traffic models. In addition, the objective of macroscopic modeling also lies

in developing a mathematical theory to understand some complicated phe-

nomena that are happening in traffic flow and the unstable dynamics of traffic

flow in congestion. The linear interpolation clearly cannot contribute to this

aspect.

The mean errors E of all the considered models, together with the linear

interpolation test case, validated in the three NGSIM data sets, are contained

in Table 8.3 and Table 8.4 (rows 2-4). We also display the relative excess error

of the different models with respect to the GARZ model in the parentheses.

These results further affirm the observations and conclusions made in this

section.

8.4.2 Model Validation with the RTMC Sensor Data

We study a piece of highway on I-35W, Minneapolis, which contains 3

sensor stations and with a total length of 1.214 km (see Fig. 8.4d). The study
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Table 8.3: Error results of traffic models I

Data set Interp. LWRQ LWR

NGSIM 4:01–4:15 0.161 (+14%) 0.378 (+168%) 0.184 (+30%)

NGSIM 5:01–5:15 0.182 (+41%) 0.432 (+235%) 0.170 (+31%)

NGSIM 5:16–5:30 0.196 (+32%) 0.430 (+190%) 0.184 (+24%)

RTMC congested 0.203 (+14%) 0.323 (+75%) 0.228 (+24%)

RTMC non-cong. 0.108 (+63%) 0.125 (+95%) 0.081 (+26%)

Time-space average errors of all traffic models and the linear interpolation test case

for the NGSIM data sets (rows 2–4) and the RTMC data, separated into congested

and non-congested days (rows 5–6): (Test case, LWRQ, LWR).

Table 8.4: Error results of traffic models II

Data set ARZQ ARZ CGARZ GARZ

NGSIM 4:01–4:15 0.203 (+44%) 0.155 (+10%) 0.158 (+12%) 0.141

NGSIM 5:01–5:15 0.201 (+56%) 0.177 (+37%) 0.152 (+17%) 0.129

NGSIM 5:16–5:30 0.192 (+30%) 0.236 (+59%) 0.169 (+14%) 0.148

RTMC congested 0.220 (+19%) 0.208 (+13%) 0.232 (+26%) 0.184

RTMC non-cong. 0.059 (–) 0.067 (+4%) 0.083 (+29%) 0.064

Time-space average errors of all traffic models and the linear interpolation test case

for the NGSIM data sets (rows 2–4) and the RTMC data, separated into congested

and non-congested days (rows 5–6) (ARZQ, ARZ, CGARZ, GARZ).

area has four lanes and the maximum traffic density and velocity are calibrated

with data as ρmax = 533 veh/km and umax = 93.3 km/h. For this simulation,

the selected measurement set is from 4 pm to 5 pm, during which the traffic

states evolve from free to congested. Other model parameters are available in

Table 8.5 (GARZ) and Table 8.6 (CGARZ).

We discretize the space into a uniform grid of spacing ∆x = 0.5 meter, and
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Table 8.5: Model parameters of the GARZ model in RTMC data.

Model Model Prameters

α λ p wmin (km/h) wmax (km/h)

GARZ 1266 23.9 0.2 75.8 102.8

Model parameters of the GARZ model in the validation of the RTMC sensor data.

Here α, λ, and p are the parameters of the equilibrium flow rate curve Qe(ρ) in the

smooth three-parameter model (3.3).

Table 8.6: Model parameters of the CGARZ model in RTMC data.

Model Model Prameters

uref ρref ρf qmin qmax qeq

CGARZ 114 1026 38.5 4369 10265 8400

Model parameters of the CGARZ model in testing with the RTMC sensor data.

The units of the parameters are: uref (km/h); ρref and ρf (veh/km); qmin, qmax, and

qeq (veh/h).

the time step is picked as long as the CFL condition (6.5) allows. We further

prescribe a uniform initial condition as

ρ(x, 0) = 10 veh/km and w(x, 0) = 100 km/h.

