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Abstract
Large-scale systems are systems that consist of many interconnected local systems
requiring a large number of state variables to control. Conventional centralized
control schemes are not suitable for large-scale systems because of the complex
global dynamic behavior as well as computational diﬃculties associated with
modeling and control. In addition, implementation of traditional centralized
control is problematic, since any small change in the dynamics of a local system
will require a complete redesign of the controller.
This research introduces the general framework of agent-based federated
control, motivated by the political structure of a federal government, in which
partially self-governing states are united by a federal government. Likewise, a
multi-agent based federated control system is composed of local autonomous
subsystems (agent based controllers) that cooperate to provide an overall (a
large-scale) system behavior.

In this concept, each agent-based controller

maintains its own control law for its local stability. In addition, each agent has
partial observations of the states of other agents, via communication networks,
and executes the local control law correspondingly to satisfy the performance
requirements of the overall system level.

Research results are presented on

the general architecture of multi-agent federated control systems and on the
computation of sub-system connectivity for local and global stability. Diﬀerent
stability analysis methods were developed for the federated control scheme
in this research.

First, overall system connective stability using eigenvalue

methodology via determination of the connectivity strength factors between
each connected sub-system was analyzed for linear interconnected systems.
In addition, Lyapunov methodology was used to evaluate system connective
stability. These results were applied to stabilization control of various federated
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control applications. Finally, the federated control concept was extended to
trajectory tracking control for nonlinear entities. Simulations were performed to
show the eﬀectiveness of the federated control algorithm throughout this research.
Potential applications of multi-agent federated control exist in electric
power networks, modern industrial automation, robotic systems, communication
networks, economic systems, and traﬃc networks. This research is expected to
achieve scientiﬁc and theoretical advancement in control system techniques, and
satisfy the U.S. Navy’s need for stability and control of future large-scale systems.
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Chapter 1
Introduction
In this chapter a brief introduction of decentralized control, multi-agent based
control and the research motivation of federated control are presented. The
organization of this dissertation is given at the end of this chapter.

1.1

Background

System control is a growing research area with many innovative techniques being
introduced. During the past decade, most research work focused on systems with
ﬁrst or second order linear or nonlinear dynamics [1] [2] [3]. Nowadays the
dynamics of controlled systems are more complex and most often are large-scale
systems.
Large-scale systems refer to systems that consist of several interconnected
local-systems. Systems of this kind appear, for example, in modern industrial
applications, electric power systems, robotic systems, communication networks,
economic systems, traﬃc networks and U.S. Navy ship machinery and weapon
control systems.

From the U.S. Navy’s perspective, a Naval ﬂeet could be

considered a large scale system where each vessel navigates through its own
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command structure and at the same time cooperates with other vessels for a
common mission. For instance, keeping on course, managing formation and
maintaining separation require local ship commands but also cooperation with
other ships employed in the mission. For control of large-scale interconnected
systems, it is often desired to have some form of a decentralized control
architecture. Typically large-scale control systems have several local controllers,
which observe only local outputs and control only local inputs, according to
the performance requirements of local systems. Each local controller is only
involved in the local system control operation, yet the local controllers may be
interconnected in some manner, on some level, of the global system. Therefore,
the performance of a local controller aﬀects the overall system performance and
stability. As a result, the attempt to use the “Centralized Control” paradigm
cannot meet the challenge of global stability and other performance requirements.
On the contrary, the use of agent-based control approaches for solving the
control of a decentralized system have been investigated extensively in recent
years. One of the key objectives of agent based control is to decentralize the
large scale complex control system into manageable small systems, each with a
local controller that guarantees the local and global stability as well as other
performance requirements.

1.2

Multi-agent Based Control

In the past several years, the problem of decentralized control design has been
investigated extensively due to the maturity of computer technology, advanced
communication network perfection and the realization of software based control
concepts. Much of this research has been addressed with ordinary mathematical
and control tools. Meanwhile, new theoretical and application issues are arising
as a result of current trends in distributed control, such as multi-agent based
2

control. One of the key objectives of agent based control is to decentralize
the large scale complex control system into manageable small systems and to
guarantee the local and global closed loop stability, while reducing the control
systems’ computational load stemming from a centralized approach.
Multi-agent system research is an active research ﬁeld that was initiated
from distributed Artiﬁcial Intelligence (AI) in the 1980’s. Since the mid-1990’s,
multi-agent concepts have been an innovative, radical approach to engineering
applications in Artiﬁcial Intelligence software. In recent years, the multi-agent
concept has been adapted by control engineers to accomplish distributed control
schemes. An agent can be deﬁned as a small software program that accomplishes
a small task in a large engineering problem. Sycara deﬁned [4] a multi-agent
system as a collection of autonomous agents that interact with each other and
their environment for the purpose of accomplishing a common objective. In
other words, a multi-agent system is “a loosely coupled network of problem
solvers (agents) that interact to solve problems that are beyond the individual
capabilities or knowledge of each problem solver” [5].

1.3

Decentralized Control

Large-scale systems are most often constructed from smaller systems, which may
be coupled in some sort of conﬁguration for a common performance goal. A large
scale dynamic system is characterized by three factors:
1. High dimensionality of state variables
2. High complexity of computation caused by nonlinearities and uncertainties
3. High dimensionality of input and output states
Control of large-scale systems is often accomplished by decomposing them
into many manageable small sub-systems and then applying traditional control
3

schemes. To analyze the stability of large systems, one approach is to assume that
the smaller systems are input-output reachable and controllable. This leads to
the large-scale system being connectively controllable. In addition, the smaller
systems may contain multiple state variables. In such cases, existing control
techniques can be utilized to determine if the system is input-output reachable
and controllable. Some stability analysis methods will be reviewed in Chapter 2.

1.4

Motivation of Federated Control

This research investigates a new concept of control: federated control, motivated
by the political structure of a federal government. A federal state is a type of
sovereign state characterized by a union of partially self-governing states united
by a central (federal) government. Politically, each state of the union maintains
some level of political autonomy and at the same time must comply with the
federal government policies [6]. Likewise, a multi-agent based federated control
system is composed of local autonomous entities (agent based controllers) that
cooperate to provide an overall (a large-scale) system behavior. In this concept,
each agent based controller maintains its own control law for its local stability.
In addition, each agent has partial observations of the state of other agents, via
communication networks, and executes the local control law correspondingly to
satisfy the performance requirements of the overall system level.
The novel concept of federated control with incorporation of the multi-agents
provides the capability to revolutionize the system requirements dynamically.
It enhances the overall system performance robustness. The federated control
resides in an agent.

Agents will negotiate their local and global stability

constraints following a federated “goal”.

Since agents are self-aware, self-

interested and self-protective to maintain their own stability, the overall system
stability will be satisﬁed as well.
4

Current U.S. Navy shipboard control systems are greatly advanced and
complex, and demand more ﬂexibility on system conﬁgurations and control
schemes.

It will be hard to apply traditional centralized control to future

U.S. Navy shipboard systems because of the deﬁciencies in robustness and
ﬂexibility.
control.

The designers have begun to adopt the concept of decentralized
It is widely accepted that implementation of sophisticated control

algorithms on software based controls and reducing the level of hardware
controller implementation is the trend of the future. The motivation for software
based control is ease of integration, robustness and great customization. However,
current control systems are designed and developed by diﬀerent companies at
diﬀerent stages. Most critically, many of the shipboard control systems are
not open source. In most cases, the system controller will be developed as a
centralized controller to perform its own functions and ensure its own stability.
It is uncommon for the controller developer to consider the coupled stability
dependency among other connected systems. It is also a signiﬁcantly diﬃcult
task to connect diﬀerent subsystems from diﬀerent manufacturers into a largescale system and ensure the overall system global stability as well as the individual
system local stability.
It is clear that centralized control paradigms cannot meet the challenges of
global performance requirements and stability. Traditional decentralized methods
cannot be simply employed due to ﬂexibility and scalability issues.

Many

researchers ﬁnd that agent-based control is suitable for decentralized cooperative
control. Unfortunately, common agent based control methods may be too simple
to explain sub-system dynamic behaviors. Agent-based control normally models
each sub-system as a particle and ignores the sub-system dynamics.

5

1.5

Research Objective

The objective of this research is to determine large-scale system connective
stability via the multi-agent based control. Additionally, a control framework
for the connected large-scale systems, involving interaction between the entities
at the local level to achieve a federal goal will be developed. The advantage
of federated control compared to other decentralized control schemes is that
federated control focuses on group behavior with simple controllers implemented
at the local level. In this concept, every entity is an independent autonomous
agent maintaining its own stability. At the federal level, the federal goal is
determined and delivered to the entities. Therefore, all the entities at the local
level will self-adjust using the federal goal as an objective.
This research will utilize computer simulations to demonstrate the
eﬀectiveness of the developed federated control for cooperative control and
interactive control applications. It should be noted that only continuous, time
invariant systems will be considered within this research.

1.6

Research Highlights

Increasing system complexity, and the associated complexity of the relevant
mathematical model, present a challenge to control theories. In this research,
large-scale systems consist of many independent, intelligent and autonomous
sub-systems or entities. Intelligent agents are abstractions of software entities
that are autonomous, capable of sensing and directing action towards the
environment, and seek to achieve goals independently. Multiple intelligent agents
assemble as a multi-agent network system. This research studied the fundamental
characteristics of large-scale systems and the connective behavior. The general
framework of agent-based federated control, motivated by the political structure
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of a federal government, was introduced. A multi-agent based federated control
system is composed of local autonomous subsystems (agent based controllers or
entities) that cooperate to provide an overall (a large-scale) system behavior.
In the multi-agent based federated control concept, each agent-based controller
manages its own control law for its local stability. In addition, each entity has
partial observations of the states of other entities and implements the local control
law correspondingly to satisfy the performance requirements of the overall system
at federal level. Research results provide the general architecture of multi-agent
federated control systems and the computation of sub-system connectivity for
overall system connective stability.
A variety of system connective stability analysis methods were developed
for the federated control scheme.

Overall system connective stability using

eigenvalue methodology via determination of the connectivity strength factors
between each connected sub-system was analyzed for linear interconnected
systems. Then, Lyapunov methodology was successfully used to evaluate system
connective stability and applied to stabilization control of various federated
control applications. Finally, the federated control concept was extended to
trajectory tracking control for nonlinear entities by combining consensus control
with the federal control approach. Simulations were performed to show the
eﬀectiveness of the federated control algorithm throughout this research.
In summary, the multi-agent federated control framework enables cooperative
management of multiple autonomous, independent and interrelated systems
that currently exist in many control system applications, including U.S. Navy
shipboard control systems and operation of unmanned vehicles.
The federated control scheme and many of its applications described in this
dissertation have been published in journals and presented at conferences. The
following summarizes these publications.
• The idea of federated control was presented at the student poster secession
7

at Performance Metrics for Intelligent Systems (PerMIS 2010), September
2010
• “Cooperative Federated Multi-agent Control of Large-scale Systems”
illustrated the federated control application to the predator and prey
population cooperative control at the 13th IASTED International
Conference on Control and Applications (CA2011) in June of 2011
• “Multi-Agent Based Federated Control of Large Scale Systems with
Application to Ship Roll Control” received positive feedbacks at the 4th
IEEE International Symposium on Resilient Control Systems (ISRCS 2011)
in August 2011
• “Cooperative Federated Control with Application to Tracking Control”
which describes nonlinear entity trajectory tracking control using
combine consensus and federated control will be presented at the 13th
IEEE International Conference on High Performance Computing and
Communications (HPCC2011) in September 2011
• The journal article “Multi-Agent Based Federated Control of a Class of
Nonlinear Systems” was published in the Journal of Continuous, Discrete
& Impulsive Systems, Vol 18, pp 573-588, 2011

1.7

Organization of the Dissertation

The rest of this dissertation is organized as follows. Chapter 2 provides a
description of several basic of multi-agent based decentralized control concepts.
Chapter 3 outlines the novel concept of federated control and introduces an inputoutput state connection conﬁguration of a large-scale dynamic system. Stability
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analysis based on federated control for linear systems is investigated in Chapter
4. Next, Chapter 5 explores federated consensus control of nonlinear large-scale
systems. Finally, future work on federated control applied to cooperative control
of large-scale systems is addressed in Chapter 6.

9

Chapter 2
Literature Review
In this chapter, a brief introduction on the traditional approach to decentralized
control for large-scale systems is presented. Then multi-agent based control is
introduced. Conclusions from a literature review are provided at the end.

2.1

Introduction

Large-scale systems have posed a great challenge to both modeling and control.
Literature review shows that there are three concepts associated with largescale system traditionally. They are decomposition, centrality and complexity.
A system is called “large-scale” either because its dimension is so large that
conventional techniques of modeling, analysis, control, design and computation
fail to give a reasonable solution with reasonable computational eﬀorts or it can be
decoupled or partitioned into a number of interconnected subsystems [7]. There
are many examples of large-scale systems that present a great challenge to both
modeling and control. Electric power systems, robotic systems, communication
networks, economic systems, traﬃc networks and U.S. Navy ship machinery and
weapon control systems are some examples. This research concerns control of
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large scale systems which can be considered as system-in-systems, i.e., systems
consisting of many semi-independent subsystems.

2.2

Decentralized Control

In classical and modern control design, it is usually assumed that information is
available about the system and its state variables, and control calculations take
place at a centralized location, as shown in Fig. 2.1. Such a control approach is
called centralized control.

Figure 2.1: Centralized Control

In Fig. 2.1, u and y are the input and output of the system respectively, and
r is the external reference to the system.
In contrast to centralized control, decentralized control is constructed of
multiple controllers for each small sub-system. These small sub-systems may be
coupled in some sort of conﬁguration, but each is controlled independently with
11

minimum interconnected relationship. The overall system in such a structure
is called a large-scale system. Sometimes the dimension of a system is so large
that conventional design techniques of modeling, control and computation fail to
provide a rational solution with reasonable computational eﬀorts.
For example, the electric power system in the United States consists of several
independent power companies, each being responsible for supplying power to its
own customers, yet they have to cooperate to maintain stability of the national
grid. Another example is an automated highway system that may have many
roadway traﬃc control stations, each being responsible for a particular section
of freeway. In general, each control system provides input to a local subsystem
based on the output from that local subsystem as shown in Fig. 2.2, but there
is a common goal for the entire system. The common goal for the automated
highway system, for instance, is that of providing uniform driving performance
by eliminating the accordion eﬀect of acceleration, deceleration and weaving
typical on today’s highways. It will safely increase traﬃc density by maintaining
optimum speed and spacing in traﬃc.

12

Figure 2.2: Decentralized Control

Here ui and yi are the input and output of sub-system i respectively, and
ri is the external input to subsystem i, i = 1, · · · , N . Sub-systems may be
interconnected with each other by some states.
In the control of large-scale systems, decentralized control is often the
only feasible method to handle computational complexity. The challenge of
decentralized control of a large-scale system is that the structure of a large-scale
system is frequently altered for system re-conﬁguration and system expansion.
Such structural change of large-scale interconnected systems has an impact on the
stability of the overall system. Many researchers studied structure perturbation
stability problems and presented results on large-scale system connective stability
[8] [9] [10] [11] [12] [13]. For example, the connective stability of some subsystems
that may be disconnected and then reconnected, i.e., system reconﬁgurability
[8] [9] has been studied. However, the connective stability for system scalability,
i.e., new sub-systems added into the original construction, has not been studied.
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Yet system expansion often appears in large-scale systems, such as the addition
of a new generator in an interconnected power system, or the increase of vehicles
in the formation control of intelligent traﬃc systems.

The control laws for

the sub-systems are pre-deﬁned according to decentralized control architecture
and decomposition methods. They are not subject to change during normal
control operation even though a new sub-system may need to be added into
this pre-deﬁned control network. Some researcher realized the system scalability
issue of the decentralized decomposition method and developed alternatives.
For instance, Tan [14] designed a decentralized output feedback controller for
the newly added sub-system, however, the drawback of this method is that
the connective stability of the overall system is neglected.

Investigation of

optimal decentralized control design, presented by [15] [16] [17], includes highperformance control laws with some prescribed constraints for the system. The
main objective was to ﬁnd a decentralized feedback law for an interconnected
system in order to attain a suﬃciently small performance index.

2.2.1

Lyapunov Stability

Lyapunov stability criterion [18] is one the most versatile tools in the analysis of
stability of linear and nonlinear systems. The Lyapunov stability theory includes
two methods: Lyapunovs ﬁrst method and Lyapunov’s direct (second) method.
Checking stability by examination of a linearized version of the system is called
Lyapunov’s ﬁrst method. In contrast, Lyapunov’s direct method is the most
important tool for design and analysis of nonlinear systems. Lyapunov’s direct
method is directly applied to nonlinear systems without the need for linearization
and thus achieves global stability. The basic concept behind Lyapunov’s direct
method is that the system will eventually reach an equilibrium point and
remain at that point under the assumption that the total energy of a system is
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continuously dissipating. The initiative of the Lyapunov function is that seeking
an appropriate aggregate summarizing Lyapunov candidate function V (x) that
continually decreases toward a minimum, with the system energy dissipating and
thus the system eventually settles down.
Consider a dynamical system which satisﬁes ẋ = f (x, t), x(t0 ) = x0 , x ∈ Rn .
Suppose D is a neighborhood of 0. Let V : D → R be a continuously diﬀerentiable
function deﬁned in a domain D ⊂ Rn that contains the origin, such that V (0) = 0
and V (x) > 0, ∀x ∈ D \ {0}. The rate of change of V along the trajectories of
ẋ = f (x), denoted by V̇ (x), is given by
V̇ (x) =
=

n

∂V
i=1
n

i=1

= 

∂xi

ẋi

∂V
fi (x)
∂xi

∂V
, f (x)
∂x

(2.1)

where (2.1) is called the absolute derivative of V . It is worthwhile to mention
that the absolute derivative of V along the trajectories of a system is dependent
on the dynamical systems model. Consequently, V̇ (x) is diﬀerent for diﬀerent
systems. Lyapunov showed that as long as a continuous diﬀerentiable function
V (x) ≥ 0 exists and satisﬁes that the time derivative of the Lyapunov candidate
function is negative deﬁnite, then the system will be stable. The conditions of
Lyapunov stability is more precisely described as the following:

Theorem 1 Stability:

Suppose there exists a continuously diﬀerentiable

function V : D → R such that V (0) = 0 and V (x) > 0 in D \ {0}, and V̇ ≤ 0 in
D, then the origin {0} is stable.
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Suppose there exists a continuously

Theorem 2 Asymptotic Stability:

diﬀerentiable function V : D → R such that V (0) = 0 and V (x) > 0 in D \ {0},
and V̇ < 0 in D, then the origin {0} is asymptotically stable.