Figure. 8.10 and Fig. 8.11 depict the time evolution of the traffic density

and velocity predicted by the GARZ model for two sample days.

By observing these simulation results, we see that the numerical solutions

substantially follow the profile of the measured sensor data, except in the

regions with sharp jumps or drops. It seems that the approximate solutions

tend to delay for a few minutes to catch up real data. The model gives better

approximations at low traffic densities. Moreover, the smoother the traffic

data, the better the simulation result is.
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Figure 8.10: Sample model prediction (red squares) and sensor data (blue

stasr) from 4:05 pm to 5:00 pm on the 1st day of the 74 test days (GARZ).
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Figure 8.11: Sample model prediction (red squares) and sensor data (blue

stars) from 4:05 pm to 5:00 pm on the 7st day of the 74 test days (GARZ).

We test on 74 weekdays between Jan 1 and April 14, 2003. We set a density

threshold of 80 veh/km and separate these days into two groups: congested

(45 sample days) and non-congested (29 sample days) days. The mean error
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Figure 8.12: Comparison of models for the RTMC sensor data with 45 con-

gested weekdays. The left panels exhibit temporal averaged error for each day

Eday, and the right panels are the mean errors of all congested test days.

Eday (8.6) of the 74 sample days is shown on the left panel of Fig. 8.12a,

8.12b, and Fig. 8.13. The results obtained on the congested days confirm the

observations made in the NGSIM validation (see Section 8.4.1). However, the

error deviations among the different models are smaller, which is caused by

two facts. One is that the congestion level of the RTMC sensor data is much

lower than the NGSIM data. However, the data-fitted generic “second order”

models become superior in the congested traffic state. The other one is that
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Figure 8.13: Comparison of models for the RTMC sensor data with 29 non-

congested days. The left panels show temporal averaged error for each day

Eday, and the right panels are the mean errors of all non-congested test days.

the sensor data is sufficiently averaged, and thus it is much more smoother

than the ρ(x, t) and u(x, t) obtained from the kernel density estimation in the

NGSIM trajectory data. Moreover, one can observe that the ARZ model is

much better than the CGARZ model, which confirms the conjecture that the

ARZ model shows advantages over a collapsed model when the congestion level

is low.

When it comes to the non-congested days, we can observe from Fig. 8.13

that the ARZQ model gives the second best prediction result. This incidence

does not necessary contradict the conclusions that drawn in the NGSIM vali-

dation. We can understand this fact from several aspects. First, because of the

the homogeneous behavior of traffic flow in the free flow regime, all considered

traffic models can supply good prediction results (see Fig. 8.13). It is not a

surprise that the best predictor under this circumstance is not a data-fitted

model. We should reemphasize that the challenge of macroscopic traffic flow

modeling is to model the set-valued regime, which is also the focus of our in-

vestigation. A successful macroscopic model should be reliable for all phases

of traffic states, particularly in congested traffic. Second, by looking into the

data of sample days where the ARZQ model performs best, we observe that a
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large percentage of boundary data (sensor 1 and sensor 3) is gathered around

the critical density ρc of the data-fitted models. Based on the discussion in

Section 8.4.1, one sees that the 1-waves propagates with very low speed, and

as a result, the information these waves carry cannot arrive sensor 2 within a

reasonable time. In contrast, the ARZQ model assumes a large, unrealistic ρc,

which does not have this issue.

The space-time fully average error results over the 45 congested days and

29 non-congested days are shown in Table 8.3 and Table 8.4 (rows 5-6).