Theorem 3 Global and Asymptotic Stability: If there exists a continuously
diﬀerentiable function V (x) exists such that V < 0 and V̇ (x) are radially
unbounded, i.e., V (x) → ∞, as

→ ∞, then the system is globally and

x

asymptotically stable.

The following, examples are given to demonstrate the system stability analysis
via the Lyapunov method.
Example 1: Consider a dynamic system as

x˙1 = −x1 + x2
x˙2 = −x1 − x32

(2.2)

Suppose that a candidate Lyapunov function to be the quadratic equation
V = x21 + εx22 , where ε is a positive constant to be determined. It is clear that V
is positive deﬁnite on the R2 . The derivative of V along the trajectories of the
system is given by

V̇

=

2x1

⎤
⎡
 −x1 + x2
⎦
2εx2 ⎣
3
−x1 − x2

= −2x21 + 2(1 − ε)x1 x2 − 2εx42

(2.3)

Choosing ε = 1 results in the derivative of V being a negative deﬁnite
function and unbounded. Therefore it can be concluded that x = 0 is a globally
asymptotically stable equilibrium point.
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Example 2: The dynamics equation of a frictionless pendulum system, as
shown in Fig. 2.3, is
J θ̈ + mg sin θ = 0

(2.4)

where:
m = the mass at the end of a rigid massless rod
l = the length of the rod
J = the moment of inertia, J = ml2
θ = the swing angle of the rod
g = the acceleration due to gravity
(2.5)

Figure 2.3: Pendulum

Deﬁning state variables x1 = θ and x2 = θ̇, the state space form of the
pendulum system becomes
x˙1 = x2
g
x˙2 = − sin x1
l
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(2.6)

Taking the total energy of the pendulum system as a candidate Lyapunov
function
1
V = ml2 x22 + mgl(1 − cos x1 )
2

(2.7)

Potential

Kinetic

the time derivative of V along the trajectories of the system is given by

dV
f (x)
V̇ =
dx
⎤
⎡


x2
∂V
∂V ⎣
⎦
= ∂x
∂x2
1
g
− l sin x1
⎤
⎡


x2
⎦
= mgl sin x1 ml2 x2 ⎣
g
− l sin x1
≡ 0

(2.8)

Hence, the system is stable in the Sense of Lyapunov. However, asymptotic
stability of this system cannot be concluded. Indeed, it is true that without
friction the pendulum continues oscillating indeﬁnitely.
Consider adding a damping torque, κ, to the velocity. The pendulum system
(2.6) is now described by
x˙1 = x2
x˙2 = −κx2 −

g
sin x1
l

(2.9)

choosing the same Lyapunov function as perviously, the time derivative of V
becomes
V̇ = −κml2 x22 ≤ 0

(2.10)

So, the time derivative of V is negative semi-deﬁnite. It is not strictly negative
deﬁnite because V̇ = 0 for all x2 = 0, irrespective of the value of x1 . Therefore,
it is concluded that the origin is a stable equilibrium point, but not necessarily
asymptotically stable based on the time derivative of V analysis. Conversely,
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notice that for the system to maintain the V̇ = 0 condition, the trajectory must
be conﬁned to the line x2 = 0. The system dynamics with the damping torque
yields x2 = 0 ⇒ x˙2 = 0 ⇒ sin x1 = 0 ⇒ x1 = 0. Therefore, V (x) must decrease
toward 0 and x(t) → 0 as t → ∞. this is consistent with the pendulum system
being asymptotically stable due to the damping torque.

2.2.2

Connective Stability

Fundamental research on large interconnected system connective stability was
presented by Siljak [19]. This connective stability concept guarantees that the
large scale system remains stable, in the Sense of Lyapunov, under structural
perturbations when sub-systems are disconnected and connected in unpredictable
ways during operation

[20].

This concept for connective stability was an

extension of the Matrosov-Bellman concept of vector Lyapunov theory, and
further developed by [21]. The concept is based on using each component of
a vector Lyapunov function independently to show stability of the subsystems
while preserving their autonomy, and as expected, providing global connective
stability.
Consider a large-scale system constructed as follows:
S: ẋi =

fi (t, xi , ui )
interconnected of N subsystem

+

hi (t, x)

i ∈ {1, · · · , N } (2.11)

interconnection functions

where xi is the state of the i-th subsystem of S. The function fi describes the
dynamics and function hi represents the interaction of Si with the rest of the
system S. The interconnection function is: hi = hi (t, ei1 x1 , ei2 x2 , · · · , eiN xN ).
The binary numbers eij are elements of the N × N fundamental interconnection
matrix E = (eij ). The matrix E is the standard occurrence matrix [22] with
eij = 1 if there is an interconnection from Sj to Si , and eij = 0 otherwise. A
system S is connectively stable if its equilibrium is globally asymptotically stable
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for all E [19]. It is assumed that each sub-system is associated to a scalar function
νi , which satisﬁes the Lipschitz condition in xi , i.e., νi (xi )−νj (xj ) ≤ κi xi −xj ,
with κi > 0. Additional requirements are that the sub-system function νi (t, xi )
satisﬁes the following inequalities

φi1 ( xi ) ≤ νi (t, xi ) ≤ φi2 ( xi )

(2.12)

d
νi (t, xi ) ≤ −φi3 ( xi )
dt
where φi1 , φi2 and φi3 are of class k, i.e., globally positive deﬁnite and nondecreasing with φij (0) = 0, j = 1, 2, 3. It is also assumed that there exists
ξij ≥ 0, (i = j) such that
hi (t, x) ≤

N


eij ξi3 φij ( xj )

(2.13)

j=1

Finally, reference [19] constructed a scalar Lyapunov function
V (t, x) = dT ν(t, x)

(2.14)

where ν is the vector Lyapunov function ν = (ν1 , ν2 , · · · , νN )T and d is a constant
vector with positive components, and computed a diﬀerential inequality
d
V (t, x) ≤ −d W φ3 (x)
dt

(2.15)

where φ3 = (φ13 , φ23 , · · · φN 3 )T , and the N × N aggregate matrix.
W = (wij ) is deﬁned by

wij =

⎧
⎪
⎨1 − eij κi ξii , i = j
⎪
⎩−eij κi ξij ,

(2.16)

i = j

In conclusion, the decentralized system S is connectively stable if the matrix
W is a real symmetric positive deﬁnite matrix.
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The details of connective

stability theory proof can be found in [9]. The most important contribution
of

[9] is that the stability based on the sub-systems Si implies stability of

the overall closed-loop system.

The limitation of this analysis is that the

local controller design is based on a pre-deﬁned system connection conﬁguration
for all subsystems, S1,2,··· ,N .

The stability of system S is guaranteed even

during subsystem connection structure reconﬁgurations, however, stability is not
guaranteed if the sub-systems connection structure is expanded (i.e. scalability).
Consequently, the multi-agent based control concept is the more appropriate
method for decentralized control of a large-scale system.

2.3

Multi-agent Based Control

The concept of multi-agent based control came from Artiﬁcial Intelligence (AI)
research. Each agent in a multi-agent system is intelligent. Intelligent agents
are abstractions of software entities that are autonomous, capable of sensing and
directing action towards the environment, and seek to achieve goals. In addition,
they may also exhibit other behaviors, such as, learning and utilizing knowledge to
make decisions. Currently, the research on multi-agent based control is impacting
many application areas such as network computation and distributed control
systems.
The multi-agent system is a networked system composed of multiple intelligent
agents that are autonomous enough to operate independently.

In addition,

the agents perform collective behaviors as a team through communication to
achieve an agreement. From the control systems perspective, an agent is an
intelligent controller. An agent is an autonomous entity having speciﬁc tasks
and knowledge. In the multi-agent system network, some of the agents could be
simple reactive agents and the others could be complex reasoning agents. The
agents can be characterized into two categories: intra-agent and inter-agent. An
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agent communicates with other agents. It is reactive to some changes of the
environment. At the system level, the multi-agent system can be structured as
an organization of selﬁsh agents that play diﬀerent roles in the organization while
pursuing their own interests. The agents usually are cooperative agents that aim
to achieve a common goal in the multi-agent network system.
Research in multi-agent systems has led to the development of many multiagent control architectures. A control system based on multi-agent systems is
a decentralized cooperative control scheme. Diﬀerent control algorithms and
speciﬁc performance functions could be applied at each individual agent which
cooperate in decentralized control. Control of complex systems can be achieved
via hierarchical multilayered agent-based structures beneﬁting from their inherent
properties such as modularity, scalability, adaptability, ﬂexibility and robustness.
Cooperative control of multi-agent systems is the most active research topic in
multi-agent based control theory. The deﬁnitions of each agent may not be
absolutely the same, however, the fundamental nature of the agents is the same:
autonomous, communicative and reactive.
Characteristics of multi-agent systems are:
1. Each agent has incomplete information of the overall system (Local views)
2. Each agent has limited capabilities for solving the problem
3. Global control of the system is usually omitted (Decentralization)
4. Sensing and computation are distributed to each agent (Autonomy)
5. Computation is asynchronous (Synchronization)
Typically, multi-agent systems refer to software agents, however in a broader
sense, the agents could also be considered as devices or entities governed by
software agents, such as a group of robots, cars in traﬃc on the road, birds in a
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ﬂock, or automated equipment pieces in an assembly line. Multi-agent systems
can possess complex behaviors even when the individual dynamics and control of
all their agents are simple.
In the recent past, problems such as track following, ﬂocking, and pattern
formation derived from consensus and convergence techniques have been studied
using the multi-agent concept.

These studies are generally focused on the

development of decentralized control laws in order to reach a global objective
[23] [24] [25] [26] [27] [28] [29]. For multi-agent systems, the agreement is reached
through “consensus” regarding a certain quantity of interest that depends on the
state of all agents [30].
Consider a group of N identical agents, as in [31], moving in a Rm space in
reaching a consensus via local communication with their neighbors on a graph
G = (V, E). An agent has been described mathematically as a double integrator
plant given by

⎧
⎪
⎨ẋi = vi
⎪
⎩v̇i = ui

(2.17)

where xi ∈ Rm is the position of the i-th agent. vi ∈ Rm is the velocity and
ui ∈ Rm is the agent interconnection control associated with the i-th agent.
In order to enable the agents to cooperate together to achieve a performance
goal, or converge to a common target state of the system, consensus control
schemes need to be constructed for all agents. For example, if a particular
objective is to command all agents to move at a desired speed and maintain
constant distances between each agent, the controller for the i-th agent could be
constructed as a sum of three control functions
ui = αi + βi + γi
where
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(2.18)

1. αi is based on the gradient of a potential function Ψi among agents that
maintains a ﬁxed distance between agents
2. βi is the consensus term between agents, for example, a control force to
regulate the velocity to avoid collision between the agents, and
3. γi is the navigation term that drives the agents to a desired target state
It is noted that ui in (2.17) is a neighbor-based feedback controller. It usually
depends on xj (t), vj (t) for some j ∈ Ni , which denotes the index set of the
neighbors of agent i.
A typical example of the control law (2.18) can be given as follows
ui = c 1


j∈Ni

∇Ψ( xj − xi )ηij + c2



aij (vj − vi ) + c3 (−kp (xi − xr ) − kv (vi − vr ))

j∈Ni

(2.19)
where ηij is the unit vector from xi to xj , and c1 , c2 , c3 are weights of the three
components of the control law. The ﬁrst term of the control law (2.19) represents
the gradient of a potential function Ψ that maintains a required distance between
the agents. The second term is the velocity consensus term to avoid collision
between agents. The last term is the navigation term where xr , vr are the position
and velocity of the leader agent with kp and kv representing the position gain and
velocity gain respectively. The navigation term can also be expressed in terms of
a desired target state. Depending on the application, one can also use nonlinear
control law for the navigation term.
The potential function Ψ(x) is a continuous, nonnegative function deﬁned by
the user so that its gradient represents a repulsive force when agents are too close,
and an attractive force when agents are beyond a certain distance. A common
potential function could be deﬁned as a function of the distance
between agents i and j, such that Ψ( xi − xj ) → ∞ as

xi − xj

xi − xj → 0, and

attains its unique minimum when agents i and j are located at a desired distance
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r and satisfy Ψ( xi − xj ) → εminimum when

xi − xj ≥ r .

As mentioned above, the potential function Ψ is a user deﬁned function
satisfying certain properties for a particular problem.

One of the potential

functions, as shown in Fig. 2.4, that have been reported in the literature [32] is
⎧
⎪
⎨Ax2 + Bx + a,
x ∈ [0, d)
Ψ(x) =
(2.20)
⎪
⎩ b (x − r) exp(− (x−r)2 ), x ∈ [d, ∞)
c
c
where the parameters A, B, a, b, c need to be determined to ensure diﬀerentiability
of the function, and continuity at x = d as well as the values of the attractive
and repulsive force.
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Figure 2.4: Potential Ψ(x)

25

0.6

0.7

0.2

0

d

r

ψ

−0.2

−0.4

−0.6

−0.8

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

x

Figure 2.5: Potential Force ψ(x)

As seen from Fig. 2.5, there is a repulsive force between agents when their
separation is less than d, and there is an attractive force for d < x < r. Note also
that the attractive force is weakened when the separation is large which prevents
the agents from clustering. For x ≥ r, there is no force between agents.

2.3.1

Stability of Multi-agent Systems

If each agent is regarded as a node, then the agent network topology is
conveniently described by a dynamic graph concept.

The dynamic graph

G(t) = (V, E, A) is an undirected graph consisting of a set of vertices, V =
{n1 , n2 , · · · nN } indexed by the agents in the group, and a set of edges, E =
{(ni , nj ) ∈ V × V : ni = nj } containing unordered pairs of vertices that represent
the neighboring relations. An edge E = (ni , nj ) means that agent i can sense
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agent j in G, and the agent i will regulate its states based on its relationship
to the states of agent j. A spatial adjacency matrix A = A(G) = [aij ] is a
weight matrix deﬁned as aij = 1 if (i, j) ∈ Ni and aij = 0 otherwise. The

degree matrix of G is a diagonal matrix D = [di ] with di =
j∈Ni aij , and
Ni = Ni (G) = {j ∈ ν : (i, j) ∈ Ei }.

The element number of set Ni is

the communication neighbor set of agent i. It indicates the number of edges
connected to agent i, denoted by di . The Laplacian for weighted graph G is:
L = L(G) = (G) − A(G) = D − A. In particular, a m-dimensional Laplacian
is deﬁned by L̂ = L ⊗ Im [33], where ⊗ denotes Kronecker product. It is known
that the multi-dimensional Laplacian has the following sum of squares property
ν T Lν =

1 
aij
2

νj − νi

2

(2.21)

(i,j)∈E

where ν = col(ν1 , ν2 , · · · νN ), νi ∈ Rm .
Formation control analysis of agents using the control law (2.19), assumes
that c3 = 0, and c1 = c2 = 1. The collective dynamics of the agents is given by
ẋ = v
v̇ = −∇P (x) − Lv

(2.22)

where P is the collective potential of summation of individual agents
P (x) =



Ψ( xj − xi )

(2.23)

i=1 j=i

To prove stability of formation control of the multi agent system, consider the
Hamiltonian function
H(x, v) = P (x) + K(v)

(2.24)

where P is the collective potential (2.23), and K is the collective kinetic energy
of the agent group deﬁned by
K(v) =

1
2 i=1
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vi

2

(2.25)

Following the Lyapunov stability concept, diﬀerentiating the Hamiltonian (2.24)
yields
Ḣ =



∇P,

i=1

dx
dv
 +  , v
dt
dt

= ∇P, v + −∇P − Lv, v
= −Lv, v
≤0
where equality holds only when v = 0. Since L is always symmetric and positive
semi-deﬁnite by LaSalle’s invariance principle, the chosen Hamiltonian is stable
in the sense of Lyapunov and all agents asymptotically converge to the desired
formation. At the same time, collision avoidance during the agent maneuvers is
guaranteed.
The second example of a consensus controller is given to demonstrate that
the potential function is a user deﬁned function for aiming a particular objective
[34]. Nevertheless, the system stability under the deﬁned consensus controller
needs to be conﬁrmed. It is assumed that the ui could be designed by
ui = −



xi − xj

Ψ̂ij −

j∈Ni



xi − xj

j∈Ni

Ψij +



(νi − νj )

(2.26)

j∈Ni

where the potential function Ψ̂ij aims at preserving all the connections between
agent i and its neighbor j. ψij avoids collision between them and steers agent
i with the desired distance from its neighbors. Potential function Ψ̂ and Ψ are
given by
Ψ̂ij = (

1
xj − xi

1
− )a
ρ ( rc

1
− xj − xi )b

⎧
⎪
⎪
⎪
Ψ̂,
x j − xi ≤ ρ
⎪
⎪
⎨
Ψ = k (1 − cos(π xj −xi −ρ )), ρ < xj − xi ≤ rc
2
rc −ρ
⎪
⎪
⎪
⎪
⎪
⎩k,
x j − x i > rc
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(2.27)

(2.28)

where a ≥ 2, b ≥ 1. ρ is the desired agent distance

xj −xi . k is a small positive

constant. rc is the communication radius of agents and it satisﬁes

x j − x i ≤ rc .

The potential function Ψ̂ implies that the desired relative position between
agents i and j can be uniquely determined by minimizing the corresponding
potential function (2.28). The potential function Ψ has a minimal zero value at
xj − xi = ρ and increases to ∞ whenever

xj − xi → 0. Thus, the ﬁnite Ψ

guarantees that agents i and j would never collide.
Consider the following positive semi-deﬁnite Hamiltonian
H =P +K

(2.29)

where P is the collective potential of summation of (2.27) and (2.28) as
P =


1 
N(
Ψij )
Ψ̂ij +
2 i=1
j∈N
j=i,j∈N

(2.30)

K is deﬁned as the kinetic energy of the agent group as
K=

1
N
2 i=1

ν

2

(2.31)

Diﬀerentiating the Hamiltonian (2.29) yields
Ḣ = Ṗ + K̇


N (νiT · (
=
i=1

xj − xi

Ψ̂ij +

j∈N


j=i,j=Ni

xj − xi

Ψij )) +



(2.32)
N (ν̇iT · νi )

i=1

(2.33)
= −ν T · (LG ⊗ IN ) · ν ≤ 0
Since L is always symmetric and positive semi-deﬁnite, the chosen Hamiltonian
is stable in the Sense of Lyapunov. All agents asymptotically converge to the
desired agent distance under the chosen ui and collision avoidance during the
agent maneuvers is also guaranteed.
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2.4

Conclusion

The developed decentralized control techniques for control of large scale systems
have their limitations of eﬀectiveness and ﬂexibility to meet the system
requirements of connective reconﬁguration and scalability.

Self-adaptability,

reconﬁgurability, scalability, and local autonomy are generally considered key
properties to manage the growing complexity of large-scale systems. Multiagent based control is software based intelligent control. Multi-agent systems
are known for qualitative attributes, such as adaptability, openness, robustness,
and scalability, making multi-agent systems particularly interesting in dealing
with the diﬃcult challenges of complex distributed applications. Multi-agent
based control is the currently available method of addressing system connectivity,
ﬂexibility and stability. However, most of the multi-agent based control methods
treat each agent as a particle with second order Newtonian mass motion. There
is currently no known optimal approach using multi-agent based control for a
large system considering local dynamics. Therefore, development of multi-agent
federated control would allow agents to easily modify any particular system
connectivity architecture and maintain system stability. A novel federated control
scheme will be proposed in Chapter 3. In Chapter 4, linear systems multi-agent
based connective stability analysis will be introduced. Chapter 5 will focus on
federated consensus control of nonlinear large-scale systems.
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Chapter 3
Multi-agent Based Federated
Control
In the previous chapter, the state-of-the-art research on multi-agent and
decentralized control methods were reviewed. It has been shown that multiagent based control can be successfully applied to large scale systems that may
be represented as a collection of particles. In this chapter, the basic architecture of
multi-agent based federated control will be presented. First, connective stability
analysis for large-scale systems using multi-agent based control will be developed.
This technique is then applied to the stability analysis of a federated control
system with input-output state connections.

3.1

Federated System Architecture

The multi-agent system is composed of multiple intelligent agents that are
autonomous, but operate collectively and cooperatively as a total system through
information exchange [4]. An agent is considered a problem solver and often
refers to a software agent. An agents has a certain level of autonomy so that
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it operates asynchronously with respect to other agents. An agent makes its
own decisions about what action shall be taken and when to execute the action.
Agents interact and negotiate with each other via an agent communication
network. However, agent autonomy can be restricted by policies built into the
agent as a result of an agent organization dynamically coming to an agreement
[35]. In such case, some speciﬁc agents should take on certain roles or adopt
certain policies for some speciﬁed period to satisfy that the multi-agent system
is a decentralized, self-organized and self-suﬃcient control network.
At the system level, agents cooperate toward achieving the common goals.
In such systems, a decentralized control conﬁguration is often applied to control
the overall system so that some common objective is achieved. Many researchers
ﬁnd that agent-based control is suitable for decentralized cooperative control.
As control systems become more decentralized, the ability to characterize
interactions, cooperation and performance becomes more critical to ensuring
system resilience. It is often more eﬀective to consider a large-scale system as a
collection of several sub-systems, and then to design each sub-system and their
relationships [36].
In the proposed multi-agent based federated control concept, each agent
represents an individual independent complete dynamic process with its own
control law and interconnects with its appropriate neighbor agent(s) [37]. Agents
interact and cooperate in a formation of federation in distributed large-scale
systems. Agents usually interact in a cascaded structure (a) or in a neighborhood
structure (b) as shown in Fig. 3.1.
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Figure 3.1: Agent Interaction Structures

As aﬃrmed perviously, a large-scale system can be better modeled and
controlled if it is considered as a collection of several subsystems, and then deal
with each sub-system and their interconnection relationships. Control design of
such large-scale systems cannot be done using conventional centralized techniques
because of the complexity of their dynamic behavior and computational
limitations. In addition, implementation of traditional centralized control is also
problematic since any small change in the system dynamics will require a complete
redesign of the controller. For such systems, multi-agent type control methods
are more appropriate.
The multi-agent system

[4] is a system composed of multiple intelligent

agents that are autonomous, but operate collectively as a total system through
information exchange.

Interconnection of various sub-systems through a

communication network forms the federation in a distributed large scale complex
system. Connection of all agents as a federation for achieving a common goal
results in a distributed control large-scale system. Fig. 3.2 illustrates this concept.
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Figure 3.2: Multi-agent Federated Control System

In this research, federated control of dynamic systems using a novel multiagent based control framework is developed.

In particular, the architecture

for agent-based federated control is introduced. In this concept, each agent
represents an individual independent complete dynamic process with its own
control law, which is interconnected with its appropriate neighbor agent(s) via
a communication network. The global goal at the federal level is communicated
to the agents via the communication network.

The attributes of this goal

could be an output-input function, state equality constraints, input inequality
constraints, cost function, or control logic, etc. Each agent makes its control
decision independently and adjusts its controller accordingly upon receiving the
federal goal request and the state information from other agents at the local
level. The agent could reject the goal request if its local stability is threatened.
Connection of all stand-alone sub-systems as a federation for achieving a common
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goal results in a distributed control large-scale complex system. This research
investigates
1. Stability of the large-scale system via the multi-agent based implementation
of control at the sub-system level.
2. Controller design by including the interaction between the sub-system
controller and the controller at the federal level.
It is worthwhile to mention that the developed federated control scheme in
this research is applicable to distributed control systems where a network of
autonomously independent controller operate. The aim of the federated control
scheme research is to achieve a novel control framework characterized by:
1. No global system control (Decentralization)
2. Dynamic agent network topology (Scalability)
3. Choice of the neighbor agent states upon which the agreement is made
(Network ﬂexibility)
4. Each agent having incomplete information of the overall system (Local
views)
5. Each agent having limited capabilities for solving the problem (Simpliﬁed
controller)
6. The observation of the neighbor agent states being based on an agent’s self
stability (Selﬁshness)
7. Basic local controller (agent) structures derived from the distributed control
laws implemented by the agent (Self-organize)
8. Each agent based controller maintaining its own control law for its local
stability (Self-suﬃcient)
35

9. Sensing and computation being distributed to each agent (Autonomy)
10. Individual agent performance being constrained by global consensus
(Federated control)
11. Computation being asynchronous (Synchronization control)

3.2

Multi-agent Formulation

The control goal is to use multi-agent based control to design a federated
controller for each local system and guarantee connective stability of the overall
system. In 1971, Siljak [38] ﬁrst introduced the concept of connective stability,
which requires that the system remains stable in the Sense of Lyapunov under
structural perturbation, whereby local systems are disconnected and connected
again in unpredictable ways during operation. Such a concept could be extended
to design a multi-agent federated control scheme for a large-scale system and
analyze its stability. The objective of multi-agent based federated control and
the stability analysis is to prove that there exist vector Lyapunov functions for
each of the individual local connected systems and that the vector sum of these
Lyapunov functions is a Lyapunov function for the overall connective system. In
the large-scale interconnected system, a vector Lyapunov function provides an
extremely ﬂexible stability analysis method since the vector Lyapunov function
for every sub-system satisﬁes fewer strict requirements as compared to single
scalar Lyapunov functions. Hence, it is preferred to use a vector Lyapunov
function to develop the control design of a large-scale interconnected system and
to prove stability [21] [39] [9] [40].
As mentioned in the Section 2.2.2, a generalized interconnected large-scale
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system can be mathematically represented by
S:

ẋi = fi (t, xi , ui ) + hi (t, x)

i ∈ {1, · · · , N }

(3.1)

yi = Ci xi
where N is the number of independent sub-systems with local dynamics Si : ẋi =
fi (t, xi , ui ) that are interconnected through hi = hi (t, ei1 x1 , ei2 x2 , · · · , eiN xN ).
The elements of the fundamental interconnection matrix are deﬁned as E = (eij ),
and
eij =

⎧
⎪
⎨0, xj

does not occur in hi (t, x)

⎪
⎩1, xj

occurs in hi (t, x)

(3.2)

The elements eij represent the connectivity between the individual sub-systems.
As stated in [38] the system is connectively stable if it is stable in the sense of
Lyapunov for all possible interconnection matrices E = (eij ).
In case of a linear system, the generalized interconnected large-scale system
can be deﬁned as
Si : ẋi = Ai xi + Bi ui i ∈ {1, · · · , N }

(3.3)

yi = Ci xi
where ui consists a local controller to satisfy local stability of sub-system and an
agent controller which deﬁnes the interconnection relationship of all sub-systems,
etc.
From the perspective of multi-agent federated control, the sub-system
connectivity conﬁguration is controlled by an agent which also manages the
federated control law to maintain local and global stability. The sub-system
connectivity may be established by an agent for the purpose of implementing a
control law to meet the performance goals at the federated level. Each local agent
observes its own state and the output states from its connected neighbors and
determines the connective strength related to interconnections to its neighbors.
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Connective strength represents the ability of networked agents to inﬂuence each
other without loss of either agent’s stability.

Figure 3.3: Structure of an Agent

Fig. 3.3 shows several key components and the structure of a agent controller.
The system shown in Fig. 3.2 and Fig. 3.3 can be constructed using the
formulation given in (3.3).
Note that each subsystem is independent and can operate as stand alone
system unless there is a need for sub-system interconnection to meet federal
Control
Control
goals. The control can be deﬁned as ui = uLocal
+ uAgent
where
i
i

the local control is determined to maintain the local sub-system stability and
other performance requirements, whereas federal performance requirements are
guaranteed by the agent control. The agent controller, uAgent Control is the decision
processor at the federated level as illustrated in Fig. 3.3. The agent makes its
control decisions independently and adjusts its controller accordingly based upon
an arriving “contention/request” from another agent. However, the agent may
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be selﬁsh, and could reject the request if the local stability is threatened. This
agent decision ﬂow is illustrated in Fig. 3.4.

Figure 3.4: Agent Decision Flow Chart

The overall system is composed of the team of agents which work together to
provide a ﬂexible framework to achieve federated goal (performance requirement)
while achieving total system stability. A general form of the i-th agent controller
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to achieve the federated control performance can be considered as

uAgentControl
= γ3
i



Ψi (h(yi − yj )) + γ2

j∈N



eij (yi − yj ) + γ1 (ei∗ (xdesired
− xi ))
∗

j∈N

Federated term

Consensus term

Potential term

(3.4)
where the γ terms are introduced as the weights that determine the strength of
the term in the controller (3.4). ∗ denotes the desired term.
In (3.4), the potential term is deﬁned by the user based on application. It
is usually deﬁned to satisfy some state equality constraint between agents. The
agent selﬁshness is represented in the consensus term. The agents can use the
consensus term to determine the connective strength level to their neighbors
like that demonstrated in the following section. The agents can disconnect the
interrelation with their unstable neighbors when their local stability is threatened.
The consensus connective strength is deﬁned by the weight of γ. Finally, the
overall system performance goals are deﬁned in the federated term. One example
of the federated term can be trajectory following for the group of agents.
The dynamics of each local system are diﬀerent in a multi-agent federated
control system. The agent controller ui is not identical for every agent due
to the inclusion of the federated term and consensus terms. Therefore, the
controller performance of each local system (sub-system) is self-adjusted based
on the decision of each local agent following the federal guideline to satisfy local
stability, as well as to achieve the overall system stability and performance at the
federal level.
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3.3

Stability Analysis

This section demonstrates how a simple control law for each agent can guarantee
stability of the overall system. As an example, consider the interconnected system
shown in Fig. 3.5 in which several sub-systems are interconnected, forming a
chain. The control input of each local system includes the output state of its
neighboring system through a gain (connective strength) γi . The goal is to use
the multi-agent federated control to maintain global stability of the complete
system.

Figure 3.5: An Input/Output Interconnected System via Multi-agents

If the sub-systems are linear, a particular complete system can be represented
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as
S: ẋi = Ai xi +

Control
Bi uLocal
i

+ γi

N


eij Aij xj

i ∈ {1, · · · , N }

(3.5)

j=1

where eij is the interconnection matrix and γi is the consensus connective
strength.
Stability analysis is based upon the concept of vector Lyapunov functions
developed by [20]. The vector Lyapunov function for each individual system is
deﬁned as

Vi (xi ) = xTi Hi xi

(3.6)

where Hi is a positive deﬁnite matrix.
The function Vi (xi ) satisﬁes the Lipschitz condition with a Lipschitz constant
1
2

λmax (Hi ). Then, the system S is connectively stable if the matrix W is an
aggregate matrix or M-matrix.(i.e. real symmetric positive deﬁnite matrix)
⎧
⎪
⎨
W = (wij ) =

λmin (Gi )
2λmax (Hi )

1

2
− eii λmax
(ATii Aii ), i = j

1
⎪
2
⎩−eij λmax
(AT Aij ),

ij

(3.7)

i = j

Here Gi is a symmetric positive matrix and satisﬁes the Lyapunov matrix
equation:
ATi Hi + Hi ATi + Gi = 0

(3.8)

It is also known that the larger the diagonal elements wii and the smaller
the oﬀ diagonal elements wij , the better the opportunity to drive W to be an
M-matrix. Clearly, the stability matrix Gi in equation (3.8) needs to be chosen
to maximize the ratio of

λmin (Gi )
.
λmax (Hi )

This ratio is the estimation of the degree of

stability for each Si .
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3.4

Federated Control of Self Propelled Entities

Collective behaviors of large quantities of autonomous agents have attracted wide
interest from various research communities. The dynamical behaviors and control
of multi-agent systems have been studied across diverse discipline applications,
including physics and ecology. Many biological researchers have studied inherent
non-equilibrium self propelled particle models inspired by such phenomenon
where the particles interact with their neighbors.
Self organization and pattern formation in systems of self propelled entities
are present everywhere in nature. Examples can be found in a variety of ﬁelds
including animal aggregation formation, animal and insect traﬃc patterns and
cell migration.

That moving ﬂocking particles remain coherent over a long

period of time and over long distances has attracted considerable attention in
the collective control area. To study the collective motion of large groups of
organisms, the concept of self propelled particle models was introduced in [41].
Mikhailov [42] considered the behavior of populations of self propelled particles
with long range interactions. As the motion of ﬂocking organisms is usually
controlled by interactions with their neighbors [43], the self propelled particle
models consist of locally interacting particles with an intrinsic driving force, hence
achieving a ﬁnite steady state.
Research focused on self propelled entities is usually attempting to accomplish
a cooperative goal with decentralized control laws or neighbor based rules. In
particular, one of the widely studied topics is the synchronized motion of agents
in leader following coordination. Czirok [44] proposed one dimensional models
which show the same type of behavior. In [45] and [46], Toner and Tu constructed
a continuous hydrodynamic model of a group of agents.
The self propelled entities are typically simple agents accomplishing self
organization and pattern formation. Because of their simplicity, such models
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represent a statistical approach complementing other studies with more details
of the actual behavior. [47] treated only a moderate number of organisms and
concentrated less on the large scale behavior. Levine investigated a discrete
and self organized model consisting of self propelled particles that obey simple
interaction rules in [48]. His work exhibited coherent localized solutions in both
one and two dimensions. This discrete particle model, consisted of N particles
with mass mi , position xi and velocity vi . Each particle experienced a self
propelling force fi with ﬁxed magnitude α. A friction force with coeﬃcient β was
introduced to prevent the particles over accelerating. Aggregate collapse control
was carried out by introducing a shorter-range repulsive force with interaction
range lr . In addition, each particle was subject to an attractive force which
was characterized by an interaction range la . This force was responsible for
the aggregation of the particles and corresponding awareness of the surrounding
particle positions. Thus, the governing equations for each particle was proposed
as equation (3.9).
¯
mi v̇i = αfi − βvi − ∇U
ẋi = vi

(3.9)

The interaction potential, U , was derived based on qualitative results
U =



Ca e

−|xi −xj |
la

Cr e

−|xi −xj |
lr

j=i

−



(3.10)

j=i

where Ca and Cr determine the strength of the attractive and repulsive force
respectively.
Using this model (3.9), the particle whirlpool solution was obtained from
the initial condition that all particles had been randomly placed on a disk with
a speed of

α
β

and random initial velocities. A typical evolution of the particles
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with N = 200, and parameter values of α = 10, β = 1, lc = 0, Ca = 0.4, la = 40,
Cr = 1 and lr = 20 is shown in Fig. 3.6. As a result, the ﬁnal state consists of
all particles turning the same way after 300 iterations.