135

CHAPTER 9

Second Order Models with

Relaxation Term

9.1 The GARZ Model with a Relaxation Term

In this section, we study how a relaxation term affects the prediction accu-

racy of “second order” models. A fundamental question is: what is a realistic

choice for the relaxation time τ? This value is commonly assumed to be around

3 to 10 seconds. Here, we carry out a study of the performance of inhomoge-

neous “second order” models by sweeping over different τ values. We consider

the inhomogeneous system (3.18) with relaxation term (2.13), and select the

desired velocity curve as the equilibrium velocity i.e., U(ρ) = Ve(ρ), where

Ve(ρ) is the data-fitted three-parameter formulation. We represent this inho-

mogeneous GARZ model as GARZ-τ model. We select Ve(ρ) a diagram lying

in the middle of the family of flow rate curves in the generic models. The

evolution of errors with respect to τ for both the NGSIM data and the RTMC

data are shown in Fig. 9.1.

It is observed that an optimal relaxation time τ does exist, and that it is

around 30 seconds. This result suggests that drivers need about half a minute

to adjust their velocities to their desired velocity, which is 3-10 times longer

than the popular assumptions. We can observe similar behaviors from these
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Figure 9.1: Time-space mean errors evolve with respect to different relaxation

time τ in the GARZ-τ model. (a) a sample day in the RTMC test; (b)–(d)

results for the NGSIM data sets.

test cases. First, as τ approaches infinity, the relaxation term (2.13) vanishes.

Hence, the model (3.18) converges to the homogeneous GARZ model (3.14).

This is confirmed by the results in Fig. 9.1, where we can observe that the

fully averaged errors converge to the error of the homogeneous GARZ model

as τ approaches infinity, i.e., limτ→∞ e = egarz. Next, the prediction accuracy

of models is further improved as τ decreases to the optimal values, where the



137

Table 9.1: Error results of ARZ and GARZ with a relaxation term.

Data set ARZ ARZτ GARZ GARZ-τ

NGSIM 4:01–4:15 0.155 (+44%) 0.139 (+2%) 0.141 (+4%) 0.136

NGSIM 5:01–5:15 0.201 (+55%) 0.139 (+14%) 0.129 (+7%) 0.121

NGSIM 5:16–5:30 0.192 (+30%) 0.175 (+23%) 0.148 (+4%) 0.143

Time-space average errors of the homogeneous ARZ, GARZ models and ARZ-τ ,

together with the GARZ-τ with optimal choice of relaxation time τ , for the NGSIM

data set 4:01pm–4:15pm (row 1), 5:01pm–5:15pm (row 2), 5:16pm–5:30pm (row 3).

minimum errors are observed. Based on the GARZ-τ model, the value of

optimal τ is around 30 seconds. One sees from Table 9.1 that the GARZ-τ

model possesses the smallest error.

It becomes more complicated to study the behavior of inhomogeneous

model as τ converges to zero. We refer to [74, 15, 16] for a theoretical study

of these relaxation problems. The inhomogeneous system (4.21) relaxes to the

local equilibrium

u = Ve (ρ) ,

under Liu’s sub-characteristic condition [16]

λ(1) (U) ≤ λ ≤ λ(2) (U) , on u = Ve (ρ) . (9.1)

Here λ = F′ (ρ) is the characteristic speed of the scalar model and λ(i), i = 1,2

are the characteristic speeds of a hyperbolic system. We can check that, the

hyperbolic system (4.21) satisfies the sub-characteristic condition (9.1). By

substituting u with Ve (ρ), one can calculate that

λ = Ve + ρ∂ρVe, λ
(1) = Ve + ρ∂ρVe, and λ(2) = Ve.

Therefore, we arrive the inequality in (9.1) since ∂ρVe (ρ) < 0 if ρ > 0.