Figure 3.6: An Example of Self Propelled Particles

Most of the biological researchers have accomplished the ﬂocking formation of
self propelled entities by applying attractive and repulsive force. The literature
review conducted for this research indicates that many complex mathematical
models and simulations have been implemented in the biological research realm.
It is evident that current research conducted in the biological realm lacks
systematic investigation and multi-agent interaction control facilitation. The
major conceptual challenge of biological systems is to understand the behavior at
the system level from the interactions of the entities comprising the system. To
reach this goal, the developed multi-agent based federated control has become a
very promising and powerful methodology.
In contrast to other research, the generalized linear self propelled entities can
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follow the federated control framework, and indeed can be modeled as
S: ẋi = Ai xi + γi

N


eij Aij xj

i ∈ {1, · · · , N }

(3.11)

j=1

Consider the typical rotational motion of self propelled entities, xi , with the
idea of controlling the formation and collision avoidance as follows
⎡
⎤
cos 0.5π sin 0.5π
⎦ xi + uAgentControl
ẋi = ⎣
i
− sin 0.5π cos 0.5π

(3.12)

where i ∈ {1, · · · , N } and ui is the federated control as deﬁned in (3.4) which
resides in each entity.
uAgentControl
= γ2
i



eij (yi − yj ) + γ1 (ei∗ (xdesired
− xi ))
∗

j∈N

(3.13)

Federated term

Consensus term

where the γ terms are the connective strength. A large number of γ means that
entity i has stronger interaction with entity j. ∗ denotes the desired term.
The initial position of three entities was randomly assigned in a X-Y
coordinate plane. Naturally, all entities eventually converge to their origin in
rotational motion. Fig. 3.7 shows that all entities crush together at origin after
about 20 seconds in simulation. Fig. 3.8 and Fig. 3.9 show the entities rotational
motion trajectory in X and Y coordinates versus time, respectively.
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Self Propelled Entities Rotational Motion (No Control)
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Figure 3.7: X-Y Trajectory of Self Propelled Entities (No Control)
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Figure 3.8: X Trajectory of Self Propelled Entities (No Control)
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Self Propelled Entities Y Coordinate Trajectory (No Control)
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Figure 3.9: Y Trajectory of Self Propelled Entities (No Control)

It is fairly straightforward to control each entity to diverge away from others
by introducing only the consensus term of the federated control (3.13). As in
the previous simulation, the initial position of 3 entities was randomly assigned
in the X-Y coordinate plane. A numerical separation value of 0.1 was deﬁned
in this simulation. As shown in Fig. 3.11 and Fig. 3.12, all entities reach to
a desired consensus after 10 seconds of simulation. Fig. 3.10 is the rotational
motion trajectory of all entities in X-Y coordinate plane and it is shown that
every entity started at some random initial position, then self propelled into a
spherical motion and sustained a separation with each other.
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Self Propelled Entities Rotational Motion (Consensus Control)
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Figure 3.10: X-Y Trajectory of Self Propelled Entities (Consensus Control)
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Figure 3.11: X Trajectory of Self Propelled Entities (Consensus Control)
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Self Propelled Entities Y Coordinate Trajectory (Consensus Control)
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Figure 3.12: Y Trajectory of Self Propelled Entities (Consensus Control)

In the next simulation, the controller of trajectory following will be governed
by both the consensus and federated terms and the system behavior will also be
veriﬁed in simulation. More speciﬁcally, the federated term governs the desired
trajectory. For example, a circular trajectory is delineated as a desired trajectory
in this simulation. The federated trajectory x∗ then is deployed to one of the self
propelled entities in the group, denoted the i-th entity in equation (3.14).
ẋi = Axi − γ(xi − x∗ )

(3.14)

Meanwhile, the rest of the entities will follow each other complying with the
consensus requirement. The rest of the entities can be designated as
ẋi = Axi −

N


γ(xi − xj ) j ∈ {1, · · · , N }, i ∈ j

(3.15)

j=1

where the γ can be computed following the similar procedure introduced in
50

Section 2.2.2 and was discussed in Section 3.3 in detail.
The simulation results of federated control of self propelled entities is shown
in Fig. 3.13. As the result, all entities will follow a circular trajectory and
maintain separation from each other. The pre-delineated circular path was sent
as the federated requirement to one of the entities in the group. In addition, the
separation requirement was included as the consensus term as shown in Fig. 3.14
and Fig. 3.15.
Self Propelled Entities Rotational Motion (Federated Control)
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Figure 3.13: X-Y Trajectory of Self Propelled Entities (Federated Control)
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Self Propelled Entities X Coordinate Trajectory (Federeated Control)
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Figure 3.14: X Trajectory of Self Propelled Entities (Federated Control)

Self Propelled Entities Y Coordinate Trajectory (Consensus Control)
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Figure 3.15: Y Trajectory of Self Propelled Entities (Federated Control)
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The last simulation in this section is to perform self propelled entity pathfollowing using federated control. The diﬀerence between this simulation and the
pervious one is that the delineated path is a check mark shaped straight line.
Again the delineated path is sent to one of the entities in the group, called the
path-following entity. The rest of the entities then follow the path-following entity
while maintaining separation distance. The connective strength was calculated
based on the federated control described in detail in the linear federated stability
analysis of Section 3.3. Fig. 3.16 shows the simulation results of the entities’
motion trajectory in the X-Y coordinate plane. There was no trajectory following
error observed. The federated control was adequate to bond all the entities in
agent groups and escort the entities to track the delineated path. Fig. 3.17
and Fig. 3.18 show the entities’ position track in X and Y coordinate planes,
respectively.
Self Propelled Entities Straight Line Trajectory (Federated Control)
25

20

Y Coordinate

15

Entity1
Entity2
Entity3
Desired Trajectory

10

5

0

−5

−10
−15

−10

−5

0
X Coordinate

5

10

15

Figure 3.16: X-Y Trajectory of Self Propelled Entities (Federated Control)
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Self Propelled Entities X Coordinate Trajectory (Federated Control)
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Figure 3.17: X Trajectory of Self Propelled Entities (Federated Control)

Self Propelled Entities Y Coordinate Trajectory (Federated Control)
25
Entity1
Entity2
Entity3
Desired

20

Y Trajectory

15

10

5

0

−5

−10

0

5

10

15

Time(s)

Figure 3.18: Y Trajectory of Self Propelled Entities (Federated Control)
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3.5

Federated Control of Two Ships in Roll
Motion

In this section, a numerical simulation is given to illustrate the eﬀectiveness of
the multi-agent based federated stability control. This system consists of two
ships cruising parallel to each other on the same heading. The objective is that
each ship’s control agent manages the stability of its own ship’s roll motion and
observes the roll state of the other ship simultaneously. There is no physical
connection between the two ships, but the ship control agent may communicate.
The ship control agents are selﬁsh. The stability of each control agent should
not be inﬂuenced by an unstable connected neighbor agent. The system state
variables are the ship roll motion angle θ and the angular velocity θ̇. Let Si ,
i = 1, 2 represent the mathematical model of the two ships as shown in Fig. 3.19.
The ship models are described as
⎤
⎡ ⎤
1
0
⎦ x 1 + ⎣ ⎦ u1
ẋ1 = ⎣
−0.0288 0
1
⎡

S1open-loop :

0

⎤
⎡ ⎤
1
0
⎦ x 2 + ⎣ ⎦ u2
S2open-loop : ẋ2 = ⎣
−0.0029 0
1
T
T

˙
˙
θ1 , x 2 = θ2 θ2

(3.16)

⎡

0


where x1 = θ1
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(3.17)

Figure 3.19: Ship Roll Motion Control

For each ship Si , i = 1, 2 the control agent implements a roll motion controller
for local stability. The closed-loop systems of the original system (3.16) and
(3.17) are modiﬁed to include a roll motion controller and the resulting closedloop models are shown in in equation (3.18) and (3.19).
⎤
⎡
0
1
⎦ x1
S1closed-loop : ẋ1 = ⎣
−84.7035 −13.4499
⎡
S2closed-loop :

(3.18)

⎤
0

1

⎦ x2
ẋ2 = ⎣
−65.5551 −10.2131

(3.19)

The eigenvalues of the closed-loop systems S1 and S2 are selected as
λS1closed-loop = [−6.725 ± 6.2832i]
λS2closed-loop = [−5.1065 ± 6.2832i]

(3.20)

In other words, both closed loop systems are individually locally stable due
to the real part eigenvalues being negative. It is assumed that each ship observes
the state of the other ship partially. For instance, each ship receives the neighbor
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agent’s roll sensor data via the communication media. Let each agent maintain
an interconnection with the neighboring agent using connective strengths γ1 and
γ2 deﬁned by the closed loop equations
⎤
⎡
⎤
⎡
0
1
0 γ1
⎦ x2 (3.21)
⎦ x1 + ⎣
S1closed-loop-interconnected : ẋ1 = ⎣
γ1 0
−84.7035 −13.4499
⎡
S2closed-loop-interconnected :

⎤

⎡

⎤

0
1
0 γ2
⎦ x1 (3.22)
⎦ x2 + ⎣
ẋ2 = ⎣
γ2 0
−65.5551 −10.2131

Each ship’s control agent (3.21) and (3.22) takes into consideration its
neighbor agent’s state. Each agent will reject the connectivity to the unstable
neighbor agent to maintain its own stability. Locally, an unstable agent will be
isolated from the multi-agent based connection network. Globally, the large-scale
system retains its stability integrity. It is obvious that appropriately determining
the connective strength γ for every agent is the key to achieving system global
stability. In other words, the agent needs to determine its connective strength
γ prior to making a connection to the other sub-systems in order to maintain
its connective stability and the overall system stability. One of the advantages
in maximum tolerance factor γ computation is that the agent computes γ only
according to its own endurance level to external inﬂuences. The agent does not
need to know the system information of the neighbor agent.
The following illustrates the connective strength γ1 computation procedure
for the system (3.21). Suppose the closed loop system S1 is
⎤
⎡
⎤
⎡
0
1
0 γ1
⎦ x2
⎦ x1 + ⎣
ẋ1 = ⎣
γ1 0
−84.7035 −13.4499

(3.23)

The Lyapunov function is deﬁned as
V (x1 ) = xT1 Hx1
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(3.24)

where H is a positive deﬁnite matrix. Then the system S1 will be connectively
λmin (G)
stable based on the determination of γ1 = max{ 2λ
}, subject to the
max (H)

Lyapunov matrix equation
AT H + HAT + G = 0

(3.25)

Equation (3.25) could be revised as;
AT HI + IHAT = −G

(3.26)

From the properties of the Kronecker product of matrices, it follows that
(I ⊗ A)Ĥ + (A ⊗ I)Ĥ = −Ĝ

(3.27)

Ĥ = −M −1 Ĝ

(3.28)

where M = I ⊗ A + A ⊗ I, and Ĥ is the vectorized form of the matrix H.
Hence, Ĥ equals [0.3510

− 1.500

− 1.500 9.5581]T when G was selected

to be equal to 3I. This implies that the connective strength is γ1 = 0.1531.
Using the same computation procedure, γ2 = 0.1499 is obtained. Simulation
results illustrate that both ship roll control agents successfully stabilize the ship
roll motion when an initial disturbance is presented as shown in Fig. 3.20 and
Fig. 3.21.
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System Response of Ship Roll Angle
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Figure 3.20: Ship Roll Angle θ Control
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Figure 3.21: Ship Roll Angular Velocity ω Control
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Furthermore, additional simulation results show that since the connective
strength was properly chosen, the ship 1 roll motion stabilizing performance
was minimally impacted by the roll oscillation of ship 2. These results are
shown in Fig. 3.22 and Fig. 3.23. The simulation results show that stability
of the closed-loop subsystems S1 and S2 implies stability of the overall largescale system. However, if the connective strength is improperly computed and
the two sub-systems are connected through these wrongly computed γs, then
the overall connected system will be unstable. Fig. 3.24 and Fig. 3.25 illustrates
that both ships are not converging due to some erroneous γ computation. It
is also worth stating that the stability of the sub-systems S1 and S2 implies
stability of the overall large-scale system. For instance, if there is an unstable
sub-system connected to a stable neighbor sub-system, then the stable neighbor
sub-system will become unstable and the large-scale system will be cascadeeﬀect unstable. Therefore this unstable individual sub-system connection request
should be rejected. For example, if the eigenvalues of the closed-loop systems
S1 and S2 were selected as [−6.725 ± 6.2832i] and [0.5 ± i], then the system S2
would become unstable. Fig. 3.26 and Fig. 3.27 illustrate that the unstable
system S2 would aﬀect the stability of system S1 , and system S1 should reject
the connectivity to the unstable neighbor S2 to maintain its own stability. In
summary, the condition of overall system connective stability is based on the
stability of each connected sub-systems and properly choosing the connective
strength for every connected sub-system. In the end, the simulation results
show that each ship’s roll motion is connectively stable via a multi-agent based
controller. These typical examples did not provide any solutions for ship 1 to
execute collision avoidance due to the large roll motion of ship 2, nor vice versa.
Instead, the collision avoidance constraint could be introduced to the agent
controllers as the consensus. The featured work could be extended to utilize
multi-agent based federated control to perform agent collision avoidance.
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System Response of Ship Roll Angle
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Figure 3.22: Ship Roll Angle θ Control (Ship 2 Oscillation)

System Response of Ship Roll Angular Velocity
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Figure 3.23: Ship Roll Angular Velocity ω Control (Ship 2 Oscillation)
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System Response of Ship Roll Angle
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Figure 3.24: Ship Roll Angle θ Control (Improperly Computed γ)

System Response of Ship Roll Angular Velocity
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Figure 3.25: Ship Roll Angular Velocity ω Control (Improperly Computed γ)
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System Response of Ship Roll Angle
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Figure 3.26: Ship Roll Angle θ Control (Ship 2 Unstable)

System Response of Ship Roll Angular Velocity
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Figure 3.27: Ship Roll Angular Velocity ω Control (Ship 2 Unstable)
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3.6

Cooperative Control Occurring in Nature

Large systems composed by many near identical objects can be frequently
observed in nature. Connective stability analysis of large systems based on
nature phenomenon has been considered by many researchers

[49].

For

example, the modeling and simulation of multi-neuron networks was considered
as a cooperative multi-agent system in the early 1970’s [50]. Alternatively,
many contributions have been made by biologists in studying the behavior
of groups of animals, birds, ﬁsh, and insects etc.

More recently, there has

been close cooperation between engineers and biologists for better modeling and
understanding of the complicated behaviors of creatures in nature [23].
The development of cooperative behavior between agents that have a shared
goal is an important objective of studying multi-agent systems. An example
of cooperative control occurring in nature is that of inter-species interaction
in which many predator and prey species are dependent on each other in an
ecological environment. Due to limitations on natural resources, the population
of these species grows and shrinks dynamically according to a prey-predator
system [51] [52]. Though the predator-prey model depicts simple dynamics,
it can be considered as an example of large-scale, complex real-world dynamics.
In the usual formulation, the predator agent growth is based on the capture of
the prey agent, and the prey agent population growth is based on the number of
prey that escape capture. Both the predators and the prey can have a form of
cooperation to reach their goals. In the parallel program simulation demonstrated
by [53], the predator and prey were considered as autonomous agents with their
intelligent behaviors and perception of environment. A modiﬁed version of the
four-predators-one-prey problem in a two dimensional square surrounded by walls
was used in [54] to extend the traditional grid world predator-prey problem into
a continuous world predator-prey problem.
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The dynamic evolution of natural systems, in which predators and prey
compete for survival, has been investigated by applying suitable mathematical
models [55]. Dynamic systems theory provides a useful way to model interspecies competition and thus the evolution of predator and prey populations.
Such a mathematical framework has been shown to be well suited to describe the
evolution of economic systems, as well as the consumer and resource relationship
model, in place of the predator-prey model.
The Population Grown Limit Model (PGLM), reference [56] developed a selfmaintenance ecological sensor network that keeps two sensor networks in existence
and ensures that they do not die out. The predator plays the role of convergence,
and the prey plays the role of diversiﬁcation in predator-prey Particle Swarm
Optimization (PSO). Interaction between predator and prey realize the wellbalanced PSO in terms of convergence and divergence in [57]. The predatorprey model has also been extended to other research areas involving interaction
and cooperative control. In particular, congestion control is one of the openended issues in internet research. A bio-inspired congestion control algorithm
was developed by [58] that is inspired from the predator-prey model. A realistic
predator-prey model was adapted and mapped to solve the internet congestion
control issue as controlling the population size of species. Mathematical analysis
shows that this scheme is globally converging to a fair and high-performance
equilibrium. Genetic network modeling is an inverse problem in the sense that
given limited amount of experimental data of gene expressions, a dynamic model
is sought to ﬁt the data for inferences of biological processes in reference [59].
Lee used the predator-prey diﬀerential ecological system to model the genetic
network dynamics.
This section demonstrates how a simple control law for each agent can
guarantee stability of the overall system [60]. As an example, consider two
interconnected agents shown in Fig. 3.28. The control input of each agent includes
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the output state of its neighboring agent through an connective strength γ. The
goal is to use the multi-agent federated control to complete a cooperative control
so that the cooperative control maintains local stability and to achieve a goal of
the complete system.

Figure 3.28: Two Connected Agent

It is shown that agents play the major role in connecting every independent
agent and maintaining stability of the overall system.

For simplicity of

presentation, it is assumed that each agent has a feedback loop gain of α1 , α2 and
a unity gain in the forward path, Kp1 = Kp2 = 1, and the connective strengths
are γ1 , γ2 . The two agent system equation is
ẋ1 = a1 x1 + e12 γ1 x2
ẋ2 = a2 x2 + e21 γ2 x1

(3.29)

where the agent is connected and interacts with the other agent, then e12 = e21 =
1. It is assumed that each agent is a stable system: a1 < 0 and a2 < 0. To ﬁnd
the stability condition for the coeﬃcients of the system (3.29), a candidate for
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the Lyapunov function v(x) could be chosen as the Euclidean distance squared
v(x) = x21 + x22

(3.30)

which is positive deﬁnite for all possible states, except the origin. The derivative
of the function v(x) is
v̇(x) =

∂v
∂v
x˙1 +
x˙2
∂x1
∂x2

= 2a1 x21 + 2(γ1 + γ2 )x1 x2 + 2a2 x22
≤ 2a1 x21 + 2(γ1 + γ2 ) | x1 x2 | +2a2 x22
= (2a1 + (γ1 + γ2 ))x21 + (2a2 + (γ1 + γ2 ))x22

(3.31)

It implies that v̇(x) is negative deﬁnite provided the algebraic conditions are
satisﬁed,

⎧
⎪
⎨2a1 + (γ1 + γ2 ) < 0
⎪
⎩2a2 + (γ1 + γ2 ) < 0

(3.32)

Clearly in the system model (3.29), the parameters γ1 and γ2 represent
interaction between the two agents, and overall stability of the system is
guaranteed as long as these interaction parameters satisfy the above two
conditions.
In this example, the behavior of a group of interacting agents which are
the predator and prey in nature is studied and simulated under a cooperative
control conﬁguration. The predator-prey problem was ﬁrst proposed by [61] and
became the testbed for multi-agent systems researchers to evaluate the techniques
for cooperative behaviors. In an ecological environment there are two kinds of
agents. The ﬁrst is typically referred to as the predator (hunter) agent and the
other is the prey (target) agent. The Lotka-Volterra model is based on linear per
capita growth rates. It is known that it is the simplest model of predator-prey
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interactions
z˙1 = ηz1 − αz1 z2
z˙2 = δz1 z2 − βz2

(3.33)

where agent z1 and agent z2 are the population of the prey and the predator,
respectively, for example, the rabbit and the fox. The parameter η represents the
the birth rate of the prey, and β represents the death rate of the predator. The
parameters α and δ correspond to the interaction between the two agents.
To illustrate the eﬀectiveness of agent population control using the multiagent based federated method, a modiﬁed Lotka-Volterra predator competition
and population control model will be introduced
z˙1 = ηz1 −
z˙2 =

α
z1 z2
μ

δ
z1 z2 − βz2 − θz22
μ

(3.34)

θ represents the death rate of the predator due to direct competition within
the predator population. The parameter μ denotes an external controller for
both agents which manages the interaction strength between the two agents.
The agents have less interaction between each other when μ is chosen as a large
number. In a real world situation, an external entity such as humans, may modify
the interaction between the two agents, for example, by providing shelter to the
prey (a larger μ), or by removing their hiding places (a smaller μ) to control the
population of foxes, thereby artiﬁcially manipulating the interactions between
the two speies.
It is evident that the prey population, z1 , would decrease due to increasing
interaction with the predator, z2 . On the other hand, the predator becomes
extinct when there is a lack of interaction activity with the prey and direct
competition increases within the predator community. The prey agent and the
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predator agent have their local view. They are self-interested agents, however,
and they must interact and cooperate to sustain their growth rates and survive.
of the predator-prey population model are 0 and z ∗ =
⎡ The equilibriums
⎤
μ
(β + θ μη
)
α ⎦
⎣δ
. They are the solutions of the equation (3.35)
μη
α

⎧
⎪
⎨z1 (η − α z2 )
μ

=0

⎪
⎩z2 ( δ z1 − β − θz2 ) = 0
μ

(3.35)

In order to apply the multi-agent system stability and control developed in
Section 3.3, the modiﬁed predator-prey model (3.34) needs to be rearranged to
follow the format of (3.29).
The
⎤ predator-prey population control model at equilibrium of
⎡ perturbation
μ
μη
(β + θ α )
⎦ can be obtained as
z∗ = ⎣ δ
μη
α

⎧
⎪
⎨ẑ˙1

= â1 ẑ1 + γ̂1 ẑ2

⎪
⎩ẑ˙2

= â2 ẑ2 + γ̂2 ẑ1

(3.36)

, â2 = −μ ηθ
and γ̂2 = δ αη . Based on the same
where, â1 = 0, γ̂1 = − αβ+μθη
δ
α
procedure as in (3.31), it implies that the system (3.36) is stable if the following
conditions are satisﬁed

⎧
⎪
⎨γ̂1 + γ̂2 < 0
⎪
⎩γ̂1 + γ̂2 + 2â2 < 0

(3.37)

Note that the above conditions are dependent on the agent interaction control
parameter μ which controls the interaction between the two species. In the
absence of external interaction control, where μ = 1, the population of the
predator and the prey will reach a steady state.
For an initial prey population of 100 and predator population of 25, simulation
results show that the population of the fox and rabbit will reach their stable
steady state, as shown in Fig. 3.29 and Fig. 3.30.
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Figure 3.29: The Population of Rabbit and Fox
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Figure 3.30: The Population of Rabbit Versus Fox
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Moreover, further simulation results show that the ﬁnal fox population can be
controlled by selecting μ appropriately. To precisely control the agent population,
for instance, it is desired to restrict the population of the fox to be 75, then the
controller, μ = 1.5 can be applied. Simulation results illustrate that the controller
maintains a stable system as shown in Fig. 3.31 and Fig. 3.32. The operational
performance goal, to control the population of the fox, was reached based on
controlling the interaction and cooperation between these two agents.
Simulation results conclude that the two agents ẑ1 and ẑ2 cannot have a
stable population if they are separated since they are two competing entities.
The interacting coeﬃcient, γ̂1 and γ̂2 need to be managed so the two agents
(parasite-host) survive cooperatively to reach stable equilibrium levels.
Predator and Prey Perturbation Model (Fox Population Control)
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Figure 3.31: The Population of Rabbit and Fox with Controller Applied
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Predator and Prey Perturbation Model (Fox Population Control)
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Figure 3.32: The Population of Rabbit Versus Fox with Controller Applied

3.7

Conclusions

The connective stabilization problem for the multi-agent based control of largescale systems, which is constituted by connecting local systems one after another
serially, was studied in this chapter. Use of multi-agent control as the system
connectivity switch to tie local systems into a large scale system was introduced.
Large-scale system stability through a multi-agent based controller is obtained by
taking vector Lyapunov functions and computing the appropriate agent tolerance
factors. The method for determining the appropriate agent connective strength
for the multi-agent based connective stabilization controller was developed. Most
importantly, the computation of the appropriate agent tolerance factors can be
executed at the local agent level, requiring the minimal information about the
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rest of the system. Furthermore, this method can be expanded to achieve system
connectivity reconﬁguration without changing the control laws of the original
system.

In addition, the appropriate selection of agent maximum tolerable

connective strengths are necessary to insure system connective stability when
the system is reconﬁgured.
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Chapter 4
Federated Control of Linear
Systems
In the previous chapter, the basic architecture of multi-agent based federated
control was presented, and connective stability analysis was applied to a federated
control system with input-output state connections.

In this chapter, the

developed multi-agent based federated control will be further studied and applied
to several linear system federated control stabilization applications.

4.1

Multi-agent Federated Control of Linear
Systems

Before attempting to deﬁne a solution of the multi-agent based federated
control problem, it is beneﬁcial to review some of the large-scale system
issues discussed previously. When designing a large-scale system, it is often
more eﬀective to consider the system as a collection of many dynamic subsystems, and then determine the relationships of each sub-system and their
controllers.

Conventional centralized control schemes do not apply for such
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large-scale systems because of the dynamic complexity and computational
limitations. The design and analysis of decentralized control systems has been
an alternative solution and is a very active research topic. Enormous amounts
of research have addressed decentralized control of large-scale systems with
various mathematical tools, including decomposing the large-scale system into
many smaller manageable sub-systems. The pitfall of this method is losing
ﬂexibility and scalability quickly. In particular, the controllers have no system reconﬁgurability or adaptability due to the lack of built-in intelligence at the local
controller level. Recently, cooperative control of multi-agent systems has drawn
much attention to achieve decentralized control of large-scale systems because of
intelligent and adaptive control capability. An agent controller is an intelligent
controller. An agent controller is able to learn and adapt to the environment
and adjust its control algorithm actively. The multi-agent system is a system
composed of multiple intelligent agents that are autonomous and act collectively
as a total system through information exchange. Quite a few attempts have been
made to analyze the connectivity maintenance of the distance dependent graph
of the agent networks which are used in many applications. Examples are ﬂight
formation control and distributed sensor networks. Unfortunately, a considerable
number of multi-agent approaches model each sub-system as a particle as shown
in (2.17). They ignore the sub-system dynamics for simplicity. In real world
control applications it may be inadequate to ignore the dynamics of each subsystem. To overcome the limitation of current decentralized control and agent
based control algorithms, the federated control approach is developed to control
large-scale systems intelligently and improve the controller’s re-conﬁgurability,
scalability, ﬂexibility and overall system stability. Interconnection of various subsystems through a communication network forms the federation in a distributed
large-scale complex system.
This research eﬀort is to develop a multi-agent based federated control
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framework for large-scale systems. In this control scheme, the agent (sub-systems
controller) communicates to other agents to achieve agreement (federated goal)
by using a dynamic consensus methodology and maintain subsystem stability
(control action) by using applicable feedback control algorithms. A ship ﬂeet
formation with cruise control is a typical example of coordination and cooperative
control using multi-agent federated control. For instance, each individual ship
(agent) has one or more dedicated tasks to complete. One task could be to
synchronize position control (coordination control). A second task could be a
newly arrived control constraint task from another agent - a new goal at the
federated level in the multi-agent communication network. Conservation of fuel
consumption is an excellent case of a constraint task. All local agents will receive
this federated goal and adjust their consensus function accordingly by accepting,
negotiating or rejecting.

4.2

Problem Formulation

Referring to Section 3.2, a large-scale system consists of linear agents where all
agents have the dynamics described as
i ∈ {1, · · · , N }

Ai : ẋi = Ai xi + Bi ui
yi = Ci xi

(4.1)

Here xi ∈ Rn is the state, ui ∈ Rn is the control input, yi ∈ Rn is the output,
and Ai , Bi , Ci are constant matrices of appropriate dimension. The local dynamic
system Ai , Bi is controllable and stable. Since agents Ai operate in a collective
manner, the entire system can be compactly described as
AD : ẋ = AD x + BD u
y = CD x
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(4.2)

where:
x = [xT1 xT2 · · · xTN ]T is the group state. x ∈ Rn×N
u = [uT1 uT2 · · · uTN ]T , is the group control input. u ∈ Rm×N
T T
y = [y1T y2T · · · yN
] , is the group output. y ∈ Rq×N

AD = diag{A1 , A2 , · · · AN }, AN are the local system matrix
BD = diag{B1 , · · · , BN }, BN are the local control matrix
CD = diag{C1 , C2 , · · · CN }, CN are the local output matrix
Since the system objective is that all agents Ai reach a consensus, , and the
overall system be stable, then the federated control (4.4) strategy can be applied
so that the states of the agents converge to the same vector or the equivalent
vector based on its neighbor agent j and itself i. That is,
lim

t→∞

xi − xj = ,

∀i = j

(4.3)

where  denotes a user deﬁned consensus constant.
The federated control can be deﬁned as
uAgentControl
= γ2
i



eij (yi − yj ) + γ1 (ei∗ (xdesired
− xi ))
∗

j∈N

(4.4)

Federated term

Consensus term

where the γ terms are the connective strength and ∗ is the desired term.
In a multi-agent federated control system, the agent controller ui is not
identical for every agent due to the inclusion of the federated and consensus
terms. Therefore, the controller performance of each local agent is self-adjusted
to satisfy local stability while following the federal guideline, as well as to achieve
the overall system stability and performance at the federal level. The eﬀectiveness
of the federated control will be demonstrated in the next sections.
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4.2.1

Stability Analysis Using Eigenvalues

A linear dynamic system can be represented by an n-th order diﬀerential equation.
The n-th order diﬀerential equation may be converted into a set of n ﬁrst order
diﬀerential equations expressed in terms of the state variables. Several methods
are available to determine the stability of a dynamic system based on the linear
system theory. The Laplace transformation of diﬀerential equations, Nyquist’s
criteria and Routh criteria are some of the linear system theories used in the
frequency domain. In the time domain, stability can be studied based on the
solutions of the diﬀerential equations, speciﬁcally, the characteristic of the state
matrix’s eigenvalues. Eigenvalues are a special set of scalars associated with a
linear system of equations that are sometimes also known as characteristic roots
or characteristic values [62]. The determination of the eigenvalues andFederated
Control of a Chain of Sub-systems eigenvectors of a system is extremely important
in linear system stability analysis. Eigenvalue analysis is a straightforward tool
for stability analysis of linear time invariant systems.
In general, linear time invariant systems are described by
ẋ = Ax

(4.5)

x(0) = x0
where x(t) ∈ Rn is the state vector with initial state, x0 . A is an n × n system
matrix with real entries. Equation (4.5) has a constant solution x(t) = 0. It is
well known that the origin 0 ∈ Rn is an equilibrium point of the corresponding
dynamic system. In modern control concepts, the system dynamic behavior is
analyzed in terms of eigenvalues and eigenvectors.
Let the corresponding eigenvalues λ with the system matrix A satisfy
(A − λI)x = 0

(4.6)

This solution is asymptotically stable as t → ∞ if and only if for all eigenvalues
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λ of A, Re(λ) < 0. If there exists an eigenvalue λ of A with Re(λ) > 0 then the
solution is unstable for t → ∞. This is validated in the following [63]:
It is assumed that the system matrix A of equation (4.5) comprises N distinct
eigenvalues. Suppose there exists a transformation T that diagonalizes the system
A. Then λi are the eigenvalues of A and the i-th column of q is the eigenvector
for λi , such that

ẋ = Ax
x = Tq
q̇ = T −1 AT q
= Dq
where

(4.7)

⎡
⎤
λ ··· ··· 0
⎢ 1
⎥
.. ⎥
⎢ ..
⎢ . λ2
.⎥
⎥
D=⎢
⎢ ..
.. ⎥
..
. .⎥
⎢.
⎣
⎦
0 · · · · · · λn

is a diagonal matrix of the eigenvalues of A.
The solution of equation (4.7) can be represented as
i = 1, 2, · · · , N.

qi (t) = eλi t qi (0)
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(4.8)

This yields
q(t)


 N

= 
qi2 (t)
i=1


 N

= 
e2λi t qi2 (0)
i=1

≤




 N

max(e2λi t )
qi2 (0)
i

i=1


 N

= max(eλi t )
qi2 (0)
i

(4.9)

i=1

Accordingly, it follows equation (4.9) so that
x(t)

=

T q(t)

≤

T

q(t)

≤ max(eλi t )
i

T

q(0)

(4.10)

Hence, if Re(λi ) < 0 for all i = 1, 2, · · · , N , then the right hand side of
equation (4.10) converges to 0 as t → ∞. This concludes the validation of
the relationship between the system matrix eigenvalues and the stability of the
system.
For linear systems, the suﬃcient condition of system’s stability is that all
eigenvalues of such systems have to be negative deﬁnite. It is attractive to
investigate whether the eigenvalues stability analysis method is applicable to
determine the connective strength, γi , for every sub-systems in a large-scale
system.
Consider a large-scale system consisting of linear sub-systems which are
assumed to be autonomous and stable. If each sub-system is connected with
each other, then each sub-system can be described as
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ẋi = Axi + Bui

i ∈ {1, · · · , N }

yi = Cxi

(4.11)

where A ∈ Rn×n is the system matrix of a sub-system, x ∈ Rn is the state vector.
The system is assumed to be of single-input-single-output type so that B ∈ Rn×1 ,
and C ∈ R1×n . The sub-systems exchange full or partial knowledge of their states
with each others via a federated controller which is deﬁned as
ui = uLocalControl
+ uAgentControl
i
i

(4.12)

Incorporating the controller (4.12) into the system dynamics (4.11), the total
system can be written in following form
ẋi = Axi + BuLocalControl
+ BuAgentControl
i
i
= Âxi + BuAgentControl
i
yi = Cxi

(4.13)

where Â is the new closed loop system matrix of a corresponding sub-system. It is
assumed that the “local control” has been designed so that the closed loop system
with the local control is asymptotically stable. Fig. 4.1 represents a connected
sub-system of equation (4.13).

Figure 4.1: A Connected Sub-system
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The system equation illustrated in Fig. 4.1 could be represented as the
following general form with the connective strength γi being introduced.
ẋi = Âxi + γi Bi Cj xj

4.3

(4.14)

Federated Control of a Chain of Subsystems

This section presents an alternate analytical approach to control design and
stability analysis of linear systems in the federated structure. The multi-agent
controller determines connective strength to connect other subsystems (agents).
As a result, the overall system is stable on condition that the input and output of
sub-systems are adequately interconnected by the consensus connective strength
matrix.

4.3.1

Chain of Interconnected Integrators

For a particular conﬁguration linear input-output connected system as shown in
Fig. 3.5, the following analysis shows that the multi-agent based federated control
concept plays the major role to connect every independent sub-system into a
large-scale system and to maintain stability of the overall system. For simplicity
of presentation, it is assumed that the sub-system plant is an integrator with a
proportional feed forward gain and a unity feedback loop. It is also assumed that
the connective strength γi is identical for every subsystem. Then the dynamics
of each sub-system could be described as
ẋi = −kp xi + kp ui

i ∈ {1, · · · , N }

yi = xi

(4.15)
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where xi is the state of the i-th system, ui is the control input, and y is the output
of the sub-system.
It is assumed that each agent needs to determine the consensus connective
strength which it can interrelate to its neighbors or the maximum tolerance
to its neighbor’s inﬂuence after the connection made.