Therefore, the GARZ-τ model relaxes to its local equilibrium, i.e., the

LWR model as τ approaches to zero. As a result, we should also observe that



138

10
−4

10
−2

10
0

10
2

1.16

1.18

1.2

Relaxation time τ /hours 

E
rr

o
r 

(l
o

g
−

s
c
a

le
)

GARZ−τ  with scalar boundary conditions (NGSIM data)

 

 

LWR 4:00−4:15

LWR 5:00−5:15

LWR 5:15−5:30

GARZ−τ  4:00−4:15

GARZ−τ  5:00−5:15

GARZ−τ  5:15−5:30

Figure 9.2: A test confirming the convergence to equilibrium, when all bound-

ary data are in equilibrium. In the GARZ-τ model, we apply the real bound-

ary data for traffic density ρin(t) and ρout(t), and use an equilibrium velocity

boundary condition uin(t) = Ve (ρin(t)) and uout(t) = Ve (ρout(t)).

limτ→0 e = elwr. However, the result in Fig. 9.1 indicates that this convergence

behavior does not hold. This effect is caused by the boundary data, which

drives the system away from its local equilibrium. Recall that, we have solved

an initial boundary value problem in the validation process, where the bound-

ary data conditions are from measured data. As a consequence, these bound-

ary data generally not always follow the equilibrium velocity curve u = Ve (ρ).

However, the boundary data is always assumed to follow the equilibrium dia-

gram in the LWR model. Actually, the LWR model only allows to input the

traffic density data from the boundary, and the traffic velocity is determined

by u = Ve (ρ), given the ρ data. One advantage of a “second order” model is to

provide the possibility to pick both density and velocity information from the

boundary. Thus, it is reasonable to guess that difference between limτ→0 e and

elwr is due to the non-equilibrium boundary data. To verify our conjecture, we

provide a test which uses “first order” boundary condition, i.e., we discard the
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real boundary data for velocity, and substitute them by u = Ve (ρ). Now we

can observe a convergence behavior as τ goes to zero for all the three NGSIM

data sets (see Fig. 9.2).

9.2 The ARZ Model with a Relaxation Term

We perform the same τ study for the ARZ model with a relaxation term

(6.24): {
ρt + (ρu)x = 0,

(ρ (u− Ve (ρ)))t + (ρu(u− Ve (ρ)))x = 1
τ
ρ (U(ρ)− u) .

The results that obtained this study confirm the observations in the GARZ-τ

model. Here, let us distinguish U(ρ) from the equilibrium curve Ve(ρ).

The error evolution with respect to different τ -values is shown in Fig. 9.3

for the data-fitted ARZ model. We can observe a similar behavior as in the

τ -study for the GARZ model:

(1) A optimal τ value exists such that the minimum mean error is attained.

(2) The inhomogeneous system (6.24) converges to the homogeneous ARZ

model as τ →∞ based on the evolution of errors.

(3) The errors in simulating with the system (6.24) do not converge to the

local equilibrium model (LWR)

ρt + (ρU(ρ))x = 0.

An interesting observation in studying the ARZ-τ model is that its values

of optimal τ values are different from in the GARZ-τ model. In the GARZ-

τ model, this value is approximated as 30 seconds. In contrast, the value

ranges from 11 seconds (NGSIM 4:01pm–4:15pm) up to 143 seconds (RTMC

data) in the ARZ-τ model. In the first place, this feature indicates that the

optimal τ -values depend on the predictive accuracy of the selected “second

order” models, which predict various expected time for drivers to adjust actual
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Figure 9.3: Time-space mean errors evolve corresponding to different relax-

ation time τ in the ARZ-τ model. (a) a sample day in the RTMC test; (b)–(d)

results for the NGSIM data sets.

velocities to the their desired velocities. Next, it suggests that it is appropriate

to determine a range of the optimal τ -values, not to determine a fixed value.

Relying on the investigations in both the GARZ-τ and the ARZ-τ models,

we find that a realistic range of optimal τ -values is between 10 seconds and

145 seconds. When it comes to the observation (3), we can explain with the

same arguments as in the GARZ-τ model. We see the fully averaged error
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of the ARZ-τ model with optimal τ -value in Table 9.1. We also display the

relative excess error of the ARZ, ARZ-τ , and GARZ models with respect to

the GARZ-τ model in the parentheses.
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CHAPTER 10

Conclusion

10.1 Summary

This thesis is devoted to developing “second order” macroscopic traffic flow

models that can capture the set-valued fundamental diagram data. In this

work, we presented two data-fitted generalized “second order” models based

on the classical ARZ model. We also study the predictive accuracy of different

models by validating with real data, and then compare new models with the

selected classical macroscopic models. This thesis can be summarized in the

following aspects:

1. New “second order” models: In this work, we propose a generaliza-

tion of the Aw-Rascle-Zhang model under the framework of generic “sec-

ond order” models, named as “generalized ARZ” (GARZ) model. We

then develop a phase-transition-like model as an analog of the GARZ

model, which allows the flow rate curves to coincide in the free traf-

fic flow regime. We name this model the “collapsed GARZ” (CGARZ)

model. We identify the generic invariants as the empty-road velocity in

the GARZ model and as the maximum traffic flow rate in the collapsed

model. These generic invariants are “properties” carried by the drivers.

We then focus on designing the general velocity function–a function of

traffic velocity that depends on both the traffic density and the generic
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invariant. We derive this function by constructing a family of flow rate

curves based on data-fitting with fundamental diagram data, and then

divide these flow rate curves with traffic density. Next, we carry out the

theoretical analysis of the underlying hyperbolic system of the GARZ

and the CGARZ model, such as the investigation of the Riemann prob-

lems and the study of invariant region for the Riemann problems.

2. Data-fitted traffic models: In this thesis, we show a systematic ap-

proach to construct model parameters from historical fundamental dia-

gram data. It not only to determine a realistic FD function by fitting

with historic data, but also design new models systematically from data.

We employ this approach to formulate the general velocity function,

which is at the core of the generic “second order” models. Note that the

general velocity function constructed from data possesses a domain that

is constrained by the extension of the given data cloud. Thus, we extend

the domain that is determined by the model parameters from data-fitting

by suitable techniques to project data outliers into a bounded region.

This process is necessary since a realistic macroscopic traffic flow model

should not fail if input data lie outside some limited domain.

3. Model validation: We test all macroscopic traffic flow models consid-

ered in this dissertation against two different sets of real data to see how

realistic the models are. This validation process is to investigate the

agreement between model and prediction and real traffic data. During

this process, particular effort is devoted to reconstructing the data, e.g.,

getting FD data from trajectory NGSIM data [27], or generating bound-

ary data that depends continuously on time from averaged sensor data

[76].

4. Model comparison: We provide ample comparisons to determine good

predictors for real traffic. This study includes:

(a) A comparison of new models with existing ones: (i) GARZ is always
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the best, and (ii) collapsed GARZ becomes favorable in traffic flow with

high congestion level.

(b) A comparison of “first order” models (LWR and LWRQ) and their

“second order” generalizations (ARZ and ARZQ). We see that “second

order” models are superiors when the traffic state is non-congested or

less congested. In turn, we observe that the LWR model surpasses the

ARZ and the ARZQ models in the circumstance of a high congestion

level. This is due to the unrealistic aspect that the ARZ and the ARZQ

models possess multiple maximum traffic densities.

(c) A comparison of data-fitted models with non-data-fitted models. In

most of incidences, data-fitted models show better agreement with data.

5. Models with relaxation: We show that a relaxation term can be

included in the ARZ and the GARZ models that can further improve

the homogeneous models. A classical relaxation term is added to the

“momentum” equation in the hyperbolic system, which allows the system

to relax to its equilibrium as the relaxation time parameter approaches

zero. In this part, we carry out a study to determine an appropriate

range of the values of relaxation time, and we find that a realistic value of

relaxation time should between 0.2 minutes and 2.5 minutes. This values

are commonly assumed to be around 3 to 10 seconds. Our investigation

indicates that the dynamical system takes longer time to relax to the

equilibrium state.