In this example, the

potential term and the federated term are neglected for simplicity. Then, the
agent controller is a simple consensus controller

ui = γ
(yi − yj )

(4.16)

j∈N

For this particular conﬁguration, the input of each sub-system is
u1 = γx2
i ∈ {2, · · · , N − 1}

ui = γ(xi−1 + xi+1 )
uN = γxN −1

(4.17)

where γ is the connective strength to be determined by each agent.
Then the generalized system equation is
S: ẋi = Âi xi + γ

N


eij Âij xj

i ∈ {1, · · · , N }

(4.18)

j=1

where Âi donates a closed loop sub-system.
In the above equation, eij is the agent communication connectivity switch
which allows the agent to maintain interconnections with neighboring agents.
For example, eij = 0 means that agent i is disconnected from agent j. The
system matrix is Ai = −kp for the system of (4.15). The expanded system
equation is
ẋ1 = −kp x1 + e11 γkp x1 + e12 γkp x2 + · · ·
ẋ2 = −kp x2 + e21 γkp x1 + e22 γkp x2 + e23 γkp x3 + · · ·
···
ẋN = −kp xN + eN 1 γkp x1 + eN 2 γkp x2 + eN 3 γkp x3 + · · ·
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(4.19)

Since the agents manage the stability and the connectivity of each sub-system,
the W matrix can be constructed. In addition, the gain kp , connective strength
γ and connectivity switch parameter eij need to be determined. For the large
scale system of (4.19), the test matrix becomes
⎡
⎤
kp
−γkp
0
0
0
···
0
⎢
⎥
⎢
⎥
⎢−γkp
kp
−γkp
0
0
···
0 ⎥
⎢
⎥
⎢
⎥
⎢ 0
−γkp
kp
−γkp
0
···
0 ⎥
⎢
⎥
⎢
⎥
W = (Wij ) = ⎢ 0
kp
−γkp
0 ⎥
0
−γkp
⎢
⎥
⎢ ..
.. ⎥
..
.
⎢ .
. ⎥
⎢
⎥
⎢ ..
⎥
⎢ .
−γkp
kp
−γkp ⎥
⎣
⎦
0
···
···
···
· · · −γkp
kp

(4.20)

The following shows that the connective strength γ reaches a limit of γ =

1
2

for

this particular large system, exploiting the multi-agent based federated control
method.
Equation (4.20) could be rewritten as
W = kp I + γkp E
= kp (I + γE)
⎡
0

where

−1

0

0

(4.21)

0

···

⎤
0

⎥
⎢
⎥
⎢
⎢−1 0 −1 0
0 ··· 0 ⎥
⎥
⎢
⎥
⎢
⎢ 0 −1 0 −1 0 · · · 0 ⎥
⎥
⎢
⎥
⎢
E =⎢ 0
0 −1 0 −1
0⎥
⎥
⎢
⎢ ..
. ⎥
..
. .. ⎥
⎢ .
⎥
⎢
⎥
⎢ ..
⎢ .
−1 0 −1⎥
⎦
⎣
0 · · · · · · · · · · · · −1 0

For any matrix E, it is known that − E
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ζ

2

≤ Eζ, ζ ≤ E

(4.22)

ζ 2 , where ζ is

an arbitrary vector. Then
W ξ, ξ = (I + γE)ξ, ξ ≡ ξ

2

+ γEξ, ξ

≥ ξ

2

−γ E

≡ (1 − γ E ) ξ

ξ

2

2

In order to assure W to be positive deﬁnite, 1 − γ E > 0 needs to be satisﬁed.
This gives

⎧
⎪
1
⎪

⎪
=
⎪
maxi ( j |Eij |)
⎪
⎨
1
=
γ<
or
⎪
E
⎪
⎪
⎪
⎪
1
⎩

=
maxj (
|Eij |)
i

1
,
|−2|

1
,
|−2|

Therefore the maximum tolerable connective strength γ should be selected
less than

1
2

to guarantee the overall system and sub-system stability for the large-

scale system. Note also that this result holds for arbitrary interconnection eij as
sub-systems enter or leave the federation.
From the perspective of multi-agent concepts, each sub-system shown in
Fig. 3.5 is controlled by an agent with its own control law as deﬁned in (4.17).
The sub-system stability is determined by the forward gain coeﬃcient kp > 0,
and γ is the maximum tolerable connective strength determined by each agent.
The objective at the federal level is to maintain global stability of the entire
interconnected system.
Initial investigations show that the system is stable at the federated level
if the connective strength γ remains within the limit of 0 < γ <

1
2

for large

N . In particular, γ = 1 for an interconnected federation of N = 2, γ = 0.707
for N = 3 and γ = 0.618 for N = 4. Therefore, for this particular large-scale
system exploiting the multi-agent based federated control, the maximum tolerable
connective strength γ should be selected less than 0.5 to guarantee stability of the
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overall federated system and stability of each local sub-system for an arbitrary
interconnected federation of N or fewer sub-systems.

4.3.2

Chain of Interconnected Sub-Systems

In this subsection, the sub-systems are not the simple integrators, rather
described by linear diﬀerential equations, connected as a chain to create a largescale system, as shown in Fig. 4.2.

Figure 4.2: A Chain of Sub-systems

For simplicity, starting with all three sub-system and the connective strength
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γ are identical. Then the state space form of this large-scale system is
x˙1 = Âx1 + γBCx2
x˙2 = Âx2 + γBCx1 + γBCx3
x˙3 = Âx3 + γBCx2
(4.23)
and its corresponding matrix form is
⎡
⎡ ⎤
⎤⎡ ⎤
Â
γBC
0
x˙1
x
⎢
⎢ ⎥
⎥ ⎢ 1⎥
⎢
⎢ ⎥
⎥⎢ ⎥
⎢x˙2 ⎥ = ⎢γBC
Â
γBC ⎥ ⎢x2 ⎥
⎣
⎣ ⎦
⎦⎣ ⎦
x˙3
x3
0
γBC
Â
= Mx

(4.24)

It is obvious that the M matrix in equation (4.24) must be negative deﬁnite
to ensure the system stability. Since the closed loop system matrix A has been
identiﬁed, γ is the only variable that could be adjusted to satisfy the system
connective stability. In other words, it is required to choose the value of γ, so
that M ξ, ξ ≤ 0 for an arbitrary ξ.
Continuing on above analysis
⎡
⎤
⎡
⎤
I 0 0
0 BC 0
⎢
⎥
⎢
⎥
⎢
⎥
⎢
⎥
M ξ, ξ = Â ⎢0 I 0⎥ ξ, ξ + γ⎢BC 0 BC ⎥ ξ, ξ
⎣
⎦
⎣
⎦
0 0 I
0 BC 0
⎤
⎡
0 BC 0
⎥
⎢
⎥
⎢
= Âξ, ξ + γ⎢BC 0 BC ⎥ ξ, ξ
⎦
⎣
0 BC 0

(4.25)

where I is a n × n identity matrix. It is also known that Â has negative deﬁnite
eigenvalues. Then it implies
Âξ, ξ ≤ −k

ξ

2

k ≡ | λmax (Â) |> 0
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(4.26)

where k > 0. Note that the closed loop system Â = A − BK with the local
control is asymptotically stable. Continuing the analysis, equation (4.25) gives
⎡
⎤
0 I 0
⎢
⎥
⎢
⎥
M ξ, ξ = −k ξ 2 +γBC ⎢I 0 I ⎥ ξ, ξ
⎣
⎦
0 I 0
≤ −k

ξ

2

+γ

≤ (−k + γ
⎡

BC

E

E

ξ

BC

ξ
2

2

)

(4.27)

⎤
0 I 0

⎢
⎥
⎢
⎥
where E = ⎢I 0 I ⎥ in equation (4.27).
⎣
⎦
0 I 0
It is certain that if γ <

k
BCE

=

k
,
2BC

then M ξ, ξ < 0. Hence, the

large-scale system is proven to be a connective stable system.
Although the above result is based on a particular chain interconnection of
three identical sub-systems, as shown in Fig. 4.2, the result easily extends to any
number of identical sub-systems forming a chain. Indeed, for an interconnection
of N sub-systems, equation (4.27) is still valid,
⎡
0 I
0
0
⎢
⎢
⎢I
0 I
0
E=⎢
⎢
⎢0 I
0 I
⎣
··· ··· ··· ···
so that E = 2 and therefore, for γ =

κ
,
2BC

where
⎤
··· 0
⎥
⎥
· · · 0⎥
⎥
⎥
· · · 0⎥
⎦
I 0

the connected system is stable.

Nevertheless, the sub-systems, in many cases, may not be identical systems.
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Then the above analysis can be expanded as
⎡
⎤
A ··· 0
⎢ 1
⎥
.. ⎥
⎢ ..
M ξ, ξ = ⎢ . A2 . ⎥ ξ, ξ
⎣
⎦
0 · · · A3
⎡
⎤
0
0
B1 C2
⎢
⎥
⎢
⎥
= Ãξ, ξ + γ⎢B2 C1
0
B2 C3 ⎥ ξ, ξ
⎣
⎦
0
B3 C2
0

(4.28)

Since the following two conditions are satisﬁed
Ãξ, ξ ≤ −k

2

ξ

k ≡ | max λmax (Ai ) |> 0

(4.29)

i

The inequality condition for equation (4.28) becomes
M ξ, ξ ≤ −k

ξ

2

+γ(max
ij
i=j

≤ (−k + 2γ(max
ij
i=j

Bi Cj )

Bi Cj ))

ξ

E
2

ξ

2

(4.30)
(4.31)

It is obvious that when the value of the connective strength γ is chosen less
than

0.5k
.
max ij Bi Cj 
i=j

It results M ξ, ξ < 0. Therefore, the large-scale system is a

connective stable system.
Apparently, it is a straightforward analysis using eigenvalue method to obtain
a suitable connective strength γi for the connected sub-systems and maintain the
linear large-scale system stability. However, this method is not suitable for time
varying systems and nonlinear systems. Conceivably, the most versatile tool for
stability analysis of dynamic systems is the Lyapunov stability method. For this
reason, the Lyapunov stability method will be exploited in this dissertation and
will be further discussed in the next sections and chapters.
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4.3.3

Consensus

Control

of

Linear

Systems

with

Arbitrary Interconnection
In the previous section, federated control of a number of sub-systems forming
a chain was analyzed. The result for the case of linear systems with arbitrary
interconnection will be extended in this section.
Consider the consensus problem linear systems under uniform connectivity.
That is, each sub-system is connected to every other sub-system, and all
connective strengths are equal, i.e., eij = γ when the nodes i and j are connected
and zero otherwise. The dynamic model of each sub-system is given by
i ∈ {1, · · · , N }

ẋi = Axi + Bui
yi = Cxi
ui = γK

(4.32)
N


(yn − yi )

n=1

where A ∈ Rn×n is the system matrix of a sub-system, x ∈ Rn is the state vector,
u ∈ Rm is the control input, and y ∈ Rr is the output vector. The matrices
A, B and C are of compatible dimension. A control gain matrix K, which is of
dimension m × r, is also introduced.
Without any loss of generality, it is assumed that the ﬁrst sub-system is the
leader. Deﬁne the state error (disagreement) between any sub-system and the
leader
x̂i = xi − x1 ,

1<i≤N

(4.33)

Then it follows from (4.32) that
x̂˙ i = Ax̂i + B ûi
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(4.34)

where the control ûi is given by
ûi = ui − u1



= γK
(yk − yi ) −
(yk − y1 )
k

= −γK



k

(4.35)

(yi − y1 )

k

= −γN KC x̂i
so that the disagreement dynamics is obtained as
x̂˙ i = (A − γN BKC)x̂i ,
Thus the complete interconnected system
⎤ ⎡
˙x̂1
A
γBKC
γBKC
⎢ ⎥ ⎢
⎢˙ ⎥ ⎢
⎢ x̂2 ⎥ ⎢ 0 A − γN BKC
0
⎢ ⎥ ⎢
⎢˙ ⎥ ⎢
⎢ x̂3 ⎥ = ⎢ 0
0
A − γN BKC
⎢ ⎥ ⎢
⎢ .. ⎥ ⎢ ..
..
..
⎢ . ⎥ ⎢.
.
.
⎣ ⎦ ⎣
0
0
0
x̂˙ N
⎡

i = 2, 3, · · · N

(4.36)

is described by
···
···
···
...
···

⎤⎡

⎤

x̂
⎥⎢ 1⎥
⎥⎢ ⎥
⎥ ⎢ x̂2 ⎥
0
⎥⎢ ⎥
⎥⎢ ⎥
⎥ ⎢ x̂3 ⎥ (4.37)
0
⎥⎢ ⎥
⎥ ⎢ .. ⎥
..
⎥⎢ . ⎥
.
⎦⎣ ⎦
A − γN BKC
x̂N
γBKC

Clearly eigenvalues of the complete system are those of the sub-system matrix
A − γN BKC and those of the group leader A which is assumed to be stable.
Therefore the complete system will have a consensus if the matrix A − γN BKC
is asymptotically stable. Furthermore, the consensus problem reduces to that of
ﬁnding a matrix K so that all eigenvalues of the matrix A − γN BKC are in the
open left half plane. It is obviously, stability analysis will be simpler when γ =

1
N

is chosen.
In a practical implementation of federated control, the choice of γ =

1
N

not only simpliﬁes complexities of implementation, but also guarantees that
the federated system would remain stable if one or more subsystems leave and
rejoin the federation. Suppose for a federated control system of N subsystems, k
subsystems left the federation so that the agent control is computed using output
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information of remaining N − k subsystems. The error dynamics equation (4.36)
becomes
x̂˙ i = (A − γ(N − k)BKC)x̂i
= (A −

i = 2, 3, · · · N

(N − k)
BKC)x̂i
N

(4.38)

= (A − μBKC)x̂i
where, for notational simplicity, μ =

N −k
.
N

Clearly, as the subsystems leave and

rejoin the federation, 0 < μ < 1. Assume that the leader A is strictly stable, and
by design of the controller, the matrix A − BKC is also strictly stable. Then
the fundamental question is whether A − μBKC remains stable for arbitrary
0 < μ < 1.
Since
(A − μBKC) = μ(A − BKC) + (1 − μ)A

(4.39)

then for an arbitrary vector x ∈ Rn , equation (4.39) becomes
x (A − μBKC)x = μx (A − BKC)x + (1 − μ)x Ax < 0

(4.40)

Since stability of the leader and the subsystems guarantees that
x Ax < 0
x (A − BKC)x < 0

(4.41)

then, A − μBKC remains stable for arbitrary 0 < μ < 1.
It is also worthwhile to note that consensus of the system does not imply
asymptotic stability of the complete system. In particular, even though A −
γN BKC is exponentially stable, it does not aﬀect the group leader’s stability.
Consensus essentially implies that all sub-systems trajectories will track the group
leader’s trajectory.
It is concluded that consensus of the system requires controllability and
observability of the system {A, B, C}. To achieve this, one of the approaches
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is to design K using the eigenstructure method. Assume that the matrices B
and C are of full rank, rank(B) = m, rank(C) = r. Then it is known that all
eigenvalues of the matrix A−γN BKC can be arbitrarily selected if m+r−1 ≥ n,
which leads to consensus with an arbitrarily fast exponential rate. This method
can be illustrated in a simple example.
Consider the sub-system dynamics
⎤
⎡
⎡ ⎤
0 1
0
⎦ x i + ⎣ ⎦ ui
ẋi = ⎣
−1 0
1
⎤
⎡
1 0
⎦ xi
yi = ⎣
0 1

(4.42)

It is easy to verify that for n = 2, m = 1, and r = 2, all eigenvalues of the matrix
A − γN BKC can be arbitrarily selected. For example, if we choose γ = N1 ,


with K = 1 3 , the eigenvalues of A − γN BKC are {−1, −2}, and the error
dynamics is exponentially stable.

4.4

Conclusions

The connective stabilization problem for the multi-agent based control of largescale systems, which is constituted by connecting local systems one after another,
was studied in this chapter. Use of multi-agent control as the system connective
switch to tie local systems into a large-scale system was introduced. Largescale system stability through a multi-agent based controller is obtained by
taking vector Lyapunov functions and computing the appropriate agent maximum
tolerable connective strength. The method for determining the appropriate agent
connective strength factors for the multi-agent based connective stabilization
controller was developed. Most importantly, the computation of the appropriate
agent connective strength can be executed at the local agent level, requiring
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minimal information about the rest of the system. Furthermore, this method can
be expended to achieve system connectivity reconﬁguration without changing the
control laws of the original system.
The analytical and simulation results in this chapter showed that in order to
maintain overall multi-agent system stability, each local control agent has to be
individually closed-loop stable. Otherwise, an unstable control agent should be
isolated from the multi-agent network. The method introduced in this chapter
only addresses the connective stability of the linear agents connection network.
Next, the multi-agent federated control of a class of nonlinear entities will be
investigated and developed.
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Chapter 5
Federated Control of Nonlinear
Systems
This chapter presents results on nonlinear trajectory tracking control strategies.
Federated control based on the Lyapunov directed method is used to design
nonlinear trajectory tracking controllers under consensus constraints. Simulation
results of the nonlinear tracking and consensus controllers for a team of nonlinear
agents performing tracking and consensus control are presented as a proof of
concept.