10.2 Future Work and Outlook

10.2.1 Road Network

As a possible extension to this work is to application of the newly proposed

models to a road network including on/off ramps and intersections. This

generalization is curtail for traffic forecasts. The key challenge in this extension
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lies in the modeling of the behavior (merging, decisions about which path to

take, etc.) of drivers at road junctions, which represent the nodes that connect

different road segments. Using all this information, one needs to define a

unique solution to the Riemann problem at the these junctions. The problem

for the “first order” LWR model on road network is well studied [9].

For “second order” models on a road network, such as the ARZ model [29]

and phase transition models [14], additional assumptions are made in order to

define a unique solution to the Riemann problem. In addition to the conser-

vation of mass and traffic flow as in the LWR model on road network, other

constraints such as drivers behaving to maximize the flow rate and velocity

are proposed by researchers [29]. In our new models under the generic “sec-

ond order” models framework, some generic invariants attached to drivers are

used to construct these models. The generic invariants that characterize the

drivers’ “property” should be also conserved, since it makes sense to assume

that drivers will not chance their “property” even when passing through a

junction.

Another popular condition is to define a preference matrix A = (ai,j), where

aj,i is the percentage of drivers arriving from the i-th incoming road that take

the j-th outgoing road. An approach to make matrix A hold a time-dependent

flavor is presented in [30]. An important step in this research is to generate

this time-varying matrix by inquiring historic data.

10.2.2 Modeling of Multi-class Traffic Flow

In current macroscopic traffic flow modeling, a distinction between user-

classes is rarely made. However, one can expect that both the accuracy and

the explanatory ability of macroscopic traffic flow models can be improved

significantly by distinguishing classes and their specific driving characteristics.

A gas-kinetic-type continuum model is presented in [44], another platoon-based

model is introduced in [45]. Another model that describes multi-class flow as

an extension of the LWR model is proposed in [108].
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In a sense, our new models (GARZ & CGARZ) are already of multi-class

nature because they allow for different properties of the drivers. By specifying

a property of the driver (empty-road velocity in GARZ, and maximum traffic

flow rate in the CGARZ), i.e., generic invariants, drivers are classified into

different group by choosing different values of the quantity of generic invari-

ants. In our models, each class of drivers follows a fixed flow rate curve that

possesses a uniform maximum traffic density. This is similar to multi-class

traffic flow modeling in the sense that different driving behavior can be viewed

as a consequence of driving different types of vehicles.

However, in a multiple user-class traffic flow model, the user-class specific

flow-density relationship does not necessary have a uniform maximum traffic

density. Moreover, the multi-class model should be able to describe more com-

plicated dynamics, such as drivers accelerating towards their class-dependent

desired velocity, while they need to decelerate due to interactions with vehicles

from their own class and with vehicles from other classes. In practice, model-

ing development of true multi-class models is usually impeded by the lack of

measurement data. In the future, we will construct new models based on data

if this kind of multi-class traffic data are available.
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APPENDIX A

The Sensitivity of Data-fitted

Models to the Choice of ρmax

In the investigations presented in this thesis, the maximum traffic density

ρmax is fixed by the definition (3.2) around 133 veh/km/lane. In practice, this

quantity ρmax is hard to determine from measured fundamental diagram data.

In the review paper [42], it is pointed out that a realistic range of ρmax should

be between 120 veh/km/lane and 200 veh/km/lane based on studies conducted

in various countries. Our choice of 133 veh/km/lane falls into this estimated

range that is close to the lower bound. Since vehicles are not actually bumper

to bumper even if the traffic is completely congested (the velocity is zero), the

maximum densities that are close to the upper bound (200 veh/km/lane) are

probably not realistic. Therefore, it is argued in [42] that the most realistic

choice of ρmax should below 160 veh/km/lane. In this section, we study the

sensitivity of data-fitted models (LWR, ARZ, GARZ, CGARZ) with respect

to the choice of ρmax.

In this investigation, the model accuracy is measured for different choices of

ρmax ∈ [120, 200]. The results are displayed in Fig. A.1, Fig. A.2, and Fig. A.3

on the three NGSIM data sets (GARZ: black diamonds, ARZ: dark red squares,

LWR: light red squares, CGARZ: gray circles, Linear Interpolation: green dots,

Actually used ρmax: blue crosses). We can observe that:
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Figure A.1: Evolution of average errors with respect to different choices of

ρmax for the data-fitted models: LWR, ARZ, GARZ, CGARZ on the data set

NGSIM 4:01pm–4:15pm.

1. The data-fitted models are affected by the choice of ρmax. The fully

averaged errors generally increase as the ρmax-value becomes larger. This

indicates that data-fitted models tend to give more accurate prediction

for the ρmax close to the lower bound of 120 veh/km/lane. Hence, we

can further improve the data-fitted models by choosing ρmax-value lower

than the one that is actually used in this investigation.

2. The comparison results we made based on ρmax = 133veh/km/lane is

insensitive to the variation of ρmax. (i) The GARZ model possesses

the smallest mean error for ρmax ≤ 170 veh/km/lane. Therefore, the

GARZ model is always the most accurate for the most realistic values

of ρmax (below 160 veh/km/lane). (ii) In the same range of ρmax, the

CGARZ model always exhibits smaller error compared with the ARZ

model in the congested data sets (NGSIM 5:01pm–5:15pm and NGSIM

5:16pm–5:30pm), and in turn, the ARZ model is more accurate in the
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Figure A.2: Evolution of average errors with respect to different choices of

ρmax for the data-fitted models: LWR, ARZ, GARZ, CGARZ on the data set

NGSIM 5:01pm–5:15pm.

less congested data set: NGSIM 4:01pm–4:15pm. This also confirms

the conclusion we made in the comparison of these two models. (iii)

Moreover, if we focus on the data-fitted LWR and the ARZ models, one

sees in the Figs. A.1 and A.3 that there is no cross between the error

curves in the studied range of ρmax. This means the comparison results

between these two models are always true disregard of the choices of ρmax.

One can observe an exception in Fig. A.2, where a intersection between

these two error curves happens. However, this intersection point is very

close to the lower bound. In most of instances, the general comparison

results of the LWR and the ARZ models are insensitive to the variation

in ρmax
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Figure A.3: Evolution of average errors with respect to different choices of

ρmax for the data-fitted models: LWR, ARZ, GARZ, CGARZ on the data set

NGSIM 5:16pm–5:30pm.
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APPENDIX B

Constructing Flow Rate Curves

for the CGARZ Model

Our objective is to construct a strictly concave down curve family Qc(ρ),

ρ ∈ [ρf, ρmax] such that: for a given threshold density ρf and its corresponding

traffic flow rate qf and the slope of tangent line vf to the flow rate curve at

this point (ρf, qf), these curves pass through the points (ρf, qf) and (ρmax, 0),

and have the same slope at ρf, i.e., Q′c(ρf) = vf. Since the flow rate curves

are strictly concave, these curves must be contained within the triangle with

vertices (ρf, qf), (ρmax, qmax), and (ρmax, 0), where qmax = vf (ρmax − ρf) + qf

(see Fig. C.1). We aim to allow for enough degrees of freedom such that this

triangle is “filled” with concave down curves.

Instead of generating Qc(ρ) directly, we first construct its derivative func-

tion v(ρ) = Q′c(ρ), such that∫ ρmax

ρf

v(ρ) dρ = Qc(ρmax)−Qc(ρf) = −qf and v(ρf) = vf. (B.1)

Moreover, the function v(ρ) should be strictly decreasing in the domain [ρf, ρmax],

and thus evolve from positive to negative. The latter requirement comes from

the property that a flow rate curve possesses a unique maximum at a critical

density ρc. Hence, Qc(ρ) first increases before ρc (v(ρ) = Q′c(ρ) > 0), and

decreases afterwards (v(ρ) = Q′c(ρ) < 0).
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Figure B.1: The idea to construct a flow rate curves for the collapsed GARZ

model.