5.1

Federated Control of Mildly Nonlinear
Systems

This section investigates consensus control of an interconnected system consisting
of several mildly nonlinear systems, which is a natural extension of results
presented in Section 4.3. These results have been presented by the author in
reference [64].
Systems governed by dynamic models that have a strong linear component
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along with a nonlinear function are called mildly nonlinear systems. Speciﬁcally,
consider the nonlinear system
ẋ = fˆ(x, u)

(5.1)

where the nonlinear function fˆ is continuously diﬀerentiable, and fˆ(0, 0) = 0,
and x ∈ Rn and u ∈ Rm . Then linearizing the function fˆ with respect to the
origin, thereby
ẋ =

∂ fˆ
(0, 0)x
∂x

+

∂ fˆ
(0, 0)u
∂u

+ f (x, u)

= Ax + Bu + f (x, u)

(5.2)
(5.3)

where the nonlinear function f (x, u) contains remainder terms of linearization,
i.e., f (x, u) = fˆ(x, u) − Ax − Bu. In the rest of the chapter, it is assumed that
the function f is only a function of x. By continuity, it implies to
f (x)
→ 0 as
x

x →0

(5.4)

It also follows from the above that, the function f satisﬁes the Lipschitz condition
f (x) − f (y) ≤ k x − y

(5.5)

Consider the consensus control problem of a set of identical mildly nonlinear
systems with each subsystem being represented by
ẋi = Axi + Bui + f (xi ),

i = 1, 2 · · · N

yi = Cxi
ui = γK

(5.6)
N


(yn − yi )

n=1

where the ﬁrst sub-system is assumed to be the leader. Then the state error
(disagreement) between any sub-system and the leader can be deﬁned as
x̂i = xi − x1 ,
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1<i≤N

(5.7)

and the corresponding control error as
ûi = ui − x1 ,

1<i≤N

(5.8)

Then it follows from the above that the error dynamics is given by
x̂˙ i = Ax̂i + B ûi + F (x̂i )
(5.9)

ŷi = C x̂i
ûi = ui − u1
where F (x̂i ) = f (xi ) − f (x1 ). The control error ûi is given by
ûi = ui − u1



= γK
(yk − yi ) −
(yk − y1 )
k

= −γK



k

(5.10)

(yi − y1 )

k

= −γN KC x̂i
Utilizing (5.10), the disagreement dynamics simpliﬁes to
x̂˙ i = (A − γN BKC)x̂i + F (xi )

(5.11)

For proof of stability of the error dynamics, the Lyapunov stability approach
can be utilized. Consider
V (x̂i ) =

1
x̂i
2

2

(5.12)

Taking the time derivative, it follows that
V̇ (x̂i ) = x̂i (A − γN BKC)x̂i + x̂i F (x̂i )


≤ λmax (A − γN BKC) + k x̂i

(5.13)
2

where k is the Lipschitz constant satisfying (5.5). Suppose the gain matrix K
is chosen so that λmax (A − γN BKC) < −k. Then it follows that there exists
a neighborhood around the origin in which the error dynamics is asymptotically
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stable. Furthermore, if the leader A is stable, then the complete interconnected
system is also stable in a small neighborhood around the origin.
The above method can be illustrated with the following example:
⎤
⎡
⎤
⎡ ⎤
⎡
0 1
0
0
⎦
⎦ x i + ⎣ ⎦ ui + ⎣
ẋi = ⎣
−1 0
1
−x3i

(5.14)

Design of the control matrix K requires controllability and observability of
the system {A, B, C}, and as in the case of linear systems, one of the approaches
is to design K using the eigenstructure method. Assume that the matrices B
and C are of full rank, rank(B) = m, rank(C) = r. Then it is known that all
eigenvalues of the matrix A−γN BKC can be arbitrarily selected if m+r−1 ≥ n,
which leads to consensus with an arbitrarily fast exponential rate. Fig. 5.1 shows
convergence of the state trajectories with γ =

1
N

and K = [1 3]. Once again note

that the individual systems are oscillatory, however their trajectories synchronize
after some time.
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Federated Consensus of Mildly Nonlinear System
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Figure 5.1: Federated Consensus Control of Mildly Nonlinear System

Since the system is nonlinear, eigenvalue concept has no meaning in the
dynamic analysis. Nevertheless, the dominating linear component of the system
model plays a signiﬁcant role it its performance. In particular, the response of
the overall system is dominated by the matrix A − γN BKC. This is also clearly
observed from the trajectories of Fig. 5.1.

5.2

Multi-agent Federated Control of Nonlinear
Systems

Many physical systems are nonlinear, thus analysis of nonlinear dynamics should
be considered.

The combination of sub-system connectivity topology and
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nonlinear dynamics is the major challenge. Stability analysis of continuoustime coupled nonlinear systems based on graph theory and discrete set valued
Lyapunov functions was developed in

[65].

Lyapunov stability theory was

also utilized to design cooperative control for nonlinear systems with a timevarying bi-directional communication network [66]. It is desired that all the
outputs of the dynamic systems converge on consensus as fast as possible. The
interaction coeﬃcients, such as the weights on the edges and between the vertices
in the multi-agent systems, are optimized in [67]. However, the optimization
criteria commonly used are the asymptotic exponential speed of convergence or
pre-deﬁned potential functions. Such an approach might not be the suﬃcient
pertinent criterion over all applications [68]. Therefore, the research in this
section attempts to derive a general method to obtain the sub-system connective
strength in order to maintain the overall system stability.

5.2.1

Preliminaries From Graph and Laplacian

A natural way to model the information ﬂow topology is as a graph. In this
approach, each sub-system is modeled as a vertex (or node) on the graph, and
an arc joins node i to node j if sub-system j is receiving information from
sub-system i. To accommodate the full range of possible topologies, directed
graphs are considered when the information is being exchanged by direct sensing.
The interaction of the information ﬂow is modeled by undirected graphs when
information is being exchanged by bidirectionally. Several authors [69] [70]
[71] [72] [73] have used graph theoretic ideas in control of vehicle formations.
Butler [74] accomplished extensively studied on the eigenvalues of the normalized
Laplacian of a matrix and showed how eigenvalue structures of graphs are
interrelated.
Formally, a graph G = (V (G), E(G)) consists of a ﬁnite nonempty set of
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vertices V (G) and a set E(G) of two element subsets of V (G) called edges. A
graph is an undirected graph when the two element subsets of the set E(G) are
unordered pairs. Otherwise the graph is a directed graph. Two vertices are
adjacent if they are joined by a single edge. For undirected graphs, the degree
of a vertex is the number of edges incident to that vertex. A spatial adjacency
matrix A = A(G) = [aij ] ∈ Rn×n is a weight matrix deﬁned as
⎧
⎪
⎨1,
aij =

if (i, j) ∈ Ni

⎪
⎩0,

(5.15)

otherwise

where the non-diagonal entry of the adjacency matrix is aij = aji in an undirected
graph.
Since the graph considered is undirected, the edge denotes that both agents
access each other’s information.

Likewise, the corresponding entry in the

associated matrix is 1 when two vertices are adjacent and its weight is ignored.
Fig. 5.2 shows an example of a graph and its associated adjacency matrix
⎡
0
⎢
⎢
⎢1
A=⎢
⎢
⎢0
⎣
1

1 0
0 1
1 0
1 1
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⎤
1
⎥
⎥
1⎥
⎥
⎥
1⎥
⎦
0

(5.16)

Figure 5.2: An Undirected Graph G

For a directed graph, the degree at each vertex is the number of edges oriented
toward that vertex as its head, called the in-degree, minus the number of edges
oriented away from that vertex as its tail, called the out-degree. It is noted that
aij = aji in a directed graph. Fig. 5.3 shows an example of a directed graph and
its associated adjacency matrix
⎡
0
⎢
⎢
⎢1
A=⎢
⎢
⎢0
⎣
0

⎤
0 0 1
⎥
⎥
0 0 1⎥
⎥
⎥
1 0 1⎥
⎦
0 0 0
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(5.17)

Figure 5.3: A Directed Graph G

The degree matrix of G is a diagonal matrix D = [di ] with di =



aij ,

j∈Ni

and Ni = Ni (G) = {j ∈ ν : (i, j) ∈ Ei },. The element number of set Ni is
the communication neighbor set of agent i. It indicates the number of edges
connected to agent i, denoted by di . The diagonal matrix for the undirected
graph as shown in Fig. 5.2 is

⎡
2
⎢
⎢
⎢0
D=⎢
⎢
⎢0
⎣
0

0 0
3 0
0 2
0 0

⎤
0
⎥
⎥
0⎥
⎥
⎥
0⎥
⎦
3

On the contrary, the diagonal matrix for the directed graph shown in Fig. 5.3
with the in-degree of each vertex along
⎡
1
⎢
⎢
⎢0
D=⎢
⎢
⎢0
⎣
0

the diagonal will be
⎤
0 0 0
⎥
⎥
2 0 0⎥
⎥
⎥
0 2 0⎥
⎦
0 0 0

The Laplacian matrix is an object of study within graph theory.

The

Laplacian of the graph G is deﬁned as L = D−A. Correspondingly, the Laplacian
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for the undirected graph is
⎡

⎤
2 −1 0 −1
⎢
⎥
⎢
⎥
⎢−1 3 −1 −1⎥
⎢
⎥
L=⎢
⎥
⎢ 0 −1 2 −1⎥
⎣
⎦
−1 −1 −1 3
and for the directed graph is
⎡

⎤
0 −1
⎢
⎥
⎢
⎥
⎢−1 2 0 −1⎥
⎥
L=⎢
⎢
⎥
⎢ 0 −1 2 −1⎥
⎣
⎦
0
0 0 0
1

0

Some of the important properties for graph theory are:
1. An undirected graph is balanced
2. If the graph is undirected, then all eigenvalues are real
3. An undirected graph G is called connected if there exists a path π between
any two distinct vertices of G
4. For a connected graph G, the length of the longest path is called the
diameter of G
5. A graph with no cycles is called acyclic
6. A tree is a connected acyclic graph
7. A digraph is called strongly connected if there exists a directed path π
between any two distinct vertices of G
It is also worthwhile to note that the Laplacian L is not only positive semideﬁnite but also has one zero eigenvalue [75]. The row sums of L are all zero.
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Therefore L has a zero eigenvalue corresponding to the right eigenvector. Thus,
rank(L) ≤ N − 1. More detail of graph theory and its Laplacian can be found
in [76], [77], [78], [79] and in many text books.

5.2.2

Problem Formulation

This section demonstrates how a simple control law for each agent can guarantee
stability of the overall system [80]. Consider a multi-agent system composed by
N agents, where each agent i is described by the nonlinear model
Sagent :

ẋi = f (t, xi , ui )

i ∈ {1, · · · , N }

(5.18)

In this multi-agent system, the agents are connected to other agents and
some of the agents also receive the federated goal. The goal is to maintain global
stability of the complete system. The multi-agent system can be represented by a
directed graph G(t) = (V, E, A), consisting of a set of vertices, or nodes, denoted
V = {n1 , n2 , · · · nN } and indexed by the agents in the group, and a set of edges,
E = {(ni , nj ) ∈ V × V : ni = nj } containing an ordered set of distinct vertices
that represent the neighboring relations. An edge E = (ni , nj ) means that agent
j receives information from agent i in G, and that agent j will regulate its states
based on its relationship to the states of agent i.
In the rest of the chapter, the agent dynamics are assumed to be nonlinear
in state but linear in control. Thus the multi-agent interconnected system with
a controller can be mathematically represented by
Si : ẋi = f (t, xi ) + ui

i ∈ {1, · · · , N }

(5.19)

where N is the number of independent agents with local dynamics Si . The
Control
Control
control input has two components deﬁned as ui = uLocal
+ uAgent
.
i
i

The “Local Control” is determined to maintain the local sub-system stability and
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other performance requirements, whereas federal performance requirements are
guaranteed by the “Agent Control”. It is assumed that each agent is connected
through uAgent Control . The overall system is composed of the team of agents
which work together to provide a ﬂexible framework to achieve total system
stability. A general form of the i-th agent controller to achieve the federated
control performance is deﬁned as
uAgentControl
= −γ1
i



aij (xi − xj ) −γ2 ai∗ (xi − x∗ )

j∈N

(5.20)

Federated term

Consensus term

where γ1,2 are the connective strengths, and x∗ is the federated policy state. For
simplicity, it is assumed that γ1 = γ2 = γ. The agents can use the consensus
term to determine whether or not to connect to the neighbors
⎧
⎪
⎨1, system Si is connected to system Sj
aij =
⎪
⎩0, system Si is not connected to system Sj

(5.21)

The federated goal is a self-contained system that does not require state
information from other agents. Its dynamics are represented by
S∗ : ẋ∗ = f (t, x∗ )

(5.22)

and all agents are expected to obey the federated goal. In this context, the
trajectory x∗ is the desired performance goal at the federated level.
The overall system performance goals are achieved by the federated term. In
this section, “follow the trajectory x∗ ” is considered to be a federated goal. Also
note that agents receive the federated goal through the interconnection ai∗ and
pass it to other agents through consensus. Connection to the federated goal is
deﬁned by

ai∗ =

⎧
⎪
⎨1, system Si follows the system S∗
⎪
⎩0, system Si does not follow the system S∗
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(5.23)

Although the overall system can be constructed by many simple agents, the
controllers ui for each agent are not identical due to the inclusion of the federated
and consensus terms. Therefore, the examination of the system’s interconnected
stability under such multi-agent controllers must be conducted. The connective
strength γi must be determined to maintain each agent’s performance while
achieving a federated goal.

5.2.3

Federated Control of Nonlinear Entities

In the federated control concept, the federal goal is handled outside of the group
of agents. For that reason, the federal policy handler is introduced as node n + 1
(or node ∗). One special property of this federal policy handler is that it is directly
connected to some of the nodes in G and delivers the federal goal to these nodes.
For the purpose of this stability analysis, the Laplacian of the federated control
graph, Gn+1 , is deﬁned as
⎡

Ln+1

n


⎤

a1j
⎢
⎢j=∗,1
⎢
⎢
⎢ −a
21
⎢
⎢
⎢
= ⎢ ..
⎢ .
⎢
⎢
⎢ −a
n1
⎢
⎢
⎣
0

−a12
n


···

−a1n

a2j · · ·

−a2n

j=∗,1

···

..

−an2

···

and can be partitioned as
Ln+1

..
.
n


.

j=∗,1

0

···

⎤
⎡
H a∗
⎦
=⎣
0 0

0

anj

−a1∗ ⎥
⎥
⎥
⎥
−a2∗ ⎥
⎥
⎥
⎥
.. ⎥
. ⎥
⎥
⎥
−an∗ ⎥
⎥
⎥
⎦
0

(5.24)

(5.25)

The Laplacian of the directed graph Gn+1 has a zero row sum and non-positive
diagonal elements. Also Ln+1 is a diagonally dominant matrix with zeros in
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the last row. Obviously, Ln+1 has exactly one zero eigenvalue and all nonzero
eigenvalues are in the open left half plane since the directed graph Gn+1 has a
spanning tree [81]. As a result, the matrix H has no zero eigenvalues. From the
Gershgorin Disk theorem [82] [78], all the eigenvalues λH of H are located in
the union of n disks as
λH −

n


n


aij ≤

j=0

where ri =

n


aij = ri

(5.26)

j=1

| aij |, i = 1, · · · , n.

j=1
j=i

Since aij ≥ 0, it is implied that

n


| aij |=

j=1
j=i

n


aij . The Gershgorin Disk

j=1
j=i

theorem in (5.26) obtains
ai0 ≤ Re(λ) ≤ ai0 + 2

n


aij

(5.27)

j=1

Therefore, Re(λH ) ≥ 0 as a result of (5.27), where there exists a symmetric
positive deﬁnite P ∈ Rn×n satisfying the Lyapunov equation −P H − H  P =
−Q with Q being positive deﬁnite.

Furthermore, it can be concluded that

λmin (P H + H  P ) > 0. This positiveness property of H will be used in the
sequel to prove stability of the nonlinear federated system.
Next, it is assumed that the nonlinear function f (t, xi ) satisﬁes the Lipschitz
condition and the growth condition
|f (t, x) − f (t, y)| ≤ κ|x − y|
|f (t, x)| ≤ κ(1 + |x|)

(5.28)

which must hold at least locally in Rn so as to guarantee the existence of a
solution of the system (5.19).
To analyze the federated control, let us deﬁne the agent tracking error as
x̂i = xi − x∗ in (5.20), where the desired trajectory x∗ is the state of federated
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goal in (5.22). Then using (5.19) with the controller ui , the agent tracking error
can described as
x̂˙ i = −γ




aij (x̂i − xˆj ) + ai∗ x̂i + f (t, xi ) − f (t, x∗ )

(5.29)

j

where x̂i ∈ Rn . For notational simplicity, deﬁne
⎡ ⎤
x̂
⎢ 1⎥
⎢ ⎥
⎢ x̂2 ⎥
⎥
x̂ = ⎢
⎢ .. ⎥
⎢ . ⎥
⎣ ⎦
x̂N

(5.30)

and
⎡

⎤

f (t, x1 ) − f (t, x∗ )
⎢
⎥
⎢
⎥
⎢ f (t, x2 ) − f (t, x∗ ) ⎥
⎢
⎥
F (t, x̂) = ⎢
⎥
..
..
⎢
⎥
.
.
⎣
⎦
f (t, xN ) − f (t, x∗ )

(5.31)

It follows then that the complete federated system can be represented as
x̂˙ = −γ





aij L ⊗ In )x̂ + (D ⊗ In )x̂ + F (t, x̂)

j∈Ni

= −γ(H ⊗ In )x̂ + F (t, x̂)

(5.32)

where H = L + diag(a1∗ , · · · an∗ ).
If the agent connective topology of nonlinear systems is ﬁxed, cooperative
control can be addressed as a standard nonlinear control problem for which
nonlinear techniques such as the Lyapunov direct method can be successfully
applied [83], [84]. It is also noted that the selection of a Lyapunov function is
not unique. One of the attempts is to choose the Lyapunov candidate for each
individual system as
V (x̂) = x̂ (P ⊗ In )x̂
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(5.33)

Taking the time derivative of V and using equation (5.32), leads to

= x̂ (P ⊗ In )x̂˙ + x̂˙  (P ⊗ In )x̂


= −γ x̂ (H  ⊗ In )(P ⊗ In ) + (P ⊗ In )(H ⊗ In ) x̂

V̇

+2x̂ (P ⊗ In )F (x̂)

(5.34)

The matrix P in equation (5.34) can be chosen to satisfy the Lyapunov
equation −P H − H  P = −Q, where P and Q are positive deﬁnite symmetric
matrices. It is also known that any symmetric matrix M satisﬁes the RayleighRitz inequality λmin (M ) x

2

≤ x M x ≤ λmax (M ) x 2 . Then it follows from

above that


V̇ = −γ x̂ (P H + H  P ) ⊗ In ) x̂ + 2x̂ (P ⊗ In )F (x̂)
= −γ x̂ (Q ⊗ In )x̂ + 2x̂ (P ⊗ In )F (x̂)
(5.35)

≤ −γλmin (Q) x̂ 2 + 2λmax (P ) x̂ F (x̂)


2κλmax (P )
≤− γ−
λmin (Q) x̂ 2
λmin (Q)

where κ > 0 is the (local) Lipschitz constant satisfying (5.28). The complete
system will be locally asymptotically stable if the agent connective strength γ is
chosen to satisfy
γ>

2κλmax (P )
λmin (Q)

(5.36)

The time for arriving at consensus can be estimated by analyzing equation
(5.35) and a known condition
λmin (P ) x̂
This gives

2

≤ V (x̂) ≤ λmax (P ) x̂

2


2κλmax (P ) λmin (Q)
λmax (P ) x̂
V̇ ≤ − γ −
λmin (Q)
λmax (P )


2κλmax (P ) λmin (Q)
≤− γ−
V (t)
λmin (Q)
λmax (P )

(5.37)
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2

(5.38)

and
V (t) = V (0)e−τ t

(5.39)

where τ is the system time constant and


2κλmax (P ) λmin (Q)
τ =− γ−
λmin (Q)
λmax (P )

(5.40)

Thus, it is clear that the time for arriving at consensus is approximately τ4 .
The above analysis provides a method of connective stability of the federated
system and the estimation of time for arriving at consensus. For implementation,
one has to compute the connection matrix H and the associated Lyapunov matrix
P . This is illustrated in the following section.