A particular functional that satisfies all these constrains is the arctangent

function. To allow for sufficient freedom of modeling, we define an arctangent

function with two free parameters:

w(ρ) = − tan−1

(
ρ− µ
σ

)
. (B.2)

Here σ is to control the curvature and µ is related to the position of the critical

density ρc. We then perform a rescaling and a shift of the function w (B.2) to

satisfy the conditions in (C.2):

v(ρ) = kw(ρ) + b,

where

b = vf − kw(ρf),

I =

∫ ρmax

ρf

w(ρ) dρ,

k =
vf(ρmax − ρf) + qf

w(ρf)(ρmax − ρf)− I
.
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Finally, we can integrate v(ρ) to obtain the desired FD function explicitly as

Qc(ρ) = −σk

((
ρ− µ
σ

)
tan−1

(
ρ− µ
σ

)
− 1

2
ln

(
1 +

(
ρ− µ
σ

)2
))

+ bρ+ C,

(B.3)

where the constant C is the chosen such that Qc(ρf) = qf.
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APPENDIX C

A Generalization to a

Three-Parameter Curve Family

for the GARZ Model

The process introduced above can also be applied to generate flow rate

curves for the GARZ model. We aim to formulate Q(ρ), which is strictly con-

cave for ρ ∈ [0, ρmax]. This modeling problem relaxes the restriction on the

slope of the curves at the origin, i.e., Q(0) = 0. The general form of the flow

rate curve is to start at the origin with slope vf that can vary from zero to pos-

itive infinity, i.e., vf ∈ (0,+∞), and go back to the point (ρmax, 0). Thus, the

curves are contained in the unbounded region (ρ, q) ∈ [0, ρmax]× [0,∞]. This

means that the flow rate curves can have arbitrarily large maxima. Therefore,

it is natural to add another free parameter α to control the maximum flow

rate. Then (B.2) becomes

w(ρ) = −α tan−1

(
ρ− µ
σ

)
. (C.1)

The function v(ρ) is designed by shift w(ρ), i.e., v(ρ) = w(ρ) + b, and the

conditions in (C.2) becomes:∫ ρmax

0

v(ρ) dρ = Q(ρmax)−Q(0) = 0. (C.2)
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Figure C.1: The idea to construct a three-parameter model for the GARZ

model.

As a consequence, the shift parameter b is determined as:

b = −I/ρmax, I =

∫ ρmax

0

w(ρ) dρ.

In the end, a three-parameter FD function is constructed of the following form

Q(ρ) = −ασ

((
ρ− µ
σ

)
tan−1

(
ρ− µ
σ

)
− 1

2
ln

(
1 +

(
ρ− µ
σ

)2
))

+ bρ+ C,

(C.3)

where the constant C is a quantity such as Q(0) = 0. At the end, we implement

the new arctangent-form FD function (C.3) into the GARZ model. The space-

time fully averaged errors (8.5) are presented in Table C.1 (row 4). We also

compare with the errors of the GARZ model with the original three-parameter

FD function (3.1), and display the relative excess errors of the original model

with respect to the GARZ with arctangent-form FD (row 3). We observe that

the model accuracy of the GARZ model is improved by choosing the new FD

model. However, the deviation of the fully averaged error of these two choices
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Table C.1: Comparison of two different selections of fundamental digram

model.

FD Function NGSIM Data Sets

4:01–4:15 5:01–5:15 5:16–5:30

Original Model 0.1414 (+7%) 0.1293 (+3%) 0.1479 (+3%)

New Model 1.1312 1.1251 1.1431

Space-time errors of the GARZ model with different choices of FD functions on

the three NGSIM data sets. The error results on the top corresponds the original

smooth three-parameter model (3.1), and the results below is with respect to the

new three-parameter model derived in this section (C.3).

of FD functions is within 8%. Therefore, the GARZ model is insensitive to

the selection of the family of flow rate curves as long as these curves possess

the desired features (see Sectoin 4.1.1).