5.3

Simulation Results of Trajectory Tracking
Federated Control

In this section, a simulation demonstrates the eﬀectiveness of the proposed
consensus and trajectory-tracking federated control algorithm. The example
multi-agent system is composed of 5 agents on a plane. Each agent is deﬁned by
Si : ẋi = a cos(xi ) + uAgentControl
,
i

i ∈ {1, · · · , N }

(5.41)

The agents are locally stable with controllers deﬁned in (5.20). The agent control
ui is based on state information from other agents to meet federal goal as shown
in Fig. 5.4.
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Figure 5.4: A Connection Directed Graph of 5 Agents

The corresponding matrix H for a team of ﬁve agents with the directed graph
is

⎤
2 −1 −1 0 0
⎥
⎢
⎥
⎢
⎢0
1
0
0 0⎥
⎥
⎢
⎥
⎢
H = ⎢−1 0
3 −1 0⎥
⎥
⎢
⎥
⎢
⎢0
0 −1 1 0⎥
⎦
⎣
0
0
0 −1 2
⎡

(5.42)

The federated goal is deﬁned by the state trajectory of the leader ẋ∗ = cos(x∗ )
with the initial condition of 0. The agents are identical, so their dynamic weights
are a = 1. The agents’ initial conditions are taken as xi = −π + 14 σ in the
simulation, where σ = 1, 2, · · · , 5. The connective strength γ for the undirected
graph connection is computed according to (5.36). Based on the developed
federated control algorithm, in order to satisfy system connective stability, γ can
be any value greater than

2κλmax (P )
.
λmin (Q)

Thereby, the connective strength γ for the

directed graph connection is computed as 2.621.
The agents’ trajectory proﬁle for the ﬁrst simulation used above connective
strength is shown in Fig. 5.5.
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Five Agent with Directed Graph Connection
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Figure 5.5: Trajectory Tracking of 5 Agents with Directed Graph

A second simulation was conducted with an undirected graph and the same
initial conditions as the previous simulation. The corresponding matrix H is a
symmetric matrix for an undirected graph. It implies that H is positive deﬁnite.
Therefore, the federated cooperative control with an undirected graph system is
a stable system. For the graph shown in Fig. 5.6, the performance of the system
of 5 agents under federated cooperative control (5.20) is illustrated in Fig. 5.7.
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Figure 5.6: A Connection Undirected Graph of 5 Agents

The corresponding matrix H for a team of ﬁve agents with the undirected
graph is

⎡
2

⎢
⎢
⎢−1
⎢
⎢
H = ⎢−1
⎢
⎢
⎢0
⎣
0

−1 −1
2
0
0
0

⎤
0

0

⎥
⎥
0⎥
⎥
⎥
3 −1 0 ⎥
⎥
⎥
−1 2 −1⎥
⎦
0 −1 2
0

0

(5.43)

Based on the developed federated control algorithm, in order to satisfy system
connective stability, γ can be any value greater than

2κλmax (P )
.
λmin (Q)

Thereby, the

connective strength γ for the undirected graph connection is computed as 1.9275.
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Figure 5.7: Trajectory Tracking of 5 Agents with Undirected Graph

Since the control actions for the agents are implemented at the local level,
it is possible for the agents to converge to the desired trajectory for both
directed and undirected graph connection, although with diﬀerent performance
(i.e. convergence time), as shown in Fig. 5.5 and Fig. 5.7. The system consensus
is successfully reached under the developed federated control algorithm, and the
connective strength between agents in the system are optimized.
Moveover, determination of the connective strength between agents plays an
important role in multi-agent federated control. When properly chosen, the
strength of the connection between agents (i, j) implies the stability of the multiagent agent system. In this particular system, as shown in Fig. 5.5, agents 2,
3 and 5 receive the federated goal. The rest of the agents receive the federated
goal through their agent network. Simulation results show that agent 2 has
the fastest convergence to the federated trajectory since it has not only one
dedicated input edge from the federated goal handler, but also agent 2 has no
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inﬂuence from other agents due to the directed graph connection. In contrast
to the connection topology of agent 2, agent 3 exchanges its information with
agents 1 and 4 in addition to receiving the federated goal information. This bidirectional information exchange holds back the convergence time of agent 3, even
though it is directly connected to the federated goal handler. Agent 4 has the
longest convergence time since it only receives information from agent 3. Agent
4 has an interesting converging trajectory as shown in Fig. 5.5. Agent 4 diverges
away ﬁrst and then starts converging toward to the desired trajectory. It looks
like in Fig. 5.4, agent 4 and agent 1 have a symmetric position in the connecting
graph. In fact they have totally diﬀerent connective topologies. Therefore the
information ﬂow is diﬀerent. Thus, they have diﬀerent converging behavior as
expected.
Simulation results of an undirected graph are shown in Fig. 5.7.

In

the undirected graph, every node transmits and receives information from
connected node(s). This multiple information exchange conﬁguration restricts
the convergence of all agents to the same time constant. It also slows down
the average convergence time compared to a directed graph. As demonstrated,
correct computation of the federated control connective strengths between agents
guarantees convergence of every agent in the graph. The graph topology in
the directed and undirected graph is the “Consensus Information Gossip”, this
term describes a situation where there is excessive information exchange (i.e.
chatter, traﬃc). A ﬂooding “Consensus Gossip” graph has sluggish convergence
performance. Future work in federated control should include examining system
performance under “Consensus Gossip” optimization and analyzing system
stability with a dynamic graph.
The performance of the trajectory tracking is fairly uniform for every agents
in undirected connection graph. The agent federated control gains of trajectory
tracking control were computed based on the developed federated control concept.
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The developed federated control concept guarantees the connective stability in the
Sense of Lyapunov. Note that Lyapunov stability is a very open concept. It does
not require the dynamics state to go to zero, rather to remain bounded around
zero for all time. An oscillator is a stable system in the Sense of Lyapunov.
Thus, the computed agent connective strength γ in equation (5.20) is not a
clear cut control gain. It provides a range for the control gain, that somewhat
guarantees the connective stability of the multi-agent system. Fig. 5.8 shows
that the convergence fails when the agent 1 connective strength γ becomes too
small. In contrast, the convergence time is not decreasing to zero when the agent
connect strength γ is very large. The best performance of convergence time will
be around the γ value computed according to (5.20). Fig. 5.9 shows that agent 1
converges to the desired trajectory in 3 second with 0.161% of the tracking error,
equivalent to ±0.05 of tracking error threshold. In this case, agent 1 converges
to within ±0.05 of the desired trajectory at 3 second. The convergence time
deceases when γ increases. However, the convergence time won’t be less than
1 second due to the dynamic system response time requirement of every agent.
For instance, it requires a longer time to accelerate a heavier mass comparing
to the motion of a massless particle. Appropriately, computation of γs results
in overall system connective stability in the Sense of Lyapunov. Fig. 5.10 shows
that the steady state of agent 1 is bounded and oscillates 0.1% around the desired
trajectory.
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Agent 1 Convergence Trajectory As Function of γ
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Figure 5.8: Convergence of Trajectory as a Function of γ (Undirected Graph)

Agent 1 Convergence Time As Function of γ
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Figure 5.9: Convergence Time as Function of γ (Undirected Graph)
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Agent Steady State Trajectory with Undirected Graph Connection
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Figure 5.10: Agent 1 Steady State

5.4

Conclusions

A generalized nonlinear large-scale system model was formulated for in-depth
analysis and observation.

Stability analyses and controller design strategies

were investigated. Some of the attractive control algorithms investigated are:
coverage, consensus control, and the vector Lyapunov function stability method
for large-scale dynamics. This research contributes a solution for connecting
many individual sub-systems to a large-scale system while maintaining the overall
system stability. The successfully developed multi-agent based federated control
scheme is applicable to the control of a large-scale systems with individual energy
constraints, such as autonomous robot formations, tracking, coordination control
and co-operative control of machinery automation systems.
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This chapter presented the concept of federated control of large-scale systems
and its implementation using a multi-agent based framework. The multi-agent
connective strength allows local subsystems to form large-scale systems. The
graph Laplacian represents the connectivity among the agents in the large-scale
system.

Large-scale system stability through a multi-agent based controller

is obtained using Lyapunov functions and computing the appropriate agent
connective strength.

Most importantly, the computation of the appropriate

agent connective strength can be executed at the local agent level. Furthermore,
simulation results show that the large-scale system is connective stable as long as
the controller parameters are determined based on the federated control method.
The developed federated controller can be extended to multi-agent systems with
a dynamic graph and can improve the system performance under “Consensus
Gossip” optimization.
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Chapter 6
Conclusions and Future Work
In this chapter, the contributions from this research is summarized and future
work on federated control for large-scale systems is discussed.

6.1

Research Contributions

The main contribution of this research is the development of a novel control
and stability framework, called federated control, that connects many individual
entities with simple controllers to achieve overall system performance as a
group. The concept of federated control with the incorporation of multi-agents
provides the capability to revolutionize the cooperative decentralized control. It
enhances the overall connected system performance robustness in a cooperative
and interactive fashion.
Throughout the history of control systems, centralized control has dominated
the control system design and implementation domain. Nowadays, computer and
communication network technologies are maturing rapidly. These technologies
enable researchers to design and develop smarter and more sophisticated
intelligent control systems. Meanwhile, the dynamics of natural systems have
inspired many researchers to seek eﬃcient ways to accomplish cooperative and
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interconnected control between sub-systems with individual dynamics.
Many decentralized control researchers started to observe cooperative
phenomena in nature, such as formation and trajectory following.

The

synchronous movement of a ﬂock of birds, schools of ﬁsh, and cooperation in
ant colonies are the amazing examples of cooperative formation phenomena.
Researchers have realized the potential beneﬁts of performing tasks by
cooperative control. These beneﬁts include improving robustness, intelligence,
performance, and ﬂexibility for an overall system.

Numerous decentralized,

cooperative control research eﬀorts, including this research, have been directed
toward studying the cooperation of a group of autonomous agents based on these
natural, inspirations.
This research studied the fundamental characteristics of the large-scale system
and its connective stability. The large-scale dynamic system is treated as a group
of interactive and cooperative entities. Presumably, each entity can be considered
independent and can be connected interactively to other entities to achieve an
overall cooperative solution. In this research, the federated control method,
inspired by the political structure of a federal government, was developed and
applied to cooperative control and interactive control systems. A solution to the
trajectory tracking problem was developed by combining consensus control with
the federal control approach. The diﬀerence between federated control and the
other decentralized control schemes is that federated control focuses on group
behavior with simple controllers implemented at the local entity level. In this
concept, every entity is an independent autonomous agent maintaining its own
stability. At the federal level, the federal goal is determined and delivered to
the entities. Therefore, all the entities at the local level will self-adjust using the
federal goal as an objective. It is believed that federated control is an eﬃcient
and eﬀective method to perform cooperative and interactive control for largescale systems. Many stability analysis methods were developed for the developed
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federated control scheme. Overall system connective stability using eigenvalue
methodology via determination of the connectivity strength factors between
each connected sub-systems was developed for linear interconnected systems.
In addition, system connective stability analysis using Lyapunov methodology
was also investigated and applied to stabilization control of various federated
control applications. The federated control concept was extended to achieve
cooperative and interactive control for nonlinear entities. Simulations have been
carried out to show the eﬀectiveness of the federated control algorithm. The
research motivation of cooperative control is that many coordinated entities can
achieve better performance than one entity.
As a ﬁnal summary of this dissertation, Chapter 1 provided the motivation
of this research, as well as background information on multi-agent decentralized
control. Chapter 2 reviewed many control methods relative to cooperative and
interact decentralized control. The novel federated control method based on
multi-agent decentralized control was formulated in Chapter 3. It was stated
that the main purpose of this dissertation was to address three important and
correlated issues, cooperative control, consensus seeking and trajectory tracking,
using a federated control method.

Starting with linear large-scale system

applications, Chapter 4 demonstrated the success of applying federated control
to stabilize the interactive control of linear large-scale systems. The study of
connection topology among multiple entities in a group plays an important role
in understanding the coordination and interaction of these entities. In Chapter
5, the federated control algorithm was investigated so that a team of nonlinear
entities can reach consensus and track a desired trajectory.
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6.2
6.2.1

Future Work
Dynamical Consensus Assignment

In many applications, the interaction topology between agents may change
dynamically.

For example, the interaction links between connected agents

becomes unreliable due to disturbances. Unexpected failure of the agent(s) in
an established connected graph will also cause the consensus to change for the
remaining agents. The concept of dynamical consensus assignment deals with
consensus asymptotically among multiple agents in the presence of unreliable
information exchange and dynamically changing interaction topologies, during
the agent converging period. This concept could be further developed.
The other approach is to apply task allocation algorithms to reach dynamical
consensus assignment. In biology, animals naturally coordinate themselves in
groups and move ﬂawlessly, often without any apparent centralized control.
Nevertheless, the capability of each animal is diﬀerent, even in groups of the
same animal. Some animals are stronger than others. Ultimately the animals are
smart enough to allocate their tasks and still reach a consensus as a whole in an
unbalanced cooperative manner. Studying and imitating the intelligence of the
animal behavior could lead to a new consensus based task allocation cooperative
control.

6.2.2

Formation Topology Optimization

Graph theory provides a natural framework for studying relationships between
the components of a physical system. In most cases, these relationships are
described by assigning directions and constant numerical values (weights) to
each edge in the graph. There are, however, a number of important applications
where such a model fails to capture all the relevant characteristics of the system.
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One example is the time varying graph. The time varying graph is a dynamic
graphs G = (V, E(T )), where V = {v1 , v2 , ·, vn } represents a set of n vertices,
and E(t) = [eij (t)] is a time varying adjacency matrix of dimension n × n which
describes the temporal evolution of the edges. Several attempts to analyze graphs
whose edges are subject to change due to the time can be found in [85] [86],
etc. However, a systematic approach is still underdeveloped and necessary for
the multi-agent based federated control.
Another interesting topic is the introduction of control into dynamic graphs,
and examine how such a modiﬁcation can inﬂuence its temporal behavior. The
formation topology was pre-deﬁned in this dissertation. An interesting topic of
research could be reconﬁgurable formations. It is evident that the eﬃciency of
agents’ convergence is diﬀerent for various formation topologies. A new direction
of research could be the study of optimization issues for multi-agent formation.
The developed federated control is currently deﬁcient in scalability and reconﬁgurability if the network topology varies. The developed federated controller
can be extended to multi-agent systems with a dynamic graph and improve the
system performance under Consensus Gossip optimization.

6.2.3

Tracking

Control

with

Performance

Feedback

Realization
The developed federated control in this research mainly focuses on the study
of multi-agent decentralized control algorithms and is developed based on the
Lyapunov stability direct method.

Lyapunov’s direct method is the most

important tool for design and analysis of nonlinear systems. Lyapunov’s direct
method is directly applied to nonlinear systems without linearization and thus
achieves global stability. The basic concept behind Lyapunov’s direct method
is that if the total energy of a system is continuously dissipating, then the
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system will eventually reach an equilibrium point and remain at that point. The
limitation of the Lyapunov’s direct method is that it does not provide control
of the system transient response. Thus, there is no feedback introduced and no
optimization mechanism involved in the developed federated control method.
In addition, the federated control policy generator has no feedback loop to
monitor the performance of all local agents. Further investigation remains to
see whether it is necessary to monitor the local agent performance using some
sort of supervisory agent. It proposed that some simple control methods such as
an integrator and/or a derivative controller can be introduced at the local agent
level in uAgentControl to precisely control the agent convergence transient response
and eliminate the unwanted steady state oscillation and steady state error.
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[41] T. Vicsek, A. Czirók, E. Ben-Jacob, I. Cohen, and O. Shochet, “Novel type
of phase transition in a system of self-driven particles,” Physical Review
Letters, vol. 75, no. 6, pp. 1226–1229, 1995.
[42] A. Mikhailov and D. Zanette, “Noise-induced breakdown of coherent
collective motion in swarms,” Arxiv preprint adap-org/9906004, 1999.
[43] B. Partridge, “The structure and function of ﬁsh schools,” Scientiﬁc
American, vol. 246, no. 6, pp. 114–123, 1982.

131
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